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Abstract: "copula” comes from Latin "copulare”, meaning "together”, and connecting to the
one-dimensional marginal distribution. Copula function is the multivariate distribution function on
[0,1], is also a usual method of measuring multivariate extreme value theory dependent function.
According to the statistics, the copula theory can be traced back to the multivariate non-Gauss
distribution in twentieth Century. Later In 1959, Professor Sklar has proposed the copula function,
he believes that a joint distribution is too complex, and it can be decomposed into k marginal
distribution, also, The copula function is not affected by the edge distribution, The copula function
describes the correlation structure between variables and studies the correlation between variables,
if the edge function is continuous, then the copula function is the only sure.

Introduction

With the continuous integration of the global economy, the risk and destruction of multiple factors
make people have to start to study the risk and to avoid it. The appearance of Copula function has
aroused people’s attention. The application of Copula is also very extensive, in which the financial
risk measurement is the most. In fact, it is not surprising. With the deepening of economic
globalization, the capital flows in the world are more frequent, the relationship among financial
markets becomes increasingly complex, but also to strengthen the linkage of financial market. The
market interdependence greatly enhance the risk and destruction of financial market. Therefore,
financial risk management is particularly important. The copula function has played a very
important role in financial risk management.

The definition and theorem of Copula function

Definition of the N-copula function C:

1. C=IN=[0, 1]V ;

2. C for each variable is monotonically increasing, that is, a monotonically increasing function of
a single variable.

3. to meet the edge consistency, that is to say, C,(u,) = €(0,...0,u,,0...0) =0 ; C,(u,) =
c(1,..1,u,1..1) = u,,u,e[0,1],n€[1, N]
The function C satisfying the above properties is the copula function.
Given the definition, the corresponding should also be given Sklar's theorem.

(Sklar's theorem) setX, ... X, are n random variables, K(X; ... , Xy)are their joint
distribution functions, and if F; (x,), ... ... E,(x,) is its edge distribution function, there is a copula
function C(uy, ...uy), sothatforanyx,y, Kl ... , X%n)=C(F1(x1), e e E,(x,))

If F(X), k(X) is continuous, the copula function C is unique.

The properties of copula function

Copula function has very perfect properties, a variety of multivariate distribution can be constructed
by copula function. We use copula theory to build financial models can study random variables and
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their related structures independently, because the corollaries and relating measurements of the
copula function will be not changed for strictly monotone increasing transformation. In order to
facilitate the understanding. We use two variables Copula function C (U, V) as an example to
illustrate the nature of the copula function.

(1) set X;,X, and X;,X, are two independent random variables, F;(x), F,(x), F53(x), F,(x)
respectively, corresponding to their distribution functions. C(F; (x), F,(x))C(F5(x), F,(x))are still
their joint distribution functions.

It is easy to prove that our C(F,(x), F,(x)) and C(F5(x), F,(x)) are joint functions of X;,X,
and X3, X,, Are all independent of each other, so the joint distribution multiplication is the joint
distribution function of X;,X,, X3, X,

(2) For the binary copula function C(u,v), if u and v are independent, then C(u,v) =u - v;
that is, if the two variables are independent of each other, the copula function can be defined by the
edge function.

(3) C has two multiplicities, that is, the joint distribution increases with the increase of the
marginal  distribution.  Take the  binary copula  function as an  example
Yu,,U,,Vv,,V, € landu, <u,,v, <v,,thenc(u,,v,)—c(u,,Vv, ) —c(u,,v,)+c(u,v,) >0

(4) copula function has nonlinear transformation invariance. If the variables X and Y have
Copula function C, andh;, h,are incremental nonlinear continuous functions, then h,(X) and
h, (X) and also have the same Copula function C.

We all know that the commonly used correlation is only a linear correlation under the constant
change in a correlation index. If the correlation of the nonlinear function is involved, an erroneous
conclusion arises. But the copula function is not the same, it has a more extensive basis, than the
linear range is larger.

(5) Convex combination of Copula functions is also Copula function. C;(u,v) is a Copula
function, and its convex combination C(u,v) = i, 4;C;(u,v) forany n, when i, 4, =1,4; >
0 B C(u,v) isalso a copula function.

(6) Monotonical increase: C(u,v) is incremented for variables u and v. If a marginal
distribution is constant and another marginal distribution increases, then the joint distribution will
be also increased.

(7) C(u,0) =C(0,v) =0,C(u, 1) =C(1,v) = v, Namely if the probability of any marginal
distribution is zero, the probability distribution of the corresponding joint occurrence is also zero; if
the probability of any marginal distribution is 1, then the joint distribution is determined by another
marginal distribution.

(8) (Frechet-Hosffding constraint) Assuming that C is a two — varieties copula function, for
eachu € [0,1],v € [0,1], W(u,v) < C(u,v) < M(u,v).

And, W(u,v) = max(u+ v — 1,0) isthe Frechet-Hosffding lower bound,

M(u, v) = min(u, v), is the Frechet-Hosffding upper bound,

Classification of Copula functions

The copula function classification have many ways. For example, according to the type of
distribution function, it can be classified into Elliptic copula and Archimedean copula are ;
According to the number of parameters, it can be classified into a single parameter copula, two
parameter copula and multi parameter copula. We still take two variables copula function as an
example to introduce some common forms of Copula function.

1. The product copula function:
Definition: satisfying the form of the copula function] [ uv = w.v is product copula function.

The product copula function is the copula function of independent random variables, and it is
the simplest form of copula function.
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Theorem: if U, V is continuous random variables, only when the random variable copula
function C = [Ju.v was satisfied, U, V is independent for each other.

2. Elliptic copula function:

Elliptic copula function includes normal copula function and t-copula function, they all belong
to the elliptic copula function. However, they have different properties.

normal copula function:The normal copula function has many advantages, such as random
sampling, few parameters, and the correlation structure is easy to calculate.

the form of Two variables normal copula function is:

L) ed iy 2 2

co (UV) = $) 7 v) 1 exp ST 2R st+t dsdt .

Ga o % 1 2(1_ RZ) ( )
2r(1-R2)? 12

And R;, isthe correlation coefficient matrix @ is the standard normal distribution function.

Normal distribution random variable X, ... ... ,X,, its mean value is uy, ... ... , 4, And variance
IS gy, een oo ,0,. The covariance matrix is R, then the random variable U; = CD(M),ieI whose
l
distribution functionCg (144, ... ... , 4n) is normal copula function whose covariance matrix is R.
t-copula function: the form of Two variables t-copula function is:
v+1
vt i) 1 s2-2pst+t?) 2
Cwvy.p)=[__ |, 211'(1—p2){1 o } dsdt (2)
Normal distribution random variable Xj, ... ... , Xy, its mean value is 0, the variance is 1, and the

covariance matrix is R. Y is y? random variable, with V degrees of freedom, is also independent of
(Xy, oo ,X,) .The random variable U; = t,, [\/—‘/gXi, i€ I] distribution functionC,, r (4, ... ... Uy 1S

the copula function, which is called the t-copula function with the V degree of freedom, the covariance
matrix R.
3. Archimedean Copula function:
The Archimedean Copula function has the characteristics of combination, easy to construct,
symmetry and easy calculation. Therefore, it is widely used in many fields.
Before defining the Archimedean Copula function, we first introduce the generating element of
the copula function.
Definition: the quasi inverse function: for continuous strictly monotone function: ¢ : [0,1] =

[0, 0] satisfied ¢(1) = 0. Then ¢ quasi inverse function @1 is:

-1
iy _ [@TH(@), 0=t < 9(0)
NCRY P(0) <t <o )
@1 domain is [0, %], range is [0,1]. So in the case of multiple function ¢ is the generating
element of Archimedean Copula function, C(yy, ... ... ) =@ 1 (@(uy) + -+ @(uy). Since the

generator is a strictly decreasing convex function on [0,1], each Archimedean Copula function
corresponds to a unique generator.

Set U, V is a uniform random variable on [0,1], and their joint distribution function is
generated by the generated Archimedean function C(u,v), in the case of two variable, the
distribution function of random variables is:

Ke(®) = P(C(UV) <O = t= 5 te[01] (4)

@' (t*)Represents the right inverse at t.

When the generator meets the necessary conditions, in accordance with the above approach,
you can get the form of multivariate Archimedean Copula function, such as Gumbel copula,
Clayton copula and Frank copula, etc.. The Gumbel copula function usually has only the upper tail
correlation, Clayton copula has only the lower tail correlation, and the Frank copula has neither the
tail dependence nor the tail dependence.

The following describes the kinds of Copula function of the form of the two element function.

1999



ATLANTIS . . . . o
PRESS Advances in Social Science, Education and Humanities Research, volume 123

(1) Gumbel copula :
() = (=Int)*, ae[1, )
Coutt, v, @) = exp{~[(~Inuw)® + (~Inv)“]<} (5)

(2) Clayton copula
1
o) =— (™"~ 1), ael-1,)\(0}

1
Co(uw,v;a) = max{(u™* + v™% — 1)a,0} (6)
(3) Frank copula
e au _
90 = In~ce— ac(-o,\(0)
Ce(u,v;a) = —%ln(l G ;31(: )

4. Two-parameter copula function:

The study of two-parameter copula function is relatively small, the relevant literature and
information is not much. The copula function has two parameters to represent the relationship, i.e. a
copula function can capture two related patterns, for example, a parameter to describe the tail
dependence, another parameter to describe the consistency; or, a description on the tail correlation,
a description of lower tail dependence and so on.

Its function form is:

Cluy, up) = Y(=logK(e V™ 0, e~ (v2y) (8)

And, ¢ is a Laplace transform, K is one of the biggest infinitely divisible copula. ¢ and K
can take different forms, then the corresponding copula function and different in different forms, so
the two variables copula is flexible.

The product copula function is the most basic copula function. And The elliptic copula
function can be regarded as an indirect copula function, according to Skalr theorem and copula
definition, the degree of correlation among the basic copula function. The Archimedean Copula
function can be regarded as a direct copula function, because it is directly obtained by the concrete
generating function. It should be noted that these are a single parameter model, the general formula
for C(u,v; &), where the parameters of the delta correlation. The same form of Copula function, the
greater the &, the stronger the correlation. The single parameter copula parameter is used to
represent the consistency of the relevant metrics, such as Tau Kendall' and Spearman 's Rho, or tail
correlation metric, such as the Archimedean Copula function. The parameters of the two parameters
are used to represent the correlation parameters are two, so a copula function can capture the
correlation of the two models.

As the copula function is a new branch of science developed recently, the related theories are
still being studied and perfected. Therefore, in the near future, the copula function theory will be
improved and enriched.

) (7)
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