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Abstract. In this paper, the synchronization of a fractional-order Bloch system is investigated. Based 
on the stability theory of fractional-order systems, the scheme of synchronization for the 
fractional-order complex system is given. The synchronization of the system is realized by designing 
the appropriate controllers. Numerical simulations are used to demonstrate the effectiveness of the 
proposed scheme.  
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Introduction 

Fractional calculus is very important in mathematical modeling. As the research of fractional 
calculus moves along, many nonlinear systems with fractional orders are proposed and investigated. 
The chaos and bifurcations which are observed in integer-order systems are also found in 
fractional-order ones [1-5]. It is well known that the Bloch system is very important for interpretation 
of the underlying the physical process of nuclear magnetic resonance. It is well known that 
synchronization was proposed in 1990 [6]. Nowadays, synchronization of integer-order systems has 
been studied extensively and several methods are extended to synchronize fractional-order systems 
[7-9]. 

The fractional-order Bloch system 

 The Bloch system is usually used to describe an ensemble of spins. The integer-order and 
fractional-order Bloch systems were studied in [10], which can be described by the following 
differential equations 
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where , ,x y z is the state variables of the system (1), 1 2 3, ,q q q  the derivative orders, and 

1 2, , , ,c     the system parameters. When the orders 1 2 3 0.99q q q q    , the system has a 

chaotic attractor with system parameters 1 21.26, 10, 0.7764, 0.5, 0.25c        ,which is 

plotted in Fig.1. The initial conditions for the numerical simulation are 
(0) 0.1, (0) 0.1, (0) 0.1x y z    and also used in the rest of the paper. 
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Fig.1. The chaotic attractors of the system (1) 

Synchronization 

      In this section, the adaptive synchronization for the fractional-order Bloch system with 

unknown parameters will be studied. 

      For simplicity, the system (1) is taken as the drive system, and can be rewritten as follows: 
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where  and   are unkonwn parameters.  

        The response system is described by the following differential equations  
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where 1 2 3, ,u u u  the synchronization controllers needed to be designed, , %%are the estimations of the 

uncertain parameters. The synchronization error variables are defined as 

1 2 1 2 2 1 3 2 1, ,e x x e y y e z z      , and the estimation errors of unknown 

parameters ,e e        . By subtracting the system (2) from the (3), we can obtain the error 

dynamical system, which is given as follows:  
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        In order to realize the synchronization of the drive and response systems, the controllers should 

be designed properly. Therefore, the following controllers and  laws of the uncertain parameters are 

presented to ensure the system (2) effectively synchronizes the system (3).  

       The controllers and laws of the uncertain parameter are designed as follows: 
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In numerical simulations, the real values of the unknown parameters are  1.26, 10    when 

1 20.7764, 0.5, 0.25, 0.98c q      . The initial conditions of the drive and response systems are 

(0.1,0.1,0.1)  and (1,2,3) , respectively. The synchronization results of the numerical simulation are 
depicted in Fig.2. From which it can seen that the error variables tend to 0, and the estimations of 
uncertain parameters converge to their real values. These results demonstrate the effectiveness of the 
synchronization controllers and laws of unknown parameters. 

                    

                            (a) The synchronization error curves            (b) The identification curves of the unknown parameters 

Fig. 2 The synchronization results of the numerical simulation  
In this paper, synchronization of a fractional-order Bloch system is investigated. Based on the 

stability theory of fractional-order systems, the scheme of synchronization for the fractional-order 
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complex system is proposed. The synchronization for the system is realized by designing appropriate 
controllers. Numerical simulations are used to demonstrate the effectiveness of the proposed scheme. 
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