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I. INTRODUCTION
Definition 1.1

f: 1 cR=(—0,40) >R.

A function is said to be convex
function if
fx+(A-t)y)<tf(X)+(1-1t)f(y), )
holds for all X,y e I andt E[O’l].
Definition 1.2 Let X is a real linear space, DcX is

convex set, and € 2 0. A function f:D is said to be€-

convex function on D if

F+ (- <F0+A-DF(+s ()

holds for all X,ye I andt € [0’1] .

The concept of S _convex function was introduced in
article [2]:

Definition 1.312! Let S € (0,1]
f:12R,=[0.9) >R

be a real number. A function

is said to be S~ convex if

FocH1-tY) <t OO +A-1 F(y) )

holds for all X, yel andt [0,1] .
The concept of generalized S- convex function was
introduced in article [3]:

se[-11]

Definition 1.4 For some

f:lcR—>R.

A function is said to be extended S-

convex function if

ftx+(1-t)y) <t f(X)+(1-1)° f(y)

“
holds for all X Y € I andt €(0,1) .
Definition 1.541 Let™ € (0,1] .A function
f:0h] _>Ris said to be harmonic-
arithmetically M- convex function if
-1
t 1-t
fl|—+m— | [<tFX)+m1-t)f(y)
X y
; &)
holds for all X+ Y € (0,b] andt <0, l].
Definition 1.6) For some ° e[-L1] , a function
f:1cR =(0,40) >R is said to be
harmonic-arithmetically extended S- convex if
t (1-t))'
f (—+—] <t f () +A-1)° f(y),
Xy
(6)
holds forall X*Y € 1 and® € (0.1 1rihe inequatity (6) is

reversed, then is said to be harmonic-arithmetically extended

S- concave function.Study of convex functions and the
Hermite-Hadamard type integral inequalities have always been
a very active research topic. First, in article [5], S. S. Dragomir
give the Hermite-Hadamard type integral inequalities of
convex functions, as follows:

f:lcR->R,.

Theorem 1.1([6. Theorem2.2 and 2.3]). Let a
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differentiable on | and a, bel , with a<b .

!

@) If| f |is convex on[a’ b],then
‘f(a);f(b) L[ o< :
s (D
| P/(p-1)
(1) If | | is convex on[a’ b] for p> 1, then
(p-1 1| PACp-D) \(PTDP
f@+fb 1 P o< boa (|1@" " 4| o)
2 b-a 2(p+1) L 2 ®)

In article [7], U.S. Kirmaci proved the following inequality
is established:

f:lcR->R

Theorem 1.2([7. Theorem2.3 and 2.4]) Let

0 ’
abel® pa<b plf

be a
°

I and

p>1

differentiable on

a,b]

convex on[ for , then

)

() el e S
(oot i

{ararrore)” ]

D/(cH) -\ PP
') )

(10)

In article [8] gives the following Hermite-Hadamard type
integral inequality of S- convex function:

f:lcR >R

Theorem 1.3 Let be differentiable on |°

r|d
and a,bel with @ < b . If| f | is S convex on [a’b] for
some ﬁxedS <(0,1] andq >1 , then

‘ f(a)+ f (b)

1 b
—— f(x)dx
2 b—aL )

boa/ 1V 2412 °H. 6 e
S?(EJ [(s+l)(s+2)} Df (a)\ +‘f (b)‘ ]

The main purpose of this paper is to introduce the concept of
“harmonic-arithmetically extended S-€- convex functions” to
establish some new Hermite-Hadamard type inequalities for
these classes of functions.

(11)

II. DEFINITION AND LEMMA
Now we introduce the concept of harmonic
-arithmetically extended S-€~ convex functions :
Definition 2.1
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For  some se[-L1] and € 20 ,a  function
f:1cR, =(0,+0) >R is said to be
harmonic-arithmetically extended S-¢-
convex if
t (-t
f {(_’ng ]Sts f () +(1-t)° f(y),
X
’ (12)

X, yel

holds for all ndt € (0,1) If the inequality (12)

is reversed, then
extended S-€-

is said to be harmonic-arithmetically

concave function.

Lemma 2.1 Let f:l = R+ —R be a differentiable
’
function on | with a,bel ca<b f el ([ab])
then

f(H(a,b))—%J: T g

= [Jo-tfsa-timany ' q-ofHany ||
-(-tfto"+«(1-bHaby’|”f/ (i +(1—t)[|'(ab)]4)4)}L

(13)
Heab)= 22
where. a+b
_ (a1 . -1\
Proof. Let B (ta * (1 t)[ H (a’ b)] ) for
tef0.1], then

Ll (1—t)(ta’1 +(1-bH@DT) f'((tar1 +(1-t[H(@, b)]’l)fl)dt

-2 f(Hiaby- (Zat;j [

a X

=(to" +(1-[H@bT")"

Similarly, letting for

te[o,1],

all gives

fa-n(e* ra-oiady) (" v0-oiHabY) |

280 20 0 f(X)
~2 f([Hab | (b a) [

Adding these two equalities leads to Lemma 2.1.
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Lemma 2.1 Let S > —-Lu,v>0 ,withU#V _then

_ WAM(Inv—Inu)—(v-u)]
(v—uy ’
| 2 _(5+1)(5+2)'f+4(s+1w+6/2
S(UMS)@; (10 (uH1-ty) d = (S+IXS+2X5+3(5+4)

| e Y U+ ASHWHSH2SHIV
T(u,v,S)@; (=" (t(1-tv) & C+HASHNH)

Huv @[ (-tfur'+1-v') @

>

III. MAIN RESULTS

Theorem3.1  Let®> € (=L1] and €20 ,
firlc R* —R be differentiable on | s a,bel with
a<b f'eL(ab])
7|9
If is harmonic-arithmetically extended S-€- convex

on [a’b] for q=1 , then

‘f(r(a,b))* [ f(x)d{

{ SaHabss|f @ +TaHaby
HH@H@b)[*"

[H(a Haby["

f(Haby'+sHaHab) |

;f'(r(ab)ihsfmwa,b»}vq}, ”

where H(U,v),S(u,V;5), T(U,V;s) is defined by lemma 2.2.

Proof. Since Lemma 2.1 and Hélder inequality, then

—ada X’

‘f(H(a b))—— 100 g ‘
b-a . N2 @i
s%{[jo(l—t)(ta Hi-oHaby ) a]

q
qd}V

4 J0-ofe +-opHaby )

F([ar' +(1-b{H@bY T')

{fa-vf +(l_t)[H(a’b)r),szw

A0t -y f’([tbﬂ(H)nJ(ab]*]*)da}.
(15)

Using Lemma2.2, then
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[ 0~ +(-tiHab)')” d=HaHab),

[[a-b(tr" +(-bfHab]’) "¢ =HaHab).

By the harmonic-arithmetically extended S-¢- convexity

q
of function | f ’ [a,b] fundamental inequality and
Lemma 2.2, then followmg ( 16) and (17)

[la-v(a +a-viH@bY) | (i +a-viH@bTT) d
<j (a-(ta’ +(A-t[H@bY] ") (tS\f(a)\M(l t)\f(H(a,b))\Hg) (16)

gjo(l—t) ta+(1-t[H(ab)) (tS\ f'(@f" +(1-t°| f (H@b)° )dI +eH@ H@b)
=S(a,H(aby;9)| f'@)]" +T(a H(@b);s)| f (H@b)|" + eH(a, H(a b)),

[Ja-v(t" +a-vH@b) | (" +a-tH@b T o
<[la-o(to" +a-vH@DY') (€] FOF + -t F(H@b) + )t
<, a-0(to+-vH@b) (€1F'®)" + -0 (H@b)')dt + 2H(b, HEa b))
=S(0,H(aby9)| F'()" +T(b, H@ by s)| f (H(a b)) +eH(o, H(a,by).
17)
a 4)A combination of (15) to (17) gives the required inequality

Corollary 3.1.1  Under the assumptions of Theorem

3.1,when q=1 ,we have
fH@b) -2 [0 <2
f(b)|+[ f'(H(ab))

+£[H(a,H(a,b))+H(b,H(a,b)]}.

Corollary 3.1.2  Under the assumptions of Theorem 3.1,if
q zlands zl,then

ab b f(X b-a
‘f(H(a’b))_b—aL :Z)dxgz40ab

X[ & +&Hab) +dHabT | f'a]+{ & +&Hab)+qHabT | f o)
+2[@ +b” +3(@+b)H(@b) +12HE@b)T |

+60¢[ H(a, H(a,b)+H(b, H(ab))]} .

Theorem 3.1bb Let S € (=L1] and €20 ,

f:lcR, >R a,bel

be differentiable on | s with
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a<b_f'eL(ab)

extended S~€~ convex on [a, b] for

ol

(a-Da *" +{(3q-DH(@.b)~22q-halH(@.b)*"

\f(H(a e R

b-a
4ab
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7|9
, If | | is harmonic-arithmetically

q>1,then

@n 1"
2(29+1)(2q+1)

and

[H(a,b)-aT’

] |

:|1 1/q

1 1/q
|f'@)* +——|f'(H(a, b))\“]
S+2

[L0-bta'+0-tiH@b] T e

(22)
<[ (-tita+1-HH@BF et
(q—l)[(q—l)a G- DH@b)-220-DalHea b)]ﬂ
) 229+ +H@D)-af
J, 0ot +1-tH@DY T 23

<[ ; (-1 H@bP

(ql)[(ql)b“* HGg-DH@b)-22g-D[H@b)™
B 209+ Db-H@b)P

]

A combination of (19) to (23) gives the required inequality
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[(s+1)(s+2)
301 =1/
L@ —l)b - +H(Bq-DH(a,b) -2(2q - DbJ[H(a,b)]""
[b—H(a,b)P
( g
) + [f'(H(, b))\“j }
(s+1)(s+2) (s+1)(s 2) (18)
(18).
Proof. Since Lemma 2.1 and Holder inequality, then
(1]
_® pfK
‘f(H(a,b» i o{ o
b-af/ 1l g 5]
SE{( J 0=t +-tfH@bY T a9
Iq
o{JL0-0] (i +a-viH@or ) o
o (4]
+{[La-oit" s-oiH@b T ]
1 Iq
x( (- f'([tb’l+(1—t)[H(a,b)T‘T‘)‘th) } 1
From the harmonic-arithmetically —extended S=€- (6]
1
convexity of functi0n| | , we obtain
[7]
F(ta'+a-oiHaby ' @ )
1
<[ a-o(t Pl ')
1 1 (20)
— f’(ajq‘f; jq’
(S+I)X5+2)
[[0-0] (" +a-tiHaby'T| '
! q
=j0(14)(t5 \')a
j il (i +- t)[H(a,b) ) @1)
q q
m‘f (b)‘ ‘f (H(a,b))‘
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