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Abstract—For the sake of solving the problem of nonlinear 
approximation better, we mainly use the Padé approximation 
under the orthogonal basis function in this paper. Through 
figuring out the orthogonal basis function for a given product, we 
can obtain the  nm, order Padé approximation of arbitrary 

rational  polynomial. At the same time, specific examples are 
given to verify the effectiveness of the method. 
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I. INTRODUCTION  

As is known to all, the purpose of approximation is to use 
simple functions to approximate more complex functions, 
polynomial is a common approximation tool. With the rapid 
development of electronic technology, the polynomial 
approximation has been rapidly developed and widely used. 
Although the polynomial is a very good approximation 
function, the polynomial approximation has its deficiency[1]. 
For some singular functions, the polynomial approximation 
can not reach a good approximation effect. However, Padé 
approximation as a generalization of polynomial, it can 
achieve a favorable effect near poles. Padé approximation is a 
special type of rational function approximation[2]. Gradually 
being recognized by people, it is widely used in practical 
problem, especially in many physical problems. Since the last 
century 70s, the theory and application of Padé approximation 
has been developed rapidly, more and more scientists have 
paid attention to it and carried out a lot of research. In 1992, 
Bustamante consider the Nikishin system of analytic function 
based on Hermit-Padé approximations and prove the 
convergence of the method, furthermore, multipoint Padé 
approximations has played important role in proof[3]. In 2007, 
Gonchar et al. discuss the system of Markov function with 
Hermit-Padé approximations, then obtain the certain 
equilibrium problems of potential theory with respect to vector 
potential[4]. In 2015, López Lagomasino et al. deal with the 
convergence properties of the  Hermit-Padé approximations, 
moreover, they furnish  Stieltjes type and Markov theorems on 
the convergence of Hermit-Padé approximations  for Nikishin 
system of function[5]. In 2006, Assche et al. provide a short 
presentation to Hermit-Padé approximations and Padé 
approximation. In addition, they demonstrate some 
convergence properties of the approximations[6]. In 2009, Liu 
et al. research the nonlinear differential-difference equations 
by the adomian decomposition method and Padé 
approximation, the numerical indicated that we can achieve 

the approximation solution with faster convergence rate and 
higher precision than use adomian decomposition method[7]. In 
2010,  Betancourt et al. explore the power system oscillations 
in the way of adomian method and Padé approximation. They 
solve the differential equation by the adomian method and 
receive oscillations characteristics with Padé approximation[8]. 
In 2010, Lisa Lorentzen explore   the Padé approximation and 
continued fractions, in addition, they provide the convergence  
of continued fractions and obtain fast and steady convergence 
of approximation[9]. In 2012, Natori research a design method 
of time-delay by taking advantage of Padé approximation, by 
this means, detailed pole position can be obtained[10]. In 2013, 
by solving linear and nonlinear fractional partial differential 
equation, Turut et al, put forward multivariate Padé 
approximation. Compared with variational iteration method, 
this methods are very valid and expedient[11]. In 2015, 
Dogonchi et al. Discuss the non-stationary motion of the 
perpendicularly falling in incompressible Newtonian 
medium[12]. The speed and acceleration are acquired via 
utilizing Padé approximation and differential transformation 
method. As a matter of fact, there is close connection between 
Padé approximation and some branches of mathematics. For 
instance, approximation theory, differential equation[13][14] and 
analytic function, etc. It has achieved prominent result in 
quantum field theory, numerical analysis, control theory and 
other domain of natural sciences. 

II. PADÉ APPROXIMATION BASED ON ORTHOGONAL 

POLYNOMIAL 

A. Approximation Theory  

The classical Padé approximation method is defined as 
follows: 

Let 
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where the polynomial  xPL  and  xQM have no common 
factor. In the meantime, their power is not more than L, M 
respectively. Their coefficients are determined by the 
following equation[15]: 
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Assuming   00 MQ ,we call rational factor    xQxP ML   

as the  ML, order Padé approximation of the function  xf  
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B. Orthogonal Basis Functions 

Let  xf ,  xg are continuous function on  ba, , if  
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then  xf ,  xg is called orthogonal on  ba, . 

We call such a function set is orthogonal functions, if  
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Let    Hnxn  ,2,1 as a set of orthogonal function 

system, and the product of any two basis functions can be 
expressed as a linear combination of H. 

C. Padé Approximation Concept Based on Orthogonal Basis 
Functions 
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is  nm, order Padé 

approximation of the  xf  , if 
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where 1,2,1  nmk  . 

In the polynomial orthogonal function system, there are the 
following conclusions: 

  ,2,1kxk  is the polynomial orthogonal functions, 

for any       ,2,1,  kxxx kji  we can know that 
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can obtain polynomial Padé approximation of the function 

 xf : 
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thus, we can obtain that 
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Therefore, according to the above process, we can obtain 
the Padé approximation of each order of rational polynomial 
function.  

D. Padé Approximation Based on Polynomial Orthogonal 
Basis Functions 

We defined the following two different inner product as 
follows: 
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According to the definition of the inner product, we can 
receive the orthogonal basis function. 
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By the same method, we can also get another orthogonal 
basis function under the definition of the inner product. 

E. Examples 

The  nm,  order Padé approximation of the function xe : 

Under inner product 
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Choosing   8,2,1 ixfi as the base, we can get 

polynomial Padé approximation of the function xe : 
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 1,2 order Padé approximation: 
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 2,2  order Padé approximation: 
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therefore, 
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In the same way, we can get the coefficients of the 

 nm, order Padé approximation of the function xe . 

 
FIGURE I. THE ABSOLUTE ERROR CURVE OF  1,2 ,  2,2 ,  1,3 , 

 2,3 ,  3,3  
ORDER PADÉ APPROXIMATION OF 

xe
 

 

FIGURE II. THE ABSOLUTE ERROR CURVE OF  1,4  ,  2,4  ,  3,4  , 

 1,5  ,   2,5 ORDER PADÉ APPROXIMATION OF 
xe

 

III. CONCLUSION 

A number of problem can be attributed to the solution of 
nonlinear systems in engineering, mechanics and some domain 
of natural science. Padé approximation is frequently used for 
solving nonlinear problem, it has received extensive concern 
of academic circle. In this paper, we present the correlative 
conception of Padé approximation. Meanwhile, concrete 
examples are provided to examine the validity of Padé 
approximation. 
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