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Abstract. In this paper, modal analysis of rigid-vehicle-loaded girder bridge vibration based on
perturbation method is presented. The governing differential equation for the girder bridge free
vibration analysis is established by introducing a dimensionless parameter, the relative mass, which is
the ratio between the masses of the rigid vehicle and girder bridge. The differential equations at the
zero-th and the first order scales are expressed and the first order perturbation terms of the natural
frequencies and mode shapes are solved. Case studies on a clamped-clamped girder bridge verify the
accuracy of the derivation. The results show that the inertial effect of the rigid-vehicle will induce the
maximum variation when the vehicle islocated at the peak points of the mode shapes and no variation
if the vehicleislocated at the inflection points.

Introduction

The vehicle-bridge coupled vibration problem is a continuous research focus in the related academic
area. The variation of the modal parameters of the bridge due to the moving vehicle at different
locationsis an important topic to understand and analyze the behavior of the coupled system. Different
analytic methods are employed to analyze the free vibration characteristics of the idealized mass-beam
system [1-3]. Recent works based on perturbation method presented a different idea to conduct the
modal analysis of beam structures considering small perturbations due to shear deformation and
rotational inertia or crack [4, 5]. In this study, by modeling the inertial effect of the rigid vehicle as a
small perturbation parameter of the bridge structure, the perturbation method is employed to analyze
the modal parameters of the idealized mass-beam system.

Based on this idea, the governing differential equation for the bridge free vibration analysis is
established with adimensionless perturbation parameter, the relative mass. The differential equations at
the zero-th and the first order scales are expressed and thefirst order perturbation terms of the natural
frequencies and mode shapes are derived. Case studies on a clamped-clamped girder bridge are
conduced to verify the method and present some observations.

Theoretical M ethod
For abridge carrying vehicles (as shown in Fig. 1), the mass of the unit length can be expressed as:

g 0
md(X)=mo§L+é e Ld (x- x) (1)
i=1 (7]
where m=rAe=m/M; T A and L arethe density, cross-section area, and length of the bridge,
m and X; are the mass and the location coordinates of the i-th rigid vehicle.
The governing equation for the eigen-value analysis of the systemiis:

eI we m 3+ § e Ld(x- x,)F, =0 @)
e g

i=1
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where E and | arethe elastic modulus and the moment of inertia of the girder bridge, I%p and f%p are
the eigen-value and mode shape function of the coupled vibration system.
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Figl. A rigid-vehicles-loaded bridge structure

According to the perturbation theory, the modal characteristic parameters of rigid-vehicle-loaded
girder bridge can be expressed as.
Lt = °+a el » +0(e?)

i’ pi

l

3
+f% =f 0 +aeI o (ez) ©

where | % and f  iseigen-values and mode shapesof girder bridges, 1 =K3XEl,/my) : 1%, 4 are

the first order perturbation of eigen-value and mode shape function, O(ez) is the higher order

infinitesmal of €. Substituting (3) into (2), the following equations are derived if the higher order
terms are ignored:

E1, Q0% O/ dx* +§ e df L /dx* 2 a‘fo+ae a‘i+aeLd(x x,) +aeI 19-¢
Og p ol _rTbg di Py pg

i=1

(4)

e?. Eldf oml =0 (5)

et Elf - myl Of 5 =myl i OLd(x- xg)+myl 4 ®)
Considering f ;; = én.l M,f ¢, and f 3 can be expanded as:

=

=8 2= 1} =8 ki ®
If the expression (7) is substituted into (6), the following equations are obtained:

Eloa mK:F & - myl an‘quo— | 9F OLd (X~ Xy )+myl 4 (8)

Considering the modal orthogonality condition, the following solutions can be obtained:

when p=q, I}, =-my °Lf o(x,)f 9)
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when p g, = mykgLlF (x4 x /K - K3) (10)

Considering émdﬂfdx:l, inthe sameway, if P=0:

my, =- 1/ 2m L& © (%, )§f (11)

The solutions of the eigen-value and the mode shape functions can be expressed as.

F=15-mipa eLg ) (x)d (12)

i 4 9
frormaeta ko /(- k)X f (%) (%)  whenpt g

f% =] i;]]‘ q:]‘ (13)
¥fg+rrbéleiLe°11(-1/2)>f§>fg(xdi)fg(xdi) whenp=q
1= qg=

Case Study on a Clamped-Clamped Girder Bridge

Case studies on the clamped-clamped girder bridge are conduced to verify the accuracy of the
derivation. The parameters of the beam are: the length of the beam L=25m, eastic modulus
E =287 10°Pa, moment of inertia | =2.9m*, line density m=2.303t/m. A finite element model is

established as a baseline to evaluate the accuracy of the proposed method under different € and X;.
The accuracy is evaluated using N defined below:

h :(fPM - frem )/ fo (14)

where fg, isthe modal frequency of the mass-beam system calculated using the perturbation method,

feew isthe modal frequency of the mass-beam system calculated using finite element method, and f,
is the modal frequency of the un-perturbed beam.
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Fig. 2: The variation of N along with € and X, of the first and second modal frequencies

Figure 2 shows the variation of N along with € and X, . The results show that the smaller the mass
is, the smdler the reative error is. The rdative error can be controlled within 0.5%
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whene £ 0.05which verified that the theoretical derivation presents enough precision. Figure 3 shows
the variation of f.,/f, dong with € and X,. As shown in figure 3, with the change of the mass

location, the variation tendency of the modal frequency is the same as the square of the mode shape
magnitudes. That means the maximum variation will occur when the vehicle islocated at the peak; no
variation will be observed if the massislocated at the inflection points.
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Fig. 3: The variation of fy, / f, along with € and X, of the first and second modal frequencies

Conclusions

In this paper, the perturbation solution of the modal frequency and mode shape of the
rigid-vehicle-load girder bridge are derived. The accuracy of this method is verified by comparing with
the result of finite element method. Results of the case study on clamped-clamped girder bridge show
that: Rigid mass has great influences on the bridge modal frequenciesif it locates at the peak position of
the mode shape; the influence on modal frequencies can be negligible if it locates at the inflection
position of the mode shape.
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