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Abstract—In this paper, we defined m be a positive integer,
graph Am is a graph where

V4, )= {vi,f::'i,l v, |1’ =0.1,..,m} o and
E(Ay) = {0 vy vv|i= 01, om - QU v i = 04, m)

Let n be an integer at least 3, a sun graph Sn is a graph where
V‘:‘F?‘:} = {T—’J}',T-TJ- _,il- = ﬂ_.-l_. wany TL— 1}

and
E(5,) = {tﬂ}-tﬂ}-ﬂ.:mﬂdnjj ;v li=01,..,n—1} A
B, . .
path "™ is a graph whose vertices can be labeled
N E IR
QrFLr s Fm such that
E(Pm} = {tjl}tle T2, e,y vm—lvm}

. In this paper we
show that the Cartesian product of a sun graph and a path, has
an Am- supermagic decomposition.
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. INTRODUCTION

All graphs considered here are finite, simple and
undirected. The Cartesian product of G and H, denoted by

G H, is a graph whose vertex set is V(C)XV(H); two
vertices (g,h) and (g’,h”) are adhacent, if g=g’ and hh’e E(H)
or gg’e E(G)and h=h’. The concept of an H-Supermagic
decomposition of G arises from the marriage between graph
labelings and graph decompositions. A family L = { H1, H2 ,
..., Hn} of subgraphs of G is said an H-decomposition of G,

if all subgraphs are isomorphic to a graph H, E (Hi) IH'E (Hj)

: : n
_0 for' ¥ and Vim1 g (Hi) = E (G). We say that G has
an H-magic decomposition, if G has an H-decomposition

Land there is a total labeling
fiVUE = (12,...IVI+|E]} such that for each
subgraph Hi= (Vi, Ei) € L, the sum

e FLU) T+ fle) . .
ELEVL f(w) EEEEL fle) is constant, such constant is
called the magic constant of f.  Additionaly when

FO) = (1.2, V)

decomposition.

G has an H-superrmagic

In [1] show that the complete graph K2m+ladmits T-
magic decompositions by any graceful tree with m edges. In
[4], Salman and Baskoro gave Ph- supermagiclabelings for
certain shackles and amalgamations of connected graph. In
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[5] gave conditions for the existence of C2k- supermagic
decomposition of the complete n-partite graph.

Let n be an integer at least 3, a sun graph
5n= [V(Snj’ﬁr_[s?’]] is a  graph where
v(s,) = {v,vi=01,.,n—1} and

E[:sn:] = {v}'v}'+1(mod n}’v_;l'v}:h =

01,..,n—1}

. A path Pm is a graph whose vertices can be labeled
Vo Var v Um such that
E(Fn) = {vovy, 110y, s vm_lvm}. We defined that a
graph Am = (V(Hm],ﬁ'(ﬂmjj is a graph where

V(4,) = {ravovili =01, ..,m} "

E(‘qmj = {vi ieqr 'EZJE-.'E?E-.+1 i=01,..,m—

1}u {vivi',vi'v”i =0,1,..,m}

In this paper we investigate an Am-Supermagic
decomposition of the Cartesian product of a path and a sun
graph. To prove our main results we use concept of a k
balanced multiset [4]. We use the notation [a,b] to mean

{x ENla = x Eb}_ Letk ENand Y be a multiset

that contains positive integers. Y is said to be k-balanced, if
there exist k subset of Y, say Y1,Y2,Y3,...Yk, such that for
L'E[l,k]yly-|=m Yv=Yen

’ ko ok , and
e[Lk] Y .

f b i
or every , IS

every
k _

di=1 ¥; = 1/. In this case,

called a balanced subset of Y.

Lemma 1.1. [3] Let X, y, and k be integers such that

= x =
l=x< Yand k >1. If X= [x,y] and is a multiple of 2k,

then X is k-balanced.

Lemma 1.2. Let n be non-negative integers. If Z=[n+1,
n+3k] for odd k > 3, then Z is k-balanced.

Proof. For each LE [1’ k], define Z {a’z’ @, a z}
where:
a; =n+1;
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# 5] +urore L]
aJ. _ T 2 L,jort ¥ > H
- (nefleroreeff5]
ﬂ‘l’i-‘-l'l':forl‘ [E-‘J']J
k
n+ 3k+ 1—2i,fﬂTiE[1,[EH:
a. =

n+3k+2[§]—2i,ferie ”;,k]:

Then we define:
A={ali € [Lk]}
B ={ad|i € [1.k]}
c={a"]i €[1k]}
We obtain that:
A=[n+1n+k];

B=[n+k+1,n+ 2k]
€ =[n+2k+1,n+ 3k

AWBYC =2Z Wk, z,=2Z.

So, and For each

i €1,k | 1z,|=3 .
Yz, =3(n+1)+1(Bk-1)

< . Hence forodd k>3, Z

is k-balanced.

By using Lemma 1.1 and Lemma 1.2, we have the next
corollary,

Corollary 1.3. Let n be non-negative integers, let ¢ and k
be two odd integers at least 3. If Z=[n+1, n+ck], then Z is k-
balanced.

2. MAIN RESULTS

Theorem 2.1. Let m and n be positive integers such that n
> 3. Let a graph G= (V(G), E(QG)) be the Cartesian product of
Pm and Sn, then there exist an Am- decomposition of G.

Proof. For | < [0,
al, = (v(4,) E(4))-
L= {Aiﬂ lje [0 —1]} be family of subgraphs of G
where V["‘q#) ={vi; v vieq L€ [0,m]} a
E[‘q{n) = {vi_;l' v:'_;l'+1 (meod n) J'E"]:'_;l' vr:'_;l',l [E

[0.m]} U{v; vipy; v viaqy | T E
[0,m]}

. It is clear that all subgrah in L isomorphic to a graph Am ,
Hj‘!l E{l.l' "'.l'ﬂ}.l' |f .lil _'._J__ l’E[A-:’J‘I) nE(Ag‘J‘lj = EI’

n-11  we  define

Let

nd
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n1E(Al) = :
d U-"D E[Am) E(G) So there exist an an Am-

decomposition of G.I:I

Theorem 2.2. Let m and n be positive integers, m > 1, n >
3, such that m is odd or m is even and n is odd. Let G be the
Cartesian product of Pm and Sn , then G has Am-supermagic
decomposition. Let f be Am-supermagic decomposition
labeling and c¢ be the constant of Am, then

(m+1in(m+1)+1))/2+(3m+
2)2n(3m+2)+1) = c=s(m+
1(3n(m+1)+1))/2+ (3m+
2)(2n(3m+ 2) + 1).

Proof. By Theorem 2.1, G can be decomposed into n

copy of Am, named Apio b=+ 1. Defined T as the
use 2 time

vertex set of G  which s

T= {v; li=01,..,mj=01,..,n}

T, = {v;; li=0,1,..,m}

Let Q set of other
= 'I,, | —

Q= {v'y li=01,...,m} as subset of Q.

V(G)=2n(m+1)|.|IE(G)| =

2n(2m+ 1),

we divide proof into two cases.

and

as subset of T (see figure 2).
vertex of G and

Case 1: mis odd

Let Z=[1,2n(3m + E]] Partition Z into 3- set
namely X, X, and Y.
¥=[Lnm+1),X=[n(m+1)+
1,2n(m+ 1)],
ad Y= [2n(m + 1) + 1],2n(3m + 2)].

1

1x1, 1%, and Y1, multiple of 2n. By lemma 1.1., X, X’,
and Y n-balanced. Let Xk , X'k, and Yk. be a balanced sub
multiset of X, X’, and Y. Since X, X’, and Y is set, then Xk ,
X’k, and Yk is a set.

Then

For every € [1’ﬂ], in order to get minimum c is clear
that we should use smallest label for Tk. Define total labeling
f of G as follows:

Use the elements of Xk to label the vertices of Tk.
Use the elements of X’k to label the vertices of Qk.

Use the elements of Yk to label all remaining edges of
Am-k.

We obtained that
V(Apoi) U E(Ap )| = 1X [+ 1X ] +
¥, |.
Then
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flA,_ ) =2XZX +ZX +XV, =
mitllmt DD | (3 + 2)(2n(3m+2) +
1)

. Hence fis Am -supermagic labeling of G. -

For getting the maximum c is clear that we should use
smallest label for Qk. Define total labeling f of G as follows:

Use the elements of X’k to label the vertices of Tk.
Use the elements of Xk to label the vertices of Qk.

Use the elements of Yk to label all remaining edges of
Am-k.

We obtained that
V(Ao ) U E (A )| = 1% |+ 1X ] +
¥ .
Then

flAn) =22X% + XX + LY, =
m+1.‘3nu;m+1}+1} + (B3m+2)(2n(3m+ 2) +
1)

. Hence fis Am -supermagic labeling of G. =

Figure 1.
(P00 71 Vo 1 V10s s Van—ts -2 Vi =1}

Graph G with T=

Case 2: mis even and n is odd

Let Z=[L2n(3m+ 2]] Partition Z into 3- set
namely X, X, and Y.
X=[1lnm+1)X =[nm+1)+
1,2n(m + 1}],
¥ =[2n(m + 1) + 1], 2n(3m + 2)]. By

!
Corollary 1.3, %1, 1x] are n-balance, because Y multiple of
2n, by Lemma 1.2, Y n-balanced.

For every ke [l,n]’ we can see that to get minimum
we use smallest label for Tk. Define total labeling f of G as
follows:

and

Use the elements of Xk to label the vertices of Tk.
Use the elements of X’k to label the vertices of Qk.

Use the elements of Yk to label all remaining edges of
Am-k.
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We obtained that
V(Ap) VE(Ap )l = X [+ 1X [+
¥, |.
Then

f(ﬂm—k] = ZEXJ{ +EXJJ< +EYJ{ =
mAtlmi V4D | (3m + 2)(2n(3m+ 2) +
1)

. Hence f is Am -supermagic labeling of G. -

For getting the maximum c, we use smallest label for Qk.
Define total labeling f of G as follows:

Use the elements of X’k to label the vertices of Tk.
Use the elements of Xk to label the vertices of Qk.

Use the elements of Yk to label all remaining edges of
Am-K.

We obtained that
IV (Apoi) U E (A )| = 1% [+ 1X ] +
¥, |.
Then

flApoi) = 22X, + XX + LY, =
m+1.~3nu;m+1}+l3' + (3m+2)(2n(3m+ 2) +
1)

. Hence f is Am -supermagic labeling of G. =

rs

For illustration, please see an A2 -supermagic labeling of
PO

¥ in figure 2.

P
Figure 2. A2 -supermagic labeling of
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