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Abstract—In this paper, we investigate the oscillation
properties of a class of impulsive partial fractional differential
equations with several delays. Some sucient conditions for
oscillation of the solutions are obtained by employing integral
transformation technique and differential inequality method, and
an example is given to illustrate the main result.
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l. INTRODUCTION

It is well known that many important mathematical models
are described by differential equations containing fractional
order derivatives. The theories of fractional differential
equations and their applications have been investigated
extensively, we can find numerous applications in
viscoelasticity, electrochemistry, control,  porousmedia,
electromagnetic, etc. see[1-6]. The oscillatory behavior of
ordinary differential equations, partial differential equations
and impulsive partial differential equations have been
investigated by many papers in the past, see [7-11]. The
oscillatory behavior of various classes of fractional ordinary
differential equations and fractional partial differential
equations have been investigated by many authors in recent
years, see[12-20].

However, to the best of our knowledge very little is known
regarding the oscillatory behavior of impulsive partial
fractional differential equations with several delays up to now.
Recently, A. Raheem and Md. Magbul studied the oscillation
behavior of solutions of a class of impulsive partial fractional
differential equations with forcing term subject to Robin and
Dirichlet boundary conditions by using differential inequality
method in [21].

The purpose of this paper is to study the oscillation
properties of the solutions to a class of impulsive partial
fractional differential equations with several delays

Df{’u(t, X) +b(t) D7 u(t, x) = a(t)h(u(t, x))Au(t, x) -
S0 -3, 0)- gt 0t £t 6 <R, xQ=G,
Dy u(t, ,x) - D ut, X) = ot,, )DL u(t,, X),t =t k=12,

with the boundary condition

2)

a”gn' X) _ w(t, x,u(t, ), (6, X) € R, x 00t £,

Where o €(01) is a constant; DY, is the Riemann-
Liouville fractional derivative of order « of u(t,x) with
respect to t; Q is a boundary domain in R" with a smooth
boundary 60 and Q=QUaQ; R, =(0,+), Ais Laplacian
operator, and n is the unit exterior normal vector to oQ ;
b(t),a(t)e PR, ,R, ], PC denote the class of functions which

are piecewise continuous in twith discontinuities of first kind
only at t=t, ; &, =const.>0. The solution u(t,x) of the

problem (1) - (2) and D u(t, x)are piecewise continuous with
discontinuities of first kind only at t =t,,and left continuous at
t=t k=12,

Throughout this paper, we assume that the following
conditions hold:

(H1): f,:R—>R is a continuous function such that

f,(u)/u>k, >0, forall u=0;and K;is a positive constant.

(H2):q,t.x) <PR xQR ], and g (t) = minming (t, x) .

1<i<n xe
(H3): g(t,x) € PC[R, xQ,R].
(H4): h(u) € C(R,R); uh'(u) > 0; w(t, x,u) is a piecewise
continous function, such that uw(t, x,u)h(u) <0.
(H5) o:R, xQ — R such that oft,,x)< a, -

(H6): The given numbers 0 <t, <---<t, <---, are such

thatlimt, =+o.

k—»o0

(H7): At the moments of impulsive the following relation is
satisfied

D“ult;, x)= D% uft,, ).

For the sake of convenience, in this paper, we denote
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Ut) = [,u(t.dx G0 = [ g(t, x)dx. ©

Il.  PRELIMINARIES

A. Definition 2.1

A nonzero solution u(t, x) of the problem (1)-(2) is said to
be nonoscillatory in the domain G if there exists a number
t,>0 such that u(t,X) has a constant sign for

(t,x) € [ty,+00) x Q. Otherwise, it is said to be oscillatory.

B. Definition 2.2

The Riemann-Liouville fractional partial derivative of order
a >0 with respect tot of a function u(t, x) on the half-axis

R, is defined by

1
ra-

“)

DY u(t,x) = %J.; (t—v)iau(v, x)dv,t >0,

where ae(01) ; T s function, and

I'(a)= .[OM s“ e ds .

gamma

C. Definition 2.3

The Riemann-Liouville fractional derivative of order o >0
of afunction x: R, — R on the half-axis R_ is defined by

fzx Ta-1

x(v)dv,t >0, (5)

50~ 5T oltM SIE

where o €(01) ;
function of «¢ .

I is gamma function, ] is the ceiling

D. Lemma 2.4

Let 0O<a<1l,meN and D=d/dx . If the fractional
derivatives (D¢ y)(x) and (D" y)(x) exist, then

(D"Dry)x) = (DI ykx) (©)
I1l.  MAIN RESULTS
A. Theorem 3.1
If impulsive fractional differential inequality
th”U (t) +b(t)D U (t) <-G(t), @)
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D U(t")<(1+e )D U (), k=12, (®)

has no eventually positive solutions and impulsive fractional
differential inequality

DU (t)+b(t)DU(t) = -G(t)., )

D U(t")>[1+e, DU (), k=12, (10)

has no eventually negative solutions, then every nonzero
solution u(t, X) of the problem (1) and (2) is oscillatory in the

domain G.

Proof. Suppose to contrary that u(t,x) be a nonzero

solution of the problem (1) and (2) which is nonoscillatory in
the domain G . Without loss of generality, we assume that
u(t, x) is an eventually positive solution of problem (1) and (2)

in the domain G , then there exists a t, >0 such that
u(t,x) >0, u(t—&i)>0,f0r (t,x) € [ty,+0) x Q.

Case 1. t # t, . Integrating the first equation of problem (1)
with respect to x over the domain Q, we have

j D¥eu(t, x)dx+b(t)J Du(t, x)dx =
11
a(t)jﬁh(u(t,x))Au(t,x)dx—IQZqi(t,x)fi(u(t—5i,x))dx (h

fJ'Qg(t,x)dx

By using Green's formula, combing boundary condition (2)
and assumption (H4), we obtain

[ h@autt, xdx= [ h(u)au(t %)

= Lﬂh(u)w(t, X, u)dx —jﬁh (u)\gradu\ dx <0

dx —J'h (u)|gradul” dx (12)

According to assumption (H1) and (H2), we have

g, (t, f.(u(t—o,,x))d
jggq.( X), (u(t - 5, x))dx )

> Zkiqi(t)jﬂu(t—si,x)dx >0,t>t,.
i=1

And according to Lemma 2.4, combing (11)-(13) , we can
easily obtain
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D U (t) + b(t)D* U (t) < -3 k.q. —5.,%d
SUICRLORREOEDY (0] utt- 5, x)dx 4
<> ka0 ult -6, k- G() <G, 2t,.

Case 2: t =t, .Integrating the second equation of problem

(1) with respect to x over the domain &, and according to
assumption (H5), we have

Dy U (tk*): DY, Qu(tk+ , x)dx
< (t+,)D¢, [ ut, x)dx = @+, )DL U ()

(15)

Thus impulsive fractional differential inequality (14) and
(15) imply that the function U (t) :I u(t, x)dx is an eventually
Q

positive solution of the fractional impulsive differential
inequality (7) and (8) which contradicts the conditions of the
theorem.

On the other hand, if u(t,x) is an eventually negative

solution of the problem (1) and (2) in the domainG , then using
the similar method, we can easily obtain that ) :J‘ u(t, X)dx
Q

is an eventually negative solution of the fractional impulsive
differential inequality (9) and (10) which contradicts the
conditions of the theorem. The proof is completed.

B. Lemma 3.2M4

Assume that

o' (t) < 9, @) + 9, (), t £, t>1,,
o)) < (L+a)ot, ).k =12,

(16)

where 0 <t, <---<t, <--- and [im = +o0 ; @ € PC'[R,,R] ;
k—o

0,.9, €[R,,R]and a, are constants. Then

olt)<aolt,) [T @+a,) exp(fo gl(s)dsj

17)
+ .E) H(1+ ak)exp(LI gl(a)da)g2 (s)ds

s<t <t

C. Lemma 3.3M
If U (t) is a solution of the impulsive fractional differential
inequality (7) and (8) (or (9) and (10)), and

E) = [/ (r—0)U (r)dr - dop @ £(01). avd t >0,

then
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E'(t) =T(1-a)(D%U)(t). dop a € (01),avd t > 0.

D. Theorem 3.4
If for somez, >0 ,

[ “exp(-b(c)do)ds = oo, (18)
further, for some 7, >0,
[ H(l+ak)exp(— I b(a)daje(s)ds
limsup— t =o0,(19)
tos [T @+a,)exp(- j b(s))ds
and
[ H(1+ak)exp(— [ b(a)da)G(s)ds
liminf —= =, (20)

o T @+ exp(- f b(s))ds

<t <t

then each nonzero solution of problem (1) and (2) is oscillatory
in the domain G .

Proof. To prove the theorem, it is sufficient to prove that
the impulsive fractional differential inequality (7) and (8) has
no eventually positive solutions, and the impulsive fractional
differential inequality (9) and (10) has no eventually negative
solutions. Suppose to contrary that the impulsive fractional
differential inequality (7) and (8) has an eventually positive
solution y), then there exists ; >0 such that y)>o,

U(t-5)>0,G(t)>0,t>1,.
Let

v(t, x) = exp([ b(s)ds)

By using Lemma 24 and the
differential inequality (7), we have

impulsive fractional

[(DZ Uv®T'= (D V) (E)v(t) +bt) (DI U)(E)v(t)
<-G(t)v(t) < 0

Thus (DY U)(t)v(t) is strictly decreasing for t > 7, and is
eventually of constant sign. Since v(t) > 0, for t > z,, we know
that (D“ U)(t) is eventually of constant sign. Then,
(D U)(t) > 0for t > 7,. Otherwise, (D U)(t) <0for t >z,
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there exists 7, e[r,,00) , such that (D* U)(r,)v(r,) <0 -
Since (DY \U)(t)v(t) is strictly decreasing for t>7,, so
(DY U)OV(D) < (DY U)(z)v(r,) =C <Ofor t > z,. From
Lemma 3.3 , we have

E'(t)
Irl-e)

=(D” U)®) < Cexp(—f b(s)ds),t > 7,.

Integrating from 7, to t, we have

E(t) < E(r,) +T(1-a)C f exp(—J.: b(c)do)ds.

Letting t —> o , and using condition (18), we get
lim E (t) = —0 , Which is controdiction to the fact that E(t) > 0.

tow
Hence (D* U)t)>0 for t>7, . Let o(t)=(D? U){t) -
From Lemma 2.4 and impulsive fractional inequality (7) and
(8), we have

o'(t) < -b(t)a(t) -G(t), t > t,,t =t,,
o)) <@+, )olt, )k =12,

By using Lemma 3.2, we have

olt) < olz,) [T a+ ak)exp[— ) b(s)dsj

<t <t

_ It [Ta+a) exp(— Lt b(O')dO')G(s)ds

ot <t

by using the condition (19) and taking t — oo, it follows from
above equation

[ H(1+ak)eXp(—j‘b(a)dajG(s)ds

S
B s<t <t

liminf "
o [T @+e)exp(- j b(s))ds

<t <t

= —OO’

which contradicts @(t) > 0. The proof is completed.

On the other hand, suppose to contrary that the impulsive
fractional differential inequality (9) and (10) has an eventually
negative solution y(t), then there exists ; >0 such that
U)<0, U(t-6,)<0,G(t)<0,t>7, . Then using similar
methods, according the condition (20) and taking t — oo, we
can obtain
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J:l H 1+a,) eXIO(— J: b(O')dO'jG (s)ds

limsup =0,

o T @+e)exn(- j‘ b(s))ds

<t <t

which contradicts @(t) < 0. The proof is completed.

IV. EXAMPLE
In this section, we discuss an illustrative example.

Example 4.1 Consider the following problem

7 3

DEtu(t, X) +% Ditu(t, X) =e"u?(t, X)Au(t, X) —

2z

ut-22 %) (21
(L+t2 +x2)u(t—2;[,x)e{ e

} —tcosx,t#t,,

3 3 3
DAu(ty,x)— Dfu(t,,x) =t cosxD2u(t,, X),t =t,.

with the boundary condition

%zw(t,x,u(tx)):—u3(t,x),(t,x)eR+><6Q,t¢tk.
(22
Here
: 7 et () - u?
a:Z’Q:(O’E)'n:L b(t)_t,a(t)_e h(u) = u?,

2

q, (t,x) =1+t> +x%, f,(u) :ue“z,g1 =5 ,g(t,x) =tcosx,

. -3
U(tk,x) =tk3COSX, ak = kk , (t,X)E R+ X[O’Zj

We can easily see that

J':exp(—b(a)da)ds = j:exp(— f éo(a)da)ds = j:tTOdt =0,

J:l H d+a,) eXIO(— J: b(O')dO'jG (s)ds

limsup

= [T @+a,)exp(-[ b(s)ads

<t <t

:()Ol

and
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¢ ¢ [21] A. Raheem, M. Magbul, Oscillation criteria for impulsive partial
J H(l+ ak)exp(—J b(o)da)G(s)ds fractional differential equations. Computers and Mathematics with
7

S

- set, <t Applications, 2017, 73(8):1781-1788.
Ilrgl Lnf - = —o0.

[T a+ ak)exp(—j b(s))ds

<t <t &

The conditions of Theorem 3.4 are satisfied, thus every
solution of the problem (21)-(22) oscillates.
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