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Abstract—M inimization technique is used on the Nehari
manifold for p-Laplace equation with a nonhomogeneous
nonlinearity where compactness is not guaranteed. In the space
of radial functions, the point overcoming the lack of compactness
is to show that the minimizing sequence converges in a strong
enough sense to pass to the limit in the nonlinear term. The
nontrivial radial solution is found by restoring compactness in
such space.
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| INTRODUCTION

There is by now a vast literature on p-Laplacian. A good
starting point is Garcia Azorero and Peral™ . A systematic
treatment of many questions concerning the p-Laplacian can
be found in the book by Lindgvist'?and Fan™ . Recently the
existence and nonexistence by virtue of critical point theory
are discussed in™®. The method of minimization on the
Nehari ~ manifold ® is particularly  useful for
nonhomogeneous nonlinearities, for which minimization on
spheres does not apply. A rather detailed exposition can be
found in the books by Willem™ and Kuzin —Pohozaev ™ ;

the application given in™ concerns problems on unbounded
domains. The reasons for this often come from geometrical or
physical aspects of the problem, in™  Struwe introduced
application to nonlinear partial differential equation an
Hamiltonian systems via variational method. Badiale and
Serra™ present some examples where compactness is not
guaranteed a priori. The lack of compactness can take
different forms, but in the simplest case, it is manifest through
the fact that minimizing sequences are maybe bounded, but
not (pre-)compact in the function spaces where the problem is
set. Here we confine ourselves to some more or less simple
example with lack of compactness which takes place when
one works in unbounded open sets R" . The reason for this is
the invariance of R" with respect to translations , which in
turn makes the embedding of W'P where 1<p<N

into LY(R™) not compact for any g where NNp >q>p- A

natural attempt overcome this problem is to guess that
translational invariance is the only reason for the failure of
compactness, and to try to work in a space of functions where
translations are not allowed. This is possible in this case
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because the problem is also invariant under rotations, so that
one can try to work in spaces of radial functions ™,

Il PRELIMINARIES
We treat the p-Laplacian equation on R™ with N >3
{—Apu = |u|H u +/1|u|r72 u inRV,
uew?(R"
(RY) (1)
where 1eR ,1<p<Nandp<r<qg< p". A weak solution of
(1) is a function ueW™? suchthat vveW"?(R")

[

Define W, ={ueW""(R")|u is radial | . More precisely,
we give a pointwise estimate for functions in W, .

Vu|p_2Vqudx = JRN |u|q_2uvdx + AJRN |u|r_2uvdx

Lemma 2.1 There exists a constantC > 0such that for
everyueW,

|u(x)|£C||||+"p for every x=0. )
Xl P

We prove that the heuristic idea that translations are the
only obstruction to compactness is correct. The Sobolev

inequalities on R™ show thatW. is continuously embedded into
L*(RY) for NN_p >q=>p. The following lemma proves
-p

Np
N-p

this embedding is compact if >q>p.

Lemma 2.2 " (Rellich-Kondrachov Compactness
Theorem) Assume U is a bounded open subset

of R" and U is C*. Suppose 1< p<N .Then W"P(U) is
compactly embedded in L*(U) forl<qg< p’.

Lemma 2.3 Let ge(p,p’). Then the embedding of W,
into LY(R")is compact.



Proof It is enough to show that if {u,}, is a sequence

inW, such that u,—~0, then u, —0in L'(R"). From
Lemma 2.2, assume
inL, (R") and

u —0 u —0 ae

Let B={XERN ||x|<1} be the unit ball of RM .We can
get

IRN |uk|qu = IB|uk|qu+jBC |uk|qu = IBC |uk|qu+o(1)

Fix | > p" by Lemma 2.1, in B® we have, for some
appropriate constant C,

C
X

|uk(x)|I <

N-p
p

then , by dominated convergence

And | > N . This shows that e Y(B°), and

|M
X

J.Bc|uk|ldx—>0'

Let now te(0,1) be such that
the Holder inequality we can write

IBC Uy |qu = JBC |uk|pt |Uk |I(H) dx < (.[B |Uk|pdx)‘ (.[B |Uk ||dx)(1—t)

q=pt+IQ@-t) ; by

Since the sequence{J’Bc |uk|pdx}k is bounded and J’BC |uk|'dx

— 0, we immediately obtain _[BE |u, |qu — 0, so that
IRN |uk|qu —>0'

Lemma 2.4 For every ueW**(R"), u>0, there
exists u"eW,,u >0, forall p,g>1

Jo

Vu*|pdx < JRN |Vu|"dx and IRN |u*|qu < IRN u["dx

®
1

Theorem 3.1 Problem (1) admits at least one nontrivial
nonnegative solution.

Main Results
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This result will be obtained by a sequence of lemmas. We
equipW*? (R") with the norm

ol = “

And we look for a solution as a minimize of the associated
functional constrained on the Nehari manifold. So we define

the functional 1:W*"(R") — Ras

vul® dx

'(”):%JRN uf dx—%IRN ul' dx

1
vul® dx—afRN

®)

And the Nehari Manifold

N ={ueW*|u=0,1'(u)u :O}

~{uewlu=0, |u]" =|uf} + Alul}

If ue A/, then I(u)>(%—%)||u||p >0.

Lemma 3.2 The Nehari manifold is not empty.

Define m= UIDT/ I(u)and try to show that m is attained by
someue A .

Lemma 3.3 There resultsm > 0.

Proof If 1 #0,and ue. A", then

Jul® = ulg -+ Aluf; < Culf +{ul)

namely 1< C(Jul"® +|Jul| ).

If Ju|<1 this implies 1<2C|u["" . So that for
v
allue A7, |u] > min{l, (2C) rp}.Therefore
_t
1W)> (- Sul 2 (1—3)min{1, (20) } ©)
pr pr

Lemma 3.4 There exists u e .4/ suchthat I(u)=m.

Proof First show that a minimizing sequence for
minA AW, . To this aim, let{v,}, < A"be a minimizing
sequence. As usual we can assumev, >0. Letw, = v: eW, be

the non negative radial function given by Lemma 2.1. We
have



= [,

= J'RN A |q dx + EIRN

Hence if we set

v
k

pdxsj

Vv, |p dx = _[RN |vk |q dx+ﬂ.|‘RN

r
o v, | dx

r
\ dx
k

" dx :IRN |wk |q dx+/1J.RN |wk

7(t) =1 '(th )th =t "Wk "p —t |Wk|3 -t |Wk|:

We have y(1) <0, while y(t) >0 for t positive and small.
Therefore there existt, e (0,1] such that y(t, ) =0, that is

t,w, € A/ . We obtain

1

11 1
m< I(tka) :tkp(F_F)"Wk"p +tf (F— q

q
W
g

1 11
Dw "+ C=wil,

1
<(=-
pr rq

1 1 11
< E_F)"Vk"p +(F—a)|Vk|: =1(v)

This implies that {tw,},
formandtw, €W, , as we had claimed. In the sequel we
setu, =t w, . Of courseu, >0and we can assume that up to
subsequence, u, —u in W*"(R") . By Lemma 2.3 we
obtainu, —u in LY(R") and in L'(R"), and again up to
subsequences u, >u almost everywhere, so
thatu>0ae.and ueW,. Next prove that the weak limit u

belongs to A" and 1(u)=m. Let us first check thatu e A/
We have

is a minimizing sequence

0<C<|u|” =ucfs +A]u

)

And passing to the limit, 0<C <|uf; +A[uf; ; this
implies u=0 and still from (7) |u|® <|uls +A|uf .If
Jull® =]uls + Al , thenu e A" So arguing by contradiction,

assume that u|® <|u|s +A|ul; . Defining as above, fort >0,

70 =1 = o] 10l -2t o] ®

From the above y(t) > 0 for smallt >0while y(1) <0. So
there ist e (0,1) such thattu e A/ .Hence,

1 11
il + -

0<m<I(tu) = (=
pr
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11 11 1 1 11
=t (=)ol =Dl < =D u]” + C =)l
pr roq pr roq
P | 101
sIlmklnf(F—F)"uk"P+||km(F—a)|u|f4

- 11 11 -
= I|mk|nf{(E—F)||uk||p +(F_a)|u|2j = I|mk|nf Iu)=m

and

r
ro

This contradiction proves that |ju|® =|uf; + A|ul

thereforeu € A/~ . By the weak lower semicontinuity of the
norm it is straightforward to deduce
that 1 (u) < Iimkinf I(u,) =m, and the lemma is proved.

Lemma 3.5 The minimum u is a crucial
for I inw*"(R").

point

Proof FixveW"?(R")and & >0such thatu+sv =0 for
alls e (—¢,¢) . Define a function ¢ : (—¢&, &) x (0,+0) > R by

o(s,t) = 1'({t(u+sv))t(u+sv)
9)

=t°lu+sv|® —t*|u +sv|: — At |u+sv

Then ¢(0,1) = u[” ~Juf; - 2|u; =0 and

0 r
% (0. = ol ~aluf; - rfu.

So, by the Implicit Function Theorem there exists
a ct function t:(-&,,¢) >R such
that t(0)=1 and ¢(s,t(s))=0 for all se(-g,¢g,)
Defining y(s) = 1 (t(s)(u +sv)), the function y is differentiable
and has a minimum point at s = 0; therefore

0= '(0) = I'(t(O)u)(t'(O)u + t(O)v) = I "(u)v (10)

Since this holds for allv eW*"(R"), then | '(u)v =0.
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