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Abstract. In this paper, the implicit finite difference method is developed for the fractional wave
equation with Dirichlet and fractional boundary conditions. The consistency and stability of the
method are strictly proved by the Gerschgorin theorem and mathematical induction. Numerical
examples show the accuracy and efficiency of the scheme and coincide with the theoretical analysis.

I ntroduction

Fractional differential equations are generalizations of integer-order differential equations, which
have been used in many models, such as fractional diffusion equations describing anomalous
diffusion [1,2] and continuous-time finance problems [3], fractional Fokker-Planck equations
describing Lévy stable processes [4,5] and porous media [6], and fractional wave equations
describing chiral media [7-9], waveguides [10], reflection and scattering problems [11]. As most of
fractional differential equations do not have explicit analytical solutions, research on numerical
methods of fractional differential equations become critical.

In this paper, we consider the fractional wave equation with the the left-sided fractional spatial
derivative as follows

2 a
TUY) = e,y TUY 4 g 1), 0<x<L0<t<T, )
fit 1.x*
subject to the boundary and initial conditions
a-1
u(ot) = Ogu(Lt)+gc(xt)ﬂu—(Xt)3 =v(t), O<t<T, (2
+ x=L
ux0) = (0. G =00, 0<x<L, ©
t=0

where the parameter a describes the fractional order of spatial derivatives with 1<a <2.
Coefficient function c(x,t) is positive, d(x,t) refers to a source term, g =0 corresponds to a

fractional Neumann boundary condition, and g >0 corresponds to a fractional Robin boundary
condition.
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The space fractional derivatives are defined as the Riemann-Liouville fractional derivative [12-14]

Pux) . 1 d" x us)
1.X°  G&n-b)dx" Q(x- s)b+1'”ds’ )

where n is an integer, and n- 1<b £n. When b is an integer, (4) gives the standard integer
derivative.

Recently, Jia and Wang [15] developed a fast finite difference method for space-fractional
diffusion equations with fractional derivative boundary conditions in one space dimension. Guo et al.
[16] processed an implicit finite difference method for a one-dimensiona fractional percolation
equation with the Dirichlet and fractional boundary conditions. To our knowledge, implict finite
difference method for fractional wave equation with the Dirichlet and fractional boundary conditions
isstill limited. This motivate us to examine a numerical approach for it.

Therest of the paper isorganized asfollows. In Section 2, we construct an implicit finite difference
scheme and study its consistency. The stabilty of the scheme is proved in Section 3. In Section 4, we
carry out numerical examples to check the accuracy and efficiency of the proposed scheme. Finally,
we draw our conclusionsin Section 5.

Implicit finite difference method and its consistency

In this section, we construct an implicit finite difference scheme and study the consistency for (1-3).
For the numerical approximation scheme, Let t, =mDt(m=0,1,2,L.,M), x =ih(i =0,1,2,L_,N)

to be the temporal partition and the spatial partition, respectively, where M and N are positive
integers. Then time grid sizeis Dt =T /M and space grid sizeis h=_L/ N . Denote the exact and

numerical solution at the mesh point (x,t,,) by U™ and u™, respectively. Define

" =c(Xt,) 4" =d(x,t,) V" =v(t,), 0’ = (%), B = P'(X),
and initial and the Dirichlet boundary conditions
u = p’,ul’ =0.
According to [17], the left-sided fractional spatia derivative can be approximated by the shifted left

Grinwald-Letnikov derivative

T u(x,t)
1.x°

14 a) | m+
=—=-a 9uTL +O(h), ©)

T ha
<%

where IEi £N- LOEMEM - 1,and g =(- 1)’ @ © arethe fractional binomial coefficients.

lo
To approximate (1) we use the backward Euler difference scheme for the second order time derivative
2 m+1 m m-1
ﬂ u()z(yt) :Ui 2Ui2+Ui +O(Dt), (6)
qit (% ) (Db

where 1£i £EN-L1EmEM - 1.
And the left-sided fractional spatial derivative of the order a - 1 in (2) can be discretized by the

standard left Griinwald-Letnikov fractional derivative [17] as
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1 u(x,t)
1.+

Né (a 1)U m+l +O(h) (7)

(L’tm 1)

where O£ mEM - 1.
The first order time derivative in (3) can be approximated by the forward Euler difference

scheme
Tu(x,t)] _U!- u°+O
= —+0(Dt), (8
Tt leoy D

where 1£i £N - 1.
Therefore, an implicit finite difference scheme can be expressed as follows:

For m=0,
1 0
1 U-u .
=1 1T 1£i£N - 9
P o 1 9)
1_ 1 C "5t (a-1) 1
u, = 0,guj + a9 Uy, =V, (10)
j=0
For1IEmEM -1,
u|m 2U + U C|mJrl °I (a), mtl m+1 H
D02 ag U, +d"L1ETEN- T (11)
j=
m+1 m+1 Cm+l "5t (a-1) m+1 m+1
=0,g9uy halag Uy =V, (12)

Denote the local truncation error by R™ for 1£i £ N . It follows from (9)-(12) that

0
R'= pl- U' =O(Dt),1£i £N- 1, (13)
m+1 m m-1 m+l
R =Y (2[l)Jti)2+Ui 0. —§ g®U™, - d™ =0(Dn) +O(h), 1EI EN- LIEMEM - 1
i=0
(14)
m+1 N 1
RI™ =gu ™ + T a g U - v™- O(h),0EMEM - 1. (15)
Thisimplies the cons stency of the implicit finite difference scheme difined by (9)-(12).
Stability analysis
In this section, we discuss the stability and convergence of the numerical method (9)-(12).
2
Letr= (Dt) . One can rewrite (11) in the form:
rcm”a g U™t =2u™ - U™+ (DOX™IETEN - 1, (16)

where LEm£E M 1. Then the implicit finite difference schemes (9)-(12) can be presented as the

matrix form as follows:

AUt = P4+ P, (17
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APU™L =20 Q™1+ D™ 1EMEM - 1, (18)
where
TAE (TR T I
= (Dtp}, Dipt, L, Dip}, ,,0)'
= (PP P V)
Q”‘z(u1 u”, L, uy 10)T,
= ((D2dy", (Dty2dy", L, (Dt2dy e ™)
and the coefficient matrix A, A® and their entries are

11 1£i=jEN-1
0, it JIEJENIEIEN-L

AD = ( A® 19
(A )Ij_l . C gf\‘ajl)’ 1£J£N-1,|: ( )
Thalg_'_c g, i=j=N
: rCm+lg.(a,)+1’ 1£J<| 1£i £ N - 1,
i1- rc™g®, 1£j=i£N-1
rc™g®), j=i+L1E£i£EN-
A(z)_( A(Z)) ,I[ %" l. - (20)
b= .0, 1+2E£ JEN,IETEN- 2,

I
e, LEJEN-Li=
1h“g+cm+1 ¢V, i=i=N.

In the following, we present some lemmas which are used later in this paper. First, we list some
properties of the alternating fractional binomial coefficients [14].

Lemmal. Let b, b,, and b, be positive real numbers, and theinteger n3 1. We have

(i) i =19 _H. b 1_gfb1’ for j3 1;
J

§

(i) g < g <L.<0,§ g® >0 for 0<b <1;

j=0

(iii) g > g >L>0,§ g™ <0 for 1<b <2;
j=0
a» - 10

) = (.1 0.
(lv)ag (- )8 n G

(by) g (b2) = y(bs+b2)
(V) a 9,05 =0,
Before giving the Lemma 2, we consider aequivalent form of the the finite difference scheme (18).

Let us express the coefficient matrix A® defined by (20) in a block form as follows

%\1 IN-1 A\I-l,N O (21)

A(Z) o +
e A\I,N-l AN,N ]
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where

A= (A?) L A = (AQ) Al = (AD)

m+1

Denote w,, = m+1r CNhi — . Multiply the N th equation by w,, and add to the N - 1th equation of
g
the linear system (18). Then we get the following equivalent form of (18)
A(3)U m+l 2Qm _ Qm-l + 5m+1’1£ mEM - 1, (22)
where
= ((D2dy", (Dty2dy", L, (DO?d, +he v bt ym) (23)
A(3) :M\l-l,N-l 0 9 (24)
N A(f) ot
e N-1 N @
'KN-LN-l- I -rB, (25)

1™yl 1£j<i1EiE£N- 2,
S C™g® £ j=iEN- 2
=i c™g{™, j=i+11EiEN- 2, (26)
10, i+2EJEN,IEI£N- 3,
fevient (g - o))+ lggl), 1EJEN-Li=N-1
L emma 2. The spectral radius of the matrix (EN_LN_l)'l islessthan 1.
Proof Our first goal isto show that the eigenvalues of the matrix B have negative real parts. As

m+1

>0, and then by Lemma 1, we have
B,>0,jti, (27)

<0,j =i, (28)

B

wherel£i £N-1.
When 1£i £ N - 2, we have

N- i
B,+ & |B,[=c" o™ +a g, + g 2= cmg g <o, (29)
=Ljti e j= [%) j=0

Similarly, when i =N - 1, we obtain

N-

BN-l,N 1 é_‘ N- 11‘ 0, (30)

Then by Gerschgorin theorem [18], we have that all of the Greschgorin disks of the matrix B are
within the left half of the complex plane.

Next, from (27), we can clear know that the eigenvalues of the matrix A, ,,., has a magnitude
larger than 1. Therefore, the spectral radius of the matrix (A, . l)'1 is less than 1. This completes

the proof.
To discuss the stability of the numerical method, we denote
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e"=u"- " 1£i £N,IEMEM, (31)
and

e" = (el efLet) e, = maxfer] @)

1EiEN

where @™ is the approximate solution of the difference scheme with the initial condition &° .
From the definition of the finite difference scheme, we have:

For 1IEi1£EN-1,
e =g’ (33)
e™ rclm”a g).et=2e"- e 1EMEM - 1. (34)
j=0
Fori=N,
(ha 1g +Cm+1 (a 1))em+1_'_Cm+1a g]a l)emjr]} :0,0£ mE M - 11 (35)

j=

where e’ =0(m=0,1,LLM).
For the stability of the numerical method, we have the following theorem.
Proposition 1. There exists a positive constant independent of Dt and h such that

le™|, £C[e°], 1EmE M. (36)
Proof Let

;
z"= (elm,ezm,L,eg‘_l) L0EmME M.

Then (33)-(35) can be rewritten as

2072 (37)

AcinZ™=22"- 2™ 1EMEM - 1. (38)
Fori=N,

Alnz™+ ADe™=00EMEM - 1. (39)

It follows from (39) that

N-1
]
ora o] cm*la \gfa 1>Hem+l

m+1 m+1

‘eN hg +Cm+1g(a ) - 19 +Cm+1g(a ) 1£|£N 1‘8 (40)
This means that
™, = maxler| =z, ()

Then (37) implies that
Il =12l =l =1l (42
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Suppose that He"”¥ £ CHeOH¥ k=2,3L,m, let ‘e,mﬂ max ‘em”
Then by lemma 2, we have
e, =lem|£ 2|+ ™ £ 2]z 7], +[e ™, £3c]e°], =3c]e’], = e, 43)

Using mathematical induction, we complete the proof.
The following theorem can be obtained by above proposition [19-20].
Theorem 1. Theimplicit finite difference (17)-(18) is unconditional stable.

Numerical example

In this section, we consider the numerical solution of the fractional wave equation using the
proposed scheme (9)-(12).
Example. We consider the following fractional wave equation

T2u(x,t)
it

‘ﬂ""u(x t)

=c(x,t)

+d(xt), 0<x<10<t<],

with the fractional boundary conditions

u(0,t) = 0,gu(Lt) +gc(x t)%j = v(t) = exp(- t)g%g +

and initial conditions

2 ﬂu(X t)

u(x,0) = p°(x) = 3%, it

= pl(X) =- 3X2’

t=0

where ¢(x,t) =T(3- a)x®, d(x,t) =- 3x*exp(- t).

The exact solution of this problem is given by

u(x,t) = 3x® exp(- t).

A comparison between the exact and the numerical solutions using the proposed method with
Dt=h=1/40a T =1 ispresented in Fig. 1. It can be seen that our numerical results are in excellent
agreement with the exact solution both for the 145 fractional Neumann boundary condition (g =0)
and Robin boundary condition ( g =1).

Table 1 shows the maximum errors at thetime T =1, where h=10"*, avalue small enough such
that the space discretization errors are negligible while comparing with the time errors. It illustrates
that the numerical method is temporally first-order accurate both for the fractional Neumann and
Robin boundary condition. In Tables 2, with sufficiently small time step size Dt=10"*, the
convergence order in space of our schemes is aso checked as first-order accurate. This implys the
stability of the implicit finite difference scheme (9)-(12) proved in Theorem 1 and shows that the
scheme are temporally and spatially first-order accurate.
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Fig.1 The comparisons of numerical solution and exact solution for a =1.9,Dt =h =1/40 at the
timeT=1() g=0(b)g=1.

Table 1: Numerical errors and convergence orders in time direction witha =1.9,h =10"*

g=0 g=1
Dt Error Order Error Order
24 8.4209¢ 2 - 4.7898¢e 2 -
2° 4.2197e? 0.9978 2.4132¢? 0.9924
2°° 2.1129¢ 2 0.9986 1.2134¢ 2 0.9944
27 1.0525¢e 2 1.0037 6.0529¢ * 1.0023

Table 2: Numerical errors and convergence orders in time direction witha =1.9,Dt =10°*

g=0 g=1
h Error Order Error Order
24 6.1262¢e 2 - 4.7052¢ > -
2° 3.1962¢ 2 0.9583 2.4737¢e? 0.9510
2° 1.6288e* 0.9811 1.2673e? 0.9759
27 8.1761¢e? 0.9961 6.3904¢° 0.9916
Conclusion

In this paper, an implicit finite difference method is developed for the one-dimensional space

fractional wave equation with the Dirichlet and fractional boundary conditions. The unconditional
stability of the method are proved with the Gerschgorin theorem and mathematical induction. The
numerical experiment confirms the theoretical analysis and illustrates the practicability of the
numerical scheme. Higher-order methods for the fractional wave equation will be considered in our
future work.
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