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Abstract

A g-difference analogue of the Painlevé III equation is considered. Its derivations,
affine Weyl group symmetry, and two kinds of special function type solutions are
discussed.

1 Introduction

Importance of the Painlevé equations is widely recognized in mathematics and mathemat-
ical physics, since the solutions plays a role of nonlinear version of special functions. So
much studies for the Painlevé equations have been done from various points of view, such
as classical solutions, asymptotics, geometric or algebraic structures and so on [13, 2]. On
the other hand, discrete analogue of the Painlevé equations have been studied extensively
after discovery of the singularity confinement property [4], which is a discrete analogue
of the Painlevé property. What matters in studies of the discrete Painlevé equations was
that they were in some sense too rich and looked almost uncontrollable. For example,
number of known discrete Painlevé equations is several ten’s, while that for the Painlevé
equations is only six.

The situation has been changed after Sakai’s theory [22]. Sakai constructed “space of
initial conditions”, or defining manifold of a discrete Painlevé equation called ¢-Pvyy by
blowing up P? at nine points. Based on this fact, Sakai gave a classification of discrete
Painlevé equations with the aid of theory of rational surfaces, and discussed the symme-
tries. The Painlevé equations appear naturally from the degeneration of defining manifold
which is also interpreted as continuous limit. This theory gives us clear view to both
discrete and continuous Painlevé equations. It also suggests the list of discrete Painlevé
equations to be studied further.

Copyright © 2003 by K Kajiwara and K Kimura



g-Painlevé 111 Equation 87

In this paper, we shall work with the following g-difference equation,

PV T 4 agqn o
foft  aoq™ + fo
B q2N+lc2 alq—n—l-l/ +f1
fo= fofi 14+aig ™t f’

=

1=

(1.1)

where f; = fi(n;v, N) (i = 0,1) are dependent variables, n € Z is the independent
variable, v, N € Z are parameters, and ¢, ag, a1, ¢ are constants. Moreover, f; and f;
denote f;j(n+1;v, N) and fi(n—1;v, N), respectively. We call equation (1.1) a g-difference
Painlevé III equation(g-Pyr). Since ¢-Prr appears in “Mul.6” in Sakai’s classification, it
is expected that ¢-Prr is a “good” equation.

The purpose of our work is to establish and to give explicit description for the following
properties of ¢-Prrr (1.1):

e ¢-Ppp admits a continuous limit to the Painlevé 11T equation (Pryy),

P
2 3

- 2= _ - 4= — =—0=4 1.2
2= o\ +x(av +ﬁ)+w+v, ¥ , (1.2)

d2v_1 dv\% 1dv 1
T dx

where «, 3 are parameters.

e ¢-Pyp1 is derived from the discrete-time Relativistic Toda lattice equation [23], while
Prpp is derived from the relativistic Toda lattice equation [21].

e ¢-Pyir can be regarded as a discrete dynamical system on the root lattice of type
As x A; [22, 9]. As a consequence, it admits symmetry of (extended) affine Weyl

group of type Agl) X Agl) as the group of Bécklund transformations.

e ¢-Pyrr admits two classes of classical solutions, namely, the solutions which are re-
ducible to discrete Riccati equation, and rational solutions. There are two kinds of
Riccati type solutions, one of which is expressed by the Jackson’s (modified) g-Bessel
functions, while the Riccati type solution of Pyyy is expressed by the (modified) Bessel
functions [17].

e The rational solutions of Pyyy (1.2) are expressed as ratio of some special polynomials
(Umemura polynomials). They admit determinant formula of Jacobi-Trudi type
whose entries are given by the Laguerre polynomials [10]. The rational solutions of
q-Py11 are characterized by similar special polynomials which also admit determinant
formula.

In this paper, being the first half of our work, we discuss the derivation, symmetry,
and particular solutions of Riccati type. Rational solutions will be discussed in the next
paper.

This paper is organized as follows. In Section 2 we derive Pp and ¢-Prrr from the rela-
tivistic Toda lattice and discrete-time relativistic Toda lattice, respectively. Moreover, we
also derive ¢-Pry1 from the birational representation of affine Weyl group of type Agl) X Agl)
which was presented in [9]. In Section 3, we construct two kinds of particular solutions of
Riccati type, one of which is expressed by Jackson’s modified ¢-Bessel functions. We also
construct determinant formula for these solutions.
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Remark 1. 1. Originally ¢-Pyy1 (1.1) was derived in [12] as “asymmetric generalization”
of g-difference Painlevé II equation (¢-P11) [18],

Ty + CA”
I’n+1$n$n,1 = 5—1 + C)\nxn7 (13)
where (, £ are parameters, and A is a constant. In fact, putting
1
g A_Q frd O - —
q ) v ) a1 a:(])\,
$2n:f1(n;0,N), Ton+1 :fO(na()?N)a <14)
q-Prrr (1.1) is reduced to ¢-Pyy (1.3) with
1
= \TANH22 =, 1.5
; R (15)
2. The following g-difference equation,
cd(wy, — aq™)(w, — bg"

(wy, — ¢)(wn — d) 7

is also identified as a g-difference Painlevé III equation [18, 19]. Here, ¢ is a constant and
a, b, ¢, d are parameters. A class of particular solutions in terms of Jackson’s ¢-Bessel
functions is constructed in [11]. It looks that equation (1.6) has a different nature compared
to our ¢-Pypr (1.1), and it may be natural to regard equation (1.6) as a degenerate case of
the g-difference Painlevé VI equation (¢-Pvr) [7, 22],

azas(zne1 — 019"™) (Zny1 — b2g™)

It = b3) (ot — ba)
b3b4(yn — a14")(yn — a2q™) b1b2 aias
Znint+l = , = , 1.7
i (Yn — a3)(yn — as) b3by asa4 (1.7)

where a; and b; (i = 1,2,3,4) are parameters.

2 Derivations of g-Pyy

2.1 Derivation of Py from relativistic Toda lattice

In this section we derive Py (1.2) from the relativistic Toda lattice equation [21, 23],

d

Edn = dn(cn - Cn—l)a

d

Ecn =cp(dp+1 + cpp1 — dn — Cp—1), n € 7. (2.1)

We introduce the variables V,, and K,, by

VK, Vo1 K
_ dy = —K,_| + Ln=1ftnl 2.2
Kot g it T (2.2)

Cp =
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which yields

d
E IOgV = (Kn—l + Vn—l) - (Kn + Vn)a

d
EKn == KnVn — KnJernJrh n € 7. (23)

We next impose two-periodicity on equation (2.3). Then we have,

d
o8 Vo = (K1 + Vi) = (Ko + 10).

d
08V = (Ko + Vo) — (K1 + W),

d
— Ky = KoV — K1V
dt 0 ovo 11,
d
K=KV = Koo, (2.4)

In order to derive Pryp (1.2), we introduce additional constants a,, (n = 0,1) in such a way
that

d
%log%Z(KlJer)*(KoJrVo)ﬂLOéo,

d

g g V1= (Ko + Vo) — (K1 + V1) +ay,
d

— Ky = KoWy — K1V

g0 0Vo 1V1,

d
5 =KiVi - Ko, (2.5)
We note that integrability is still kept under this generalization in a sense that it admits
the Lax pair. It is easy to see from equation (2.5) that we have Ky + K; = const and

% log(VoVi) = ap + a1. We normalize them so that
ag+a; =1, VoWi :et, Ky + K1 = 0. (2.6)

Under this normalization, one can write down the equations for Vy and K;. Eliminating
K, we obtain

AV 1 [(dV\® .4 5 . e

TS < dt) + V5 — (a0 + Bo)Vg + (Bo — g + 1)e Vo (2.7)
or

2Vy 1 [(dV\® 1dVp V2 Bo—ap+1 1

a Vo _ = (4% _ & Yo yr i 2.8

d32 %<d$> S dS 2 ( 0 (a0+/60))+ s ‘/0’ ( )

where s = e', which is a version of Py (named as “Ppp” in [17]). Equation (2.8) is
rewritten into the ordinary form of Py (1.2) with a = —4(a + o), 5 = 4(—ap + o + 1),
v = —0 = 4 by putting s = 22 and Vj = zv.
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Remark 2. Without introducing additional constants «a,,, we obtain the equation for Vj
as

Vo _ 1 (dV 2+v3 BV + Bo — — (2.9)

a2 Vo \ dt 0 T POY0 TR0 Ty :
Equation (2.9) is classified as “XII” in Gambier’s classification [6], and integrated in terms
of the elliptic functions. Therefore, such generalization of the relativistic Toda lattice
equation is crucial in order to derive Py;. Such situation can be seen for other Painlevé
equations, where they are derived by the similar generalization of proper soliton equa-
tions [1, 15, 16, 14].

2.2 Derivation of g-Py;; from discrete-time relativistic Toda lattice

Let us next consider the discrete case. We start from the discrete-time relativistic Toda
lattice equation [23] in the following form,

E_n _ p—1 — dp—1 E_n _ ap—1+ Cp—1

dp an — dy ’ Cn ap + Cp ’

an=14d, + 7 nez, (2.10)
Gp+1

where a,, = an(t), cn = cn(t), dp = d,(t) and  denotes the value at t + 1. We note that
for convenience we have inverted the space direction n of the original equation in [23]. We
introduce the variables K, = K, (t), V,, = V,,(¢t) by

DoV, an =K. (2.11)

an

Then equation (2.10) is rewritten as
EZE ::l(n71'+ Vhfl
Va Ky +V,

Kpyp o 1 +Vn Kpi1+Van

= nil T (2.12)
R%/ 1+'Vﬁ+1 }(n+;vn
We next impose two-periodicity on equation (2.12), which yields
E_Kl—i-‘ﬁ E_K{)‘FVO
Vo Ko+W’ i Ki+W’
E_1+Vof1+71 &_1—1—71 Ko+ Vy (2.13)
Ky 1%-T?1]?0—%T70, Ky 1%—$a)j?1—FT71‘ '

Similarly to the continuous case, we introduce additional constants a,, (n = 0,1) in such
a way that

Eil__}(l%—vﬁ(L Yl___}ﬂ)+-Vba
Vo Ko+Vo O Vi K1tV
F1_1+VOF1+V1 70_1-i-71 Ko+ Vo

= —— = —— (2.14)
Ky 14Vy Kog+Vy Ky 14VyKi+V,
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We remark equation (2.14) is still integrable in a sense that it passes the singularity
confinement test [4]. It is easy to see from equation (2.14) that we have KoK = KoK; =
const and VoV = apa1VoVi. We normalize as

apay = ¢, VoW1 = ¢§q, KoK = bj, (2.15)
where by and ¢y are constants. Under this normalization, we obtain the equation,

ao 1+ coqq'Y a X+2q"

Xyx=20_T909%  yxy_ % : 2.16
q Y +coqqt T 1+Rgix (2.16)
where the variables X = X (¢) and Y = Y (¢) are defined by
apco 4 K1 1 =
X _- —— Y B V 5 217
bo = Vo cog? " (2.17)

respectively, and _ denotes the value at ¢ — 1. Equation (2.16) is essentially the same as
Q‘PIII (11)

We finally comment on the continuous limit of ¢-Pryr to Pyip. The simplest way is to
take the limit on the level of equation (2.14); replacing t, K;, V; and «; by t/h, 1+hK;, hV;
and 1+ a;h (i =0, 1), respectively, and taking the limit h — 0, we obtain equation (2.5).

2.3 Birational representation of affine Weyl group W(Agl) X Agl))

In [9], the following birational representation of (extended) affine Weyl group W(Agl) X
Agl)) is presented:

Theorem 1 ([9]). Let C(a;, fi (i =0,1,2)) be the field of rational functions in a; and f;.
We define the transformations s; (i =0,1,2) and 7 acting on C(a;, fi (1 =0,1,2)) by

si(a) = aja; ", si(fy) = <1a+2";> T (i=0.12),
m(zi) = ziq1, (x =a, f), i €Z/3Z, (2.18)

respectively, where A = (aij)zz,jzo is the generalized Cartan matriz of type Aél) and U =
(Uij)?,j:o is an orientation matriz of the corresponding Dynkin diagram:

2 -1 -1 0 1 -1
A= -1 2 —-1/{, U=] -1 0 1 . (2.19)
-1 -1 2 1 -1 0

Moreover, we define the transformations wg, wy, and r by

a;aiv1(a;—1a; +ai—1fi + fic1fi)
fi—1(aiaipr + aifiz1 + fifiv1)
14 aifi + a;aiq1 fifiva
aitir1 fir1(1 + aim1 fic1 + aicrai fim1 fi)’
1

r(fi) = 7 wo(a;) = wi(a;) = r(a;) = a;, (i €Z/3Z). (2.20)

wo(fi) =

wi(fi) =
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Then, the transformations (so, s1, S2, T, wo, w1,T) generate the extended affine Weyl group

of type Agl) X Agl). Namely, these transformations satisfy the following fundamental rela-
tions,

s? =1, (sisi1)=1, =1, 7ws;=s;qm  (i=0,1,2), (2.21)
wi = wi =1r%=1, rwy = wir, (2.22)
and the actions of (s, s1, S2, ™) and {(wg, w1, r) commute with each other.
One can construct translations T; (i = 1,2,3,4) by

T1 = TS281, T2 = 81789, T3 = Sg981T, T4 = Trwy. (2.23)

We note that these translations satisfy T;7; = T;T; (4,5 = 1,2,3,4) and Ty 1573 = 1. The
actions of T; on a; and ¢ are given by

T1(ao) = qao, Ti(a1) = ¢ 'ay, T1(az2) = a9, Ti(c) = c,
Ty (ap) = ao, Ty(a1) = qaz, Ty(as) = q ‘as, Ty(c) = ¢,
Ty(ap) = ao, Ty(ar) = ay, Ty(az) = as, Ty(c) = qc, (2.24)

respectively. We also remark that agajas = ¢ and fo f1 f2 = qc? are invariant with respect
to the actions of W(Agl) X Agl)) and W(Agl)), respectively.

The above affine Weyl group actions determine three birational, commutative, dis-
crete flows on root lattice of type A1 x As. Regarding one of the directions as the “time
evolution”, other directions can be considered as those of Bécklund (Schlesinger) trans-
formations.

In [9], Ty is chosen as the time evolution, whose explicit action is given as

1+ aafa + agap fa fo 1+ ao fo + aoai fo f1

1+ aofo+ aoaifofi’ 1+ aifi +arasfifa’
1+ a1 fi +aazfifo

Ty(fo) = aoa1 f1 Ty(f1) = araz fo

T. = asa . 2.25
a(f2) = a2 ofoy + a2 f2 + azao f2 fo (2.25)
Choosing one of the Ay direction, for example 77, as the time evolution, we have
l1+a 2 1+a
) = fo ofo _ g ofo’
a+fo  fofi ao+ fo
_ ai + fi qc® a1+ fi
T (fo) = fo = (2.26)

l+arfi  fofi 1+aifi’

Operating TPTY TN (n,v, N € Z) on equations (2.25) and (2.26), denoting TP T¥ TN (f;) =
filn;v, N) (i =0,1,2), we obtain ¢-Pry,

1+ aq™" fo + azaoq" " f2.fo
1 + aoq™ fo + apa1q” fo f1
1 + aoq" fo + aoa1q” fo f1
L+ a1qg " fi + ara2q " fi fo’
14 a1q" f1 + a1a2¢7" f1 f2
1+ axq™ fa + a2aoq™ " fafo’

and ¢-Pryy (1.1), respectively. In equation (2.27), f; denote f; = filn;v, N+1) (i =0,1,2).

fo = aparq” fi

fl =ajazq " f2

fo = asaoq™ ™" fo (2.27)
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Remark 3. By construction, ¢-Pryr (1.1) describes one of the Bécklund transformations
of ¢-Prv (2.27), and vice versa. Moreover, under the specialization (1.4), ¢-Prv (2.27)
coincides with the Bécklund transformation of ¢-Pyr (1.3) proposed by Joshi et al [8].

g-Pr1 admits the symmetry described by the affine Weyl group of type Agl) X Agl). In

fact, we can easily verify the following fact:
Proposition 1. We define wj,, w} by
W = 505150, wi = so. (2.28)
Then, w), and w} satisfy the fundamental relations of W(Agl)),
(wh)? = (wh)? = 1. (2.20)

Moreover, the actions of (w), w}) commute with the actions of Ty and (wo,wy,r).

3 Particular solutions of Riccati type

3.1 Solutions in terms of Jackson’s modified g-Bessel functions

Many of Painlevé and discrete Painlevé equations are known to admit 1-parameter family
of particular solutions expressible in terms of (g-)classical special functions. Such solutions
are obtained by finding the special cases where the Painlevé or discrete Painlevé equations
are reduced to the (discrete) Riccati equations.

For example, ¢-Pry (2.27) admits the following Riccati type solutions:

Proposition 2 ([9]). ¢-Prv (2.27) admits particular solutions given by

Gn(N) qg Gp(N+1)
_ 2 n+2N+1 — _ =1 Nl
fO G‘OC q Gn(pr—f—l)’ fl aoqn Gn(N) ) f2 (3 )

for v =20, where Gy (N) is a function satisfying the contiguity relations

Gri1(N +1) = Gu(N + 1) + ag?¢®" P>V G,, (N),

Gni1(N) = Gp(N +1) + 2N TG, (N). (3.2)
In particular, equations (3.2) admit polynomial solutions in ¢*V +1/2¢ for ag = ¢, and the
polynomials H,(z) = (¢Nt1/2¢)""G,(N), z = (¢VNT1/2c+ ¢~ N=1/2¢1) /2 are identified as
the continuous q-Hermite polynomials [3].

In the above solutions, the variables N and n play a role of independent variable and
parameter, respectively. Since g-Pyp describes a Béacklund transformation of ¢-Pry, the
above solutions of ¢-Pry can be also regarded as those for g-Pyi1 only by exchanging the role
of N and n. For notational simplicity, we introduce a parameter x4 and a function I,(n)
by
N+1/2

q c=¢q",  Iu(n)= (") TG (N). (3-3)
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Then equations (3.2) are rewritten as

Lisi(n+1) = ¢ (n) + agg™ 1 (n),
Lu(n+1) = ¢ "1 (n) + ¢"Lu(n), (3.4)

respectively. We note that the three-term relation of I,,(n) with respect to n,
I(n+2)=(¢"+q ") Lu(n+1) — (1 —ajq®™) Lu(n), (3.5)

is nothing but Jackson’s g-modified Bessel equation [3].

Proposition 3. Let I,(n) be a function satisfying equation (3.4). Then

Iu(”)
Luta(n)’

satisfy q-Pi1 (1.1) with v =0 and ¢N1TY2%¢c = ¢t

flz—im (3.6)

fo = q*ag ,
ap  I.(n)

We remark here that essentially the same solution is also constructed in [5, 20]. By
successive application of the Bécklund transformation 75 on these solutions, we obtain
“higher-order” solutions for v € Z~y. Moreover, such solutions admit the following deter-
minant formula.

Theorem 2. Let I,,(n) be a function satisfying equation (3.4). For each v € Zx>q, we
define a v X v determinant o, (n) by

oy (n) = det (I(n —i+ j))lsi7j§y (v € Z>o), @o(n) = 1. (3.7)
Then,
fo— agge P M) g A meln =) 58)
Pl (n)ehi(n) a i (n— 1)l (n)

satisfy q-Prr (1.1) with v € Z>¢ and gV t1/2¢ = g1

Since Theorem 2 is obtained by the interpretation of the case of ¢-Pry [9], we omit
the proof. We also note that it is possible to construct similar determinant formula for
negative v [9].

3.2 q-Pim specific solutions

In the previous section, we have discussed such solutions that n, v and N (or u) played
a role of independent variable, determinant size and parameter of the solution, respectively.
It is possible to construct another Riccati type solution in which the roles of v and N (or p)
are exchanged.

We first look for the special values of N and ¢ which admit decoupling of ¢-Pry (1.1)
into discrete Riccati equation. In fact, it is easy to verify the following proposition:
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Proposition 4. ¢-Pry (1.1) is decoupled into the discrete Riccati equation,

—v+1 n
= q 1+ aoq" fo , 1
fi=— ; fi=—aoarq" ———, 3.9
! apay fo aoq™ + fo (3.9)
when N =0 and c = 1.
Eliminating f; from equation (3.9), we obtain a discrete Riccati equation for fj,
B —ang™L + (a2a2q?-1 — g2g2nt!
Fo= 0q ( 0414 s )fo. (3.10)

1+ aoq™ fo
Standard linearization of equation (3.10) gives the following result:

Proposition 5. Let H,(n) be a function satisfying the following linear difference equation,

H,(n+1)=[1+ adalq® — angn] H,(n) —adalq* H,(n —1). (3.11)
Then,
fo o 1 Hy(n+1)-— H,/(n)’
aoq"” H,(n)
fi = —agarg"™” () (3.12)

Hy,(n+1)— (1 —a3q¢*) Hy(n)’
satisfy q-Prr (1.1) for N =0 and ¢ = 1.

One can investigate the evolution with respect to v by substituting the above expres-
sion into the Béacklund transformations of ¢-Pryp described in Section 2.2. After some
manipulation we arrive at the following result:

Theorem 3. Let H,(n) be a function satisfying the following contiguity relations,

H,(n+1)— Hy(n) = —ad¢*"H,_1(n), (3.13)
Hy, 1(n) — Hy(n) = —a2a3¢* H,(n — 1). (3.14)
Then,
nHy—1(n) 1 H,(n)
_ g 2=t _ , 3.15
fo = —aoq H,(n) fi Barg 2 Hy 1 (n = 1) (3.15)

satisfy q-Pry (1.1) with N =0 and ¢ = 1.

Remark 4. As is expected from the symmetry described in Section 2.2, the contiguity
relations (3.13) and (3.14) for H,(n) are symmetric with respect to n and v. In particular,
the three-term relation with respect to v is obtained as

Hyp1(n) = [1+ adq®" — aga%qm’] H,(n) —a3q¢®" H,_1(n). (3.16)

We obtain higher-order solutions in the form of rational functions in H,(n) by applying
the Bécklund transformation T4 to the above solution. Furthermore, these solutions admit
the following determinant formula:
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Theorem 4. For each N € Z>q, we define an N x N determinant ¢)) (n) by

¢5ljjv(n) =det (Hy4i—1(n+Jj — 1))1§z‘,j§N (N € Z>o), ¢B(”) =1 (3.17)
Then,
w2y Go ()] (n)
fo= a0 N a1 (n)
_ 1 ¢y T (n)dpa(n = 1)
N B G - 1)l () (318)

satisfy q-Prr (1.1) with ¢ =1, N € Z>o.

We next prove Theorem 4. It is a direct consequence of the following “multiplicative
formula” with respect to ¢.

Proposition 6. The following formulas holds.

o@D T 4+ 1)) (n—1)

I+ annfO =4q ¢N+1( ) Z]/V 1( ) ) (319)
fO . 2 2 Q(V N— 1)¢N+1(n B 1)¢N(n+ 1)
1+ wogt — 0 * NN () (3.20)
by 1 ¢N“( — gl (n)
1+ aiq + fi= ang( — N+1(n 1) ( ) ) (3.21)
N+1 N,
T N 1 1 ()¢, (n—1) (3.22)

ag " el ¢N+l<n e (n)

In fact, it is an easy task to derive ¢-Pyrr by using the above multiplicative formulas
and equation (3.18). Furthermore, Proposition 6 follows from the following proposition.

Proposition 7. ¢! (n) satisfies the following bilinear difference equations.

o0 T (n)gpl1 (n) — agg® ") (n)g)) (n)

=q N+ 1)) (n— 1), (3.23)
PN () (n) — a2l TN VN (0 — 1)l (n + 1)
Y ) (n), (3.24)
ad® ™V (n — 1)) (n) — ¢ N ) T () (n — 1)
T n = 1)¢) (), (3.25)
=Dl — 1)l (n) — g 2NN T (n)g) 4 (n — 1)
=0t () (n —1). (3.26)

For example, equation (3.19) is derived from equation (3.23) by dividing both sides by
dN 1 (n)¢N (n). Therefore, the proof of Theorem 4 is now reduced to that of Proposi-
tion 7. We will give it in the next section.
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3.3 Proof of Proposition 7

Our basic idea for proving Proposition 7 is the same as that was done in [9]. Bilinear
difference equations are derived from the Pliicker relations, which are quadratic identities
among determinants whose columns are shifted. Therefore, we first construct such “dif-
ference formulas” that relate “shifted determinants” and ¢ (n), by using the contiguity
relations of H,(n). We then derive bilinear difference equations with the aid of difference
formulas from proper Pliicker relations. We take equation (3.24) as an example to show
this procedure explicitly. For other equations, see Appendix A.

We introduce a notation,

Hy(n) Hyi1(n) T Hyin-1(n)
H,(n+1) H,i11(n+1) H, n-1(n+1)
oy (n) = : : N ;
Hy(n—l—N—l) HV+1(TL+N—1) HV+N_1(TL—|—N—1)
= ’(Jn,ln,-'- ,N—ln‘, (3.27)

where k,, denotes a column vector,

Hu-i—k(n)
k,=| Hue(n+1) |. (3.28)

We note that we abbreviate the suffix n when unnecessary.

We next construct the difference formula.

Lemma 1 (Difference formula I).

0.1, N~ 1| = ¢¥(n), (3.29)
~(N=2) (94t N—2)(N—

10,41,0,- -+, N — 2| = (—aga3) "™ g CrEN-2WN-DN 4 1), (3.30)

i1, 0, 0+ N — 2] = (—aad) N AN Y ), (31

Proof. Equation (3.29) is nothing but the definition equation (3.27). Subtracting the
(k —1)-th column from the k-th column of the left hand side of equation (3.29) and using
the contiguity relation (3.14) for k = N, N —1,...,2, we have

Hyin—2(n) Hyin-1(n) — Hyyn—2(n)
H,in_2(n+1) Hyna(n+1)—Hyp n_2(n+1)

o (n) =

Hyynon+N-1) Hyn1(n+N—-1)—H, ny_2(n+N—1)
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Hyin-2(n) —agai? NI H, v 5(n — 1)
Hyin-2(n+1) —a%a%q2(”+N*2)Hy+N_2(n)

Hyino(n+N—-1) —a%a%qQ(”JrN_mH,,JFN,Q(n + N —2)
2 2 2(v+N-2)

= —apa1q
Hy,(n) T Hyin-2(n) Hyin-2(n—1)
Hy(n+1) - Hynoa(n+1) Hyyn-2(n)
X . . . .
H,,(n-FN—l) HV+N72(H+N—1) HV+N,2(TL+N—2)

N=1 (9,4 N—92)(N—
_ (_a(z)a%) q(2 +N-2)(N-1)

H,(n) H,(n—1) H,in_o(n—1)
O e CE ™S
Hyn+N—1) Hyn+N—2) - Hyn o(n+N—2)

which is nothing but equation (3.30). Moreover, subtracting the second column multiplied
by a%a%qQV from the first column of the right hand side of equation (3.32) and using the
contiguity relation (3.14), we obtain

¢ (n) = (—a%a%)N_l g NN

HV_H(TL) Hl,(n—l) HV+N_2(7’L—1)
H,/+1(Tl+ 1) Hy(n) H N,g(n)
x . . . o . (3.33)
H,;1y(n+N-1) Hn+N-2) -+ Hyynon+N-2)
which is nothing but equation (3.31). [
Now consider the Pliicker relation,
0= ‘1714—1717'” 7N_17N‘ X ‘0717 7N_17902’
_‘0717 7N_17N‘ X ’17‘L+171a17"' ,N_]-,(PQ‘
- ‘17 7N_ 17N7()02| X |1n+1a071>"' aN_ 1’7 (334)
where @9 is the column vector,
1
0
Y2 = E (3.35)
0

We obtain equation (3.24) by applying Lemma 1 to equation (3.34) after expanding with
respect to the column ¢o. This completes the proof of bilinear equation (3.24).
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A Difference formulas and Plucker relations

In this appendix, we provide with data which are necessary for the proof of Proposition 7.
We first give the difference formulas.

Lemma 2 (Difference formula IT).

0,1,--- | N = 1| = ¢ (n), (A1)
—(N=2) _(optN— _
01,0, N = 2| = (=)~ g CrtN-2WN-D N (), (A2)
—(N=2) _(9p+N— _
|1:/+170,7 e 7N - 2/| = (_a’g) ( q (2 N 2)(N 1) I]/VJrl(n)? (A3)
where
H,(n+k)

K, =| Hurln+k) | (A.4)

We next rewrite ¢ (n) in terms of Toeplitz determinant with respect to n by using the
contiguity relations (3.13) and (3.14) as

N(N-1)/2 _1)(3v+LN—
¢1],V(n) _ (—a%a%) (N=1)/ VN1 Br+N=2)/3

H,(n) H,(n+1) - Hy(n+N-1)
H,(n—-1) H,(n) -+« Hy(n+N-2)
X . . . .
H,n—N+1) H,(n—N+2) --- H,(n)
N(N-1)/2 1V (3 N—
— (—a%a%) (N=-1)/ NN-DEv+N-2)/3 N (n). (A.5)

Then we obtain the third difference formula:

Lemma 3 (Difference formula III).

0,1, , N —1| = ¢ (n), (A.6)
fad — —(N=2) _o(p— —

|Oll+1a 07 e 7N - 2| = (_a(Q)) ( ) q An—1(N 1)17Z)IJ/V+1(n)’ (A7)
= — _ —(N—=2) _9(p— _

|1l/+17 07 e 7N - 2‘ = (_a(Q)) ( ) q An=1)N 1)¢£V+1(n)7 (AS)

where
H,(n+k) H,(n+k)
_ H,(n+k—-1) ~ ¢ 2H,(n+k—1)
k= Hn+k-2) |+ *=| ¢*H,n+k-2) |- (A.9)

Lemmas 2 and 3 are proved by applying the same procedure as that for Lemma 1 on
the determinants,

H,(n) H,(n+1) H,(n+ N —1)
¢N(n) _ H,,_H n) HV+1(n+ 1) s HV_H(n—F N — 1)

Hyin-1(n) Hyyn—1(n+1) -+ Hyyna(n+N-—-1)

, (A.10)
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and
H,(n) H,(n+1) -+ Hy(n+N-1)
Way=| 0D o Bint =91 (A11)
H,(n—N+1) Hn—-N+2) --- H,(n)

respectively, by using the contiguity relation (3.13).

The bilinear equations (3.23)—(3.26) are derived by considering proper Pliicker relations.
We finally give the list the Pliicker relations and difference formulas which are necessary
for the derivations. This completes the proof of Proposition 7 and thus Theorem 4.

Equation (3.23):
Pliicker relation

O:|TV+1)]—7"' aN_l)N| X‘ 715"' 7N_13902|
0,1,---,N —1,N|x [1,41,1,--- ,N — 1, o]
|T>"'7

N — 17W7S02| X |%1/+1167T7"' aN_ 1|

Difference formula Lemma 3.

Equation (3.25):
Pliicker relation

0=, 1, N-1 N'|x|0,1,-- N -1 ¢
—0,1,--- N-1,N'|x|1,,4,1,1, - [N -1 ¢|
-1, ,N—-1,N'¢1| x|1,,,,0,1, ... N-1'|
Difference formula Lemma 2.

Equation (3.26):
Plucker relation

0=1|1p41,1,--- ,N =1, N|x0,1,--- N —1,¢1]
_|0717 7N_17N‘ X’]'n-‘rlv]-a]-?"' 7N_17()01|
_‘17 7N_17N7S01| X |1Tl+170717"’ 7N_1"

Difference formula Lemma 1.

In the above data, ¢ and (o are column vectors given by

=11, p2=| . |- (A.12)
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