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Abstract

In this work, we introduce sufficient and necessary
conditions for a pair of fuzzy conjunctor and im-
plication considered in a multi-adjoint frame under
which the usual combinations of multi-adjoint suf-
ficiency, possibility and necessity operators form ei-
ther antitone or isotone Galois connections.
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1. Introduction

Several extensions to the theory of formal con-
cept analysis (FCA) have been introduced in the
recent years, ranging from rough-set based ap-
proaches to possibility-theoretic approaches, and
from interval valued contexts to similarity mea-
sures [1, 2, 5, 7, 8, 9, 10, 21]. In addition, new
types of incidence relations are being taken into ac-
count [13] together with alternative definitions of
the concept-forming operators aimed at obtaining
different interpretations for them. These operators
are usually combined by pairs, since they form (ei-
ther antitone or isotone) Galois connections, and, as
a consequence, their compositions can be topologi-
cally interpreted as either closure or opening (ker-
nel) operators.

In this work we are interested in fuzzy extensions
of some of these previous approaches, particularly,
the multi-adjoint framework [15, 16, 17, 18] since it
embeds several other approaches [3, 4, 12, 14, 20]
which are based on residuated structures in order
to build the concept-forming operators.

Recently, in [6] algebraic requirements were in-
troduced under which the composition of concept-
forming operators in four different versions (fuzzy
sufficiency, possibility, necessity, and dual suffi-
ciency) are either closure or opening operators.

Multi-adjoint concept lattices [18] are a conve-
nient generalization of some existing approaches
to fuzzy FCA which use several pairs of antitone
Galois connections to build the concepts. More
recently, both multi-adjoint property-oriented and
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object-oriented concept lattices were introduced as
a convenient generalization of fuzzy rough sets [15];
it is remarkable that in these settings, the main
mathematical notion is that of isotone Galois con-
nection.

The multi-adjoint frameworks cited above are
founded on adjoint triples, which can be seen as con-
venient generalizations of the adjoint pair formed
with classical conjunctor and implication connec-
tives, or t-norms and their residua, and enable us to
introduce alternative definitions of concept-forming
operators in an L-fuzzy environment.

Following [6], we filter out some conditions origi-
nally imposed by adjoint triples which are not fun-
damental for the development of multi-adjoint FCA,
in the sense that the Galois connections needed can
be obtained by a smaller set of requirements. This
applies both to antitone and isotone Galois connec-
tions. Sufficient and necessary conditions are in-
troduced in order to obtain that the compositions
of the concept-forming operators are either closure
or opening operators. Consequently, a set of mini-
mal requirements to build the different versions of
multi-adjoint concept lattices are provided.

2. Basic operators for multi-adjoint FCA

Different generalizations of FCA coincide on the
fact that the pair of fuzzy extensions of the
crisp concept-forming operators is a Galois connec-
tion [11], for which there exist wo dual versions.
We adopt in this section the standard one, in which
both maps are order-reversing (antitone); these will
be properly called Galois connections. The alter-
native version with the maps order-preserving, so-
called isotone Galois connections, which will be
studied later. We recall now the formal definition
of (antitone) Galois connection.

Definition 1 Let (P1,<1) and (P, <3) be posets,
and ¥: P, — Py, T: Py — Py mappings, the pair
(*,4) forms an antitone Galois connection between
Py and Ps if and only if:

1. T and ¥ are order-reversing.

2. x <y 2¥ for all x € Py, that is, ‘' is extensive
(wrt Py)

3. y <o y™ for all y € Py, that is, ™ is extensive
(wrt Py)



From now on, we consider two complete lattices
(L1,=1), (L2,=2), a poset (P, <) and two families
of mappings ,/%: P x Ly — L1, N\;: P x Ly — Lo,
where ¢ belongs to an index set A.

We will also consider two sets A and B represent-
ing a set of attributes and a set of objects, respec-
tively; together with a fuzzy relation between them,
R: AxB — P. In addition, we also assume the exis-
tence of a mapping o: A x B — A relating each pair
(a,b) to a pair of implications (/"(a’b),’\o(a,b)),
similarly to [18]. The tuple (A, B,R,0) will be
called (formal) context.

Given a context (A4, B, R, o), we define the oper-
ators T: LB — LA 4V L — LB as

g'(a) = inf{R(a,b) /7 g(b) |be B} (1)
FHo) = inf{R(a,b) Noap) f(a) [ a € A} (2)

for alla € A and b € B.

We are slightly abusing notation in that (T,+) de-
pends on o¢; furthermore, hereafter we will write
0 N ap instead of L oad) No(a,b)-

We aim at finding a weaker setting under which
the fuzzy extension of the crisp concept-forming op-
erators still form an antitone Galois connection; i.e.
we will introduce a sufficient and necessary condi-
tion in terms of the mappings /%, \, so that the
operators T: LE — L{ +: L — L& form an anti-
tone Galois connection.

To begin with, we will prove first that these op-
erators are antitone. The proposition below states
that this is associated to the monotony of the op-
erators ,/: Lo — L1, *\: L1 — Lo, where z € P
and which are defined as ,/(y) =z / y, *N(z) =
2Nz, forally € Ly, x € L.

Proposition 2 Mapping T: LE — L{* is antitone
for all formal context (A,B,R,o) if and only if
2/t Ly — Ly is antitone for all z € P and i € A.

Similarly, ¥: L{ — LT is antitone for all formal
context (A, B, R, o) if and only if *N;: L1 — Lo is
antitone for all z € P and i € A.

Remark 3 From the previous proposition, we can
assume that, for alli € A, arrows N, /* are anti-
tone in their second component.

The next result characterizes extensity of the
composition ™ in terms of N, ,/*.

Theorem 4 Inequality g <o g™ holds for all con-
text (A, B,R,0) and g € LY if and only if the prop-
erty below is satisfied Vy € Lo, Vz € P, Vi € A:

yj22’\i(z/iy)

The other one can be characterized similarly.

(F'1)

Theorem 5 Inequality f <, f*1 holds for all con-
text (A, B,R,0) and f € L{ if and only if the fol-
lowing property holds Vx € Ly, Vz € P and Vi € A:

v =12/ (2N o) (F2)
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Theorems 4 and 5, and Proposition 2 imply the
following result.

Corollary 6 The pair (T,%) forms an antitone Ga-
lois connection for all formal context (A, B, R, o) if
and only if Properties (F'1) and (F2) hold, and * N,
." are antitone for all z € P and i € A.

Consider one pair of identical mappings, then our
approach generalizes that of [6, Theorem 2], recalled
in the following corollary.

Corollary 7 Given (L,=) = (L1,=1) = (L2, =2)
and a pair of identical arrows (', /), then the com-
positions ™, 1 are closure operators if ./ is anti-
tone on its right argument and the following holds
forallye L, z € P:
y=z./ (2/y) (R1)

As a consequence of Proposition 2, Theorems 4
and 5, the following characterization of pairs that
form Galois connections is obtained.

Theorem 8 The pair (T,}) is an antitone Galois
connection, for all formal context (A,B,R, o), if
and only if the pair (,,/%, ;) is an antitone Galois
connection, for all z € P and i € A.

From the previous theorem, we can transform a
problem between T: LE — L4 4. L4 — LB whose
definitions are complex, to a problem related to the
more basic operators (5%, *N;).

It is worth to notice that the previous theorem
does not imply a biunivocal correspondence between
antitone Galois connections and pairs of implica-
tions associated with an adjoint triple, however we
will keep on using the implication symbols as a ves-
tige from our inspirational examples. Two operators
¢ and 1 are introduced below, which allow to define
an antitone Galois connection (T, +); note, however,
that (¢,%) is not a pair of residuated implications
of an adjoint triple, particularly, because they are
not fuzzy implications.

Example 9 Let us assume (L1, =<1) = (La, <o) =
(P, <) = ([0,1],<), where < is the usual order-
ing in the unit interval, and the pair ($,v), where
¢:[0,1] x [0,1] = [0, 1], ¢: [0,1] x [0,1] — [0,1] are
defined as follows

1 ifz<1l-—y
1- 1
$(z,y) = Y'oifl-y<z<-:
z 2
1-— 1
Y fl—y<z 2z>-=
z 2
2 . 1
1—z°z zfz<§
Uez) = :
1—2z z'fz2§



Given z € [0,1], it will be shown that the pair of
mappings ¢,: [0,1] — [0,1], ¥,: [0,1] — [0,1] de-
fined as ¢z(y) - ¢(Zvy)) %(%’) = w(zvx)7 for all
x,y € [0,1], form an antitone Galois connection.

First of all, from the definitions, we have that ¢
and v are straightforwardly antitone in both argu-
ments, hence ¢, and ¥, are antitone, in particular.

Now, we will prove that x < ¢.(¢,(x)) and y <
6- (1 (y)), for all x,y € [0,1]. Given z,y, = € [0,1]
we have, by definition, that

d(z,1—2%2) ifz<
P(z,9(z,2)) =

N = N =

(2,1 —xz) ifz>
1 2 .
If z < 2 then ¢(z,1 — x°2) is equal to

1 if 2 <1—(1—222)

1—(1-22%2)
z

if1—(1—2%)<z2
which is equivalent to
1 ifz<a?z
r ifxlz<z
consequently, in this case, v < ¢, (1. (x)) holds.
If z > %, then

1 ifz<1—(1-222)

¢(z,1—z2) = 1—(1—zz) if1—(1—a2) <z

similarly, © < ¢.(¢,(x)) holds.

For the other inequality, by definition, we obtain

that ¥(z,¢(z,y)) is:

ifz2<1-—y

w(z,< 1;3/)) ifl—y<z<%

1—y 1
’ f1— <z, > -
(7)) ioyen 2]
or equivalently
1—=2 fz<l—yey<l-z
1 ? 1
1—< _y>z fl—y<z< -
z 2
1 1
1-— Y, ifl—y<z 2z2>-
z 2

Thus, for all y € [0,1], we have y < ¥(z,d(z,y)).

Therefore, given z € [0,1], the pair (¢.,v.) is an
antitone Galois connection and so, by Proposition 8,
the mappings To: [0,1]8 — [0,1]4, +": [0,1]4 —
[0,1])5, defined as

g'*(a) = inf{¢(R(a,b),g(b)|be B}
) = mf{w(R(a,b), f(a) | a € A}

for alla € A and b € B, form an antitone Galois
connection.

Remark 10 From the example above, we have
that the present framework is more general than the
one given in [18], in which we considered adjoint
triples (&,.%,’\;) and in the current setting we
only need pairs (,/1,\;), such that (,./,*N\;) are
antitone Galois connections, for all z € P.

Next example shows two fuzzy implications sim-
ilar those used in fuzzy FCA and form an antitone
Galois connection but, however, do not arise from
an adjoint triple.

Example 11 Consider the pair (,\) where
v [0,1] x [0,1] — [0,1], and
N [0,1] x [0,1] — [0,1] are defined by

1

1l-z(1—2) ifz<=

2

2N x = 1
1—2%(1-2) zfz>§

1-— 1
1_Z ifzgi, z <y
_ 1— 1
2y = J ifz>—-, z<uy
1—=2 2
1 ifz>y

These operators are similar to those in FExam-
ple 9, in which we have replaced z by 1 — z and
obtained, as a consequence, the monotonicity needed
to obtain a fuzzy implication.

In this case, the pair (1, *’\) is an antitone Ga-
lois connection, for all z € [0,1], and it can be
shown that there does mot exist any conjunctor &
such that (&,./,"\) is an adjoint triple.

The examples above show that we are actually
proposing in a more general framework than [18],
but still we can define the set of all formal concepts
(g, f), that is, the set

M={(g.f)lgely feLiandg" =f f' =g}

with the ordering given by (g1, f1) < (92, f2) if and
only if g1 =<5 g2 (equivalently fo =i fi), can be
proven to be a complete lattice (the proof is similar
to that in [18]).

We have just considered a more general frame-
work on which the constructions are analogous, so
it makes sense to keep the same names and still call
the multi-adjoint concept lattice associated with a
given formal context.



3. Multi-adjoint property-oriented and
object-oriented concept lattices

Inspired by [6], in this section we introduce suffi-
cient and necessary conditions on the given fuzzy
conjuntor and implication for the combinations of
possibility and necessity operators to be isotone Ga-
lois connections. As a consequence, two kinds of
concept lattices arise, generalizing the multi-adjoint
object-oriented and property-oriented concept lat-
tices given in [15].

Definition 12 Let (P,<1) and (P2, <3) be
posets, and ¥: P, — P, T: P, — P| mappings,
the pair (T,4) forms an isotone Galois connection
between Py and P» if and only if:

1. T and ‘¥ are order-preserving.
2. ¥ <z, forallx € Py.
3. y <o y™, forally € P;.

In this setting, it is worth to recall the definition
of dual order. Given a poset (P, <), its dual or-
dering, <?, is defined as x; <? x5 if and only if
r9 < x1, for all z1,29 € P. W will write P instead
of the partially ordered set (P, <), P? instead of
(P,<?), and we will say that P? is the dual of P.

It is well known that the notion of isotone Ga-
lois connection follows from the original one simply
by considering PJ instead of P,. Thus, an isotone
Galois connection (T,+) on P; and P, is an antitone
Galois connection on P; and P28 , and vice versa, and
properties from antitone Galois connections can be
translated to and from isotone Galois connections.

This idea has been recently used in [15] in order
to relate several kinds of concept lattices. Similar
transformations can be applied to use the properties
obtained previously for the antitone Galois connec-
tion (T, ) in the framework of property-oriented and
object-oriented concept lattices. Next, the details
of this transformation for multi-adjoint property-
oriented concept lattices will be introduced. The
object-oriented case is obtained analogously.

From now on, we will fix two complete lattices
(Lo, =2), (L3, =3), a poset (P, <) and two mappings
&2PXL2—>L37\:L3XP—)L2.

Given a context (A, B, R, o), we define two map-
pings T=: LB — Lgf‘, s Lg“ — LF as

g'"(a) = sup{R(a,b)&apg(b)|be B} (3)
) = inf{f(a) Nap R(a,b) |a € A} (4)

for each g € LY, f € L4 and a € A, b € B. These
definitions are obvious generalizations of the classi-
cal possibility and necessity operators.

We establish here similar results to those in the
previous section; but now, with respect to the op-
erators 7=, ¥ and the underlying fuzzy conjunctors
&; and implications N;, with 7 in the index set A.

To begin with, we focus on the monotony-related
properties of these operators. Specifically, we con-
sider operators ;& : Lo — L3, N : L3 — Lo, where
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x € P and which are defined as ,&(y) =
Nz (2) =2\ z, forall y € Ly, z € Ls.

&y,

Lemma 13 Considering lattice LY instead of L3,
then the operators T~ and iN satisfy Equations (1)
and (2), with respect to &, N op, respectively, where
Nop: P x L3 — Lo is defined as © N\ op 2 = 2"\ z,
forallx € P and z € Lgs.

Hence, the previous results can be transformed
into this new approach. The following result, simi-
lar to that of Proposition 2, can be obtained:

Proposition 14 Mapping '=: L — Lg“ 18 isotone
for all formal context (A, B,R,o) if and only if
+&: Lo — L3 is isotone for all xz € P.

Analogously, W L{ — L is isotone for all for-
mal context (A, B, R, o) if and only if N\, : L3 — Lo
is isotone for all x € P.

Remark 15 In consequence, we can assume here-
after that conjunctors &; are isotone in the right
argument and arrows \; are isotone in the left ar-
gument, for all i € A.

The closure properties of the composition
L L¥ — LB is characterized by using
Lemma 13 and Theorem 4, which turns out to be a

generalization of [6, Theorem 4].

Theorem 16 Inequality g <s gT"iN holds for all
context (A, B,R,0) and g € L¥ if and only if the
following property holds Vx € P, Yy € Lo, Vi € A.
y =2 (@&iy) iz (P1)
Similarly, the interior property of 15 can be
characterized by using Theorem 5 and Lemma 13.
This result is similar to [6, Theorem 5], but consid-
ering T LB — LA 4" L4 — LB instead.

Theorem 17 Inequality fiNT’r =<1 f holds for all
context (A, B,R,0) and f € L4 if and only if the
following property holds Vx € P, Vz € Ls, Vi € A:

r&i(z\ix) 232 (P2)

Proposition 14, and Theorems 16 and 17, provide
similar consequences to those above, but now con-
cerning property-oriented concept lattices.

Corollary 18

1. Composition T=+" : LB — LB is a fuzzy closure
operator for all context (A, B, R, o) if and only
if (P1) is satisfied.

2. Composition +" 1= : LY — L{ is a fuzzy inte-
rior operator for all context (A, B, R,0) if and
only if (P2) is satisfied.

Corollary 19 The pair (*=,¥") is an isotone Ga-
lois connection for all formal context (A, B, R,0) if
and only if (P1) and (P2) hold, and operators &
and N are isotone for all x € P.



As (5&,\) is isotone Galois connection for all
x € P if and only if the mappings & and ~_ verify
(P1), (P2) and are isotone, we obtain the following;:

Proposition 20 The pair (T",iN) is an isotone
Galois connection for all context (A, B, R, o) if and
only if the pair (&, \z) is an isotone Galois con-
nection for all x € P.

Hence, the properties of the pair (T“7¢N) depend
just on & and . Therefore, given two mappings
&: P x Ly — L3 and \: L3 x P — Lo, such that
(+&,"\\z) is isotone Galois connection for all z € P,
then the mappings T : LE — L4, L LY — LB al-
low to build a more general lattice than the concept
lattice introduced in [15]. Specifically, the set

Moy ={{g. f) lge LB, feLlt g = f, 1 =g}

is a complete lattice, called multi-adjoint property-
oriented concept lattice, where the pairs of mappings
(9, f) € Myn are called multi-adjoint property-
oriented formal concepts.

Note, again, that the naming considered here for
the concept lattice and for the concepts is exactly
the same used in [15]. The reason is that, in spirit,
they are equal. The main difference being that the
considered operators can be more general, since the
pair (&,\) need not arise from an adjoint triple.

In the next example we introduce an isotone Ga-
lois connection (,&,\ ), although there does not
exist / such that (&,.",’\\) is an adjoint triple.
Moreover, by Proposition 20, we obtain that T~ and
" defined as in Equations (3) and (4), form an
isotone Galois connection and, then, a property-
oriented concept lattice can be considered.

Example 21 Consider (L1,=1) = (L2,=X2) =
(P, <) = ([0,1],<), where < is the usual or-
dering in the wunit interval, and the mapping

&: [0,1] x [0,1] — [0,1], defined Vz,y € [0,1] as

1
x-y? ifr< =
2
r&y = 1
-y if 3 <z
Clearly, & is isotone in both arguments.
Now, consider mappings ./ : [0,1] x [0,1] — [0, 1]
and \: [0,1] x [0,1] — [0,1], defined, for all
1'7y7 z G [07 1]7 as

2/ Y
Nz =

sup{z | x &y < z}
sup{y | &y < 2}

If in these definitions, the supremum is a maxi-
mum, then the mappings are residuated implications
associated with &.

We will prove first that the supremum in the def-
inition of '\ is indeed a maximum, that is,

N z=supl{y|z&y <2} =max{y |z &y < 2}
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For that, given x,z € [0,1], we compute the supre-
mum of the values Y = {y | 2 &y < z} and we
check whether they are or are not in' Y. We reason
by cases:

o Ife <z thenx&y < z&l =2z <z and so
supY =sup{y |z &y < z} =1, which isin Y.

2
1
o [fz< < =, thenx&f—x.( Z) —
2 x €T
z

x-— = z. Moreover, if we consider an element
x

y € [0,1], such that \/j <y then

Z=x-—=x- — <z-y =xz&ky
T T
z
:I,"

= Zz.

Therefore, supY = sup{y | z &y < z}

which is in'Y .
° Ifz<acand§§x, thenx&izm~
T

ISR IR

Moreover, if we assume an element y € [0, 1],
z

such that — <y, then
T
z=2x-

z
,<x.y:x&y
T

Therefore, supY =

which is in'Y .

z
suply | v&y < 2} = =

Consequently, we obtain that

sup{y |z &y < z} =max{y | 2 &y < z}

On the other hand, we will prove that this con-
clusion cannot be obtained for the other implication.
We will denote {x | x &y < z} as X.

o Ify<z thenz&y < 1&y =y < z and so
supX = sup{z | z &y < 2z} = 1, which is an
element of X.

1
o Ifz <y < 2z, then 3 < z and, therefore,

1
E&y— E-y:z. Moreover, if = < z <z
Y y 27y
then z == -y <z-y=ux&y. Hence, sup{z |
Y
x&y<z}= E, which is in X.
Y

1
o If 2z < y, then % < -
Y

dso =&
ana S0 — =
2 y2 y

z

— - y? = z. If we consider x € [0,1] such
Yy
z
that — < x, then we obtain the following two
inequalities:
z
z=— Pt o< ozt
Y
z z
y vy

As a consequence, independently of the value
of x, we obtain z < x &y. Thus, sup X = c

2 )
Y
which is an element of X.



1
o If2z <y <2z thenforallx<§,x&y:
1 y 1 1
L2 7~2 = _ = — . = — .
Ty < z zandz<2 5 Y 2&y
<z} =sup{z €
[0 1)}—1 however 1& £z thatisng
72 _27 72 y ) 2

and the supremum is not a mazximum.

Hence, sup X = sup{z | 2 &y

Therefore, in this case we obtain that sup X #
max X . Consequently, (&,.,"\) s not an adjoint
triple, although (&, ) is an isotone Galois con-
nection, for all x € [0, 1].

Finally, the expressions for the implications are:

Nz = max{y|z&y <z}
1 ife <z
1
_ \/? ifz<a <=
= x 2
1
z ifz<z, x>=
T 2
2y = supfz|a&y <z}
1 ify<z
z ifz<y<2z
Y
= 1
3 if2z <y <2z
2 iV <y
Y

Operators as those used above are not just patho-
logical operators, they could be useful to distin-
guish between the values provided by the relation
and those given by the fuzzy subset of object, and
this is interesting for applications. For instance, the
conjunctor in the example simply weights similarly
the values given by the relation and the fuzzy sub-
set when the former is greater or equal than the
threshold 1/2.

4. Conclusions

Characterizations of different Galois connections
arising in FCA have been introduced, in such a way
that the necessary algebraic requirements are trans-
lated directly on the fuzzy conjunctors and impli-
cations considered in the underlying multi-adjoint
context.

As a consequence, it turns out that the approach
in [15, 18] is applicable in more general situations, in
particular, the conjunctors and implications in the
multi-adjoint formal context need not form adjoint
triples, but satisfy weaker conditions instead.
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