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Abstract—The purpose of this paper is to define the notion of an
interval-valued fuzzy ideal of N (2, 2,0) algebra. Necessary and
sufficient conditions for an i-v fuzzy set to be i-v fuzzy ideals are
stated. It is proved that the intersection and direct product in N
(2, 2,0) algebra of i-v fuzzy ideal are also i-v fuzzy ideal. The
results enriched fuzzy theory in N (2, 2,0) algebra.
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1. INTRODUCTION

The N (2, 2,0) algebra is an algebra system with two dual
semigroups. The related properties of N (2, 2,0 ) algebra have
been discussed in literatures[1-8]. The concept of a fuzzy set,
which was introduced by L.A.Zadeh [9], provides a natural
framework for generalizing many of the concepts of general
mathematics. Since then these fuzzy ideal and fuzzy
subalgebra have been applied to other algebraic structures
such as semigroups, groups, rings, BCI/BCH-algebra, etc. In
[10], Zadeh made an extension of the concept of a fuzzy set by
an interval-valued fuzzy set. This interval-valued fuzzy set is
referred to as an i-v fuzzy set. In [10], Zadeh also constructed
a method of approximate inference using i-v fuzzy sets.
Biswas defined interval-valued fuzzy subgroups and
investigated some elementary properties. In this paper, using
the notion of interval-valued fuzzy set, the concept of i-v
fuzzy ideal is introduced of N(2,2,0) algebra. Necessary and
sufficient conditions for i-v fuzzy set to be i-v fuzzy ideals are
stated. It is proved that the intersection and direct product in
N(2,2,0) algebra of i-v fuzzy ideal are also i-v fuzzy ideal.

II.

In this section, we include some elementary aspects that
are necessary for this paper.

PRELIMINARIES

y (S,%,A,0) .
Definition 2.1 An algebra is called a N (2,2,0)
algebra if it satisfies the following conditions:

(1) X*(yAz) =z*(x*y)
() (XAY)*Z = y*(x*2)
(3) 0*x=x

for all X.y,z¢e S

Any N (2.2.0) algebra (5> >450)

X,Y,Z€S

satisfies the following

axioms: for all
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(1 X *y = YAX
@) (XFY)*Z=Xx*(y*2) (XAY)AZ=XA(YAZ)
If(S’*’ A, 0) is N(2,2,0) algebra, then (S’*) and (S’ A)

are dual semigroup.

Definition 2.2 A subset | of N

(S’*,A, 0)

(2,2,0) algebra
is called ideal of S if it satisfies
(1) Oel @) vx,yeS x*yel,yel=xel

Definition 2.3 A fuzzy subset % in N(2,2,0) algebra  is
| X YES

said to be a fuzzy ideal of S if it satisfies, for al
(1) #1(0) 2 p(x) , () p1(X) 2 p(X*y) A u(y) ]

An interval-valued fuzzy set (briefly, i-v fuzzy set) A
L u
A = {Xa [/’IA (X)a 1uA (X)]}a vx € S

_r, L U L u
(briefly, denoted by A=luip A]), where “Aand #A are

defined on S is given by

L u
<
two fuzzy sets in S such that Ha(X) < a1 (X) forall XE€S

— _r,L U
Let #a = (445 1 ]and D[0,1] denotes the family of all

closed subintervals of [0, 1]. Thus 1, (X) € D[0,1] and
therefore the i-v fuzzy set A s by

A={X H(X)},VXeS 7,:S— D[0,1].

given

Now let us define what is known as refined minimum

(briefly, 7 min ) of two elements in D[O’l]. Consider two
elements D, =[a,,b] and D, =[a,,b,]€ D[0.1] .Then
V.in (D), D) =[min{a,,a,},min{b,,b,}] D, >D,
a za,,b =>h,

if
and only if

III.

In what follows, let S denote a N (2, 2, 0) algebra unless
otherwise specified.

INTERVAL-VALUED FUZZY IDEAL OF N(2,2,0) ALGEBRA

Definition 3.1 An i-v fuzzy set A in S is called an interval
—valued fuzzy ideal (i-v fuzzy ideal) of S if it satisfies the
following conditions:



(1) ,L_lA(O) > ,L_lA(X)
(11 Ba() Z Voo (B (XY, Fy (Y)

o Ha(X¥) 2 7, (2, (YAX), 12, (Y))

for all X,yES.

L U
Theorem 3.2 An i-v fuzzy set =~ LHas#a in S ig an icv

L u
fuzzy ideal of S if and only if Ha and #A are fuzzy ideals of
S.

L u
Proof Suppose that Ha and HA are fuzzy ideals of S.
X,y€S

Let
Then a0 2 2(X) 1 (X) 2 iy (X*Y) A 15 (Y)
1 (0)2 13 (X) s (X) 2 gty (X*Y) A g1 ().

It follows that

H,(0) = [£:(0), 12, (0)]= [ 12, (X), 2y (X)] = FE, (X) ,
F15 (%) =[5 (X), 1 ()]
> [ (X*Y) A i (Y), g (XFY) A g (V)]
= Voo ([s (XFY), 02 O Y] L5 (), 22 ()])
= Vouin (HA(X*Y), 1, (Y))

Hence Ais an i-v fuzzy ideal of S. Conversely, assume that

X,yeS$S

Ais an i-v fuzzy ideal of S. Then for any we

have 28 (0) 2 Ha(X) o

[145(0), g5 (0)] > [£5(X), g5 (X)]
Therefore “A(0) 2 3 () 4 (0)2 4y () g o
Ha(X) 2 7,5 (A (X*Y), 7 (Y))

= Voin (L8 (X* ), 3 (X* YL [ (Y), 1 ()]

= [ (X*Y) A pir (Y), a3 (XFY) A g1 (Y)]

Hence 4800 = #(XKY) A 15 (Y)

Ha (X) 2 1y (X*Y) A g (Y)

It follows that “A and “A are fuzzy ideals of S.

Theorem 3.3 Let A is an i-v fuzzy set in S. Then A is an i-
v fuzzy ideal of S if and only if the nonempty set

[6,,9,]€ D[0,1]

U(A[6,,6,]) ={X eS| m,(x) 2[6,,6,]}
[6,,0,]€ D[0,1]

is an ideal of S for every .

Proof Assume that A is an i-v fuzzy ideal of S and let

xeU(A[6.5,])

be such that

e Fa (02 B,(02[6.6,] 1, 0€U(A[5.6,])
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X€U(ALS, 8D e UALS,S,D)

Conversely, assume that nonempty set

ideal of S for every

[b,b,]=([c,,c,]+[a,,a,])/2

This is a contradiction since

Hence

If X* y EU(A>[51>52]) and y EU(A7[51752])’ then

HA(x*Y) 2[6,,6,] Ha(Y)2[6),0,]

Since A is an i-v fuzzy ideal, therefore
IL_lA(X) 2 ymin (ﬁA(X* y)> :L_lA(y))
2 Vuin([61,0,1,16,,0,]) =[8,,6, ] That is to say

is an ideal of S .
U (A7 [51 > 52 ]) is an
[51’52] € D[O’l]. Suppose there exists
ae$S such that [C,C]=m\(0) < up(a)=[a,a,] , taking
) then 0 eU (A’[bI’bZ]) .

UADLDD ¢ igeal of s,

_ > =
therefore 2 (0) 2 12,(X) for all X€S .Suppose there exist

Xo> Yo €S

such that

Hia(X0) < Vi (A (X * Yo, Ha(Y)))
ﬁA(Xo):[51762] , ﬁA(y0)=[l’3,l’4]
ﬁA(XO * yo) =[r,n] Then

Let

>

[6150,1< Vin ([1,> 1, 1,[ 15, 1, 1) = [min(r;, 1), min(r,, 1,)]

o, <min(r,I,) and 6, <min(r,, 1) .Taking

[ﬂ*l’ﬂ'z] =%(ﬁA(XO)+7min(ﬁA(XO * yo)a ﬁA(yO))

we obtain

[, ,] =%([61,52]+[min<n,r3>, min(r,.r,)])

- [% (6 +min(r,., )),%(52 +min(r,.1,))]

It follows that



min(r, ) > 4, =%(51 +min(r, 1)) > 6
min(r,,r,) > 4, =%(52 +min(r,,r,)) > 6,

So that
[min(r,, r;), min(r,, )] >[4, 4,1>[6,,5,] = i,(X,)

Therefore o & U(A, [11 i 2.2 ) . On the other hand,

Hp (X * Y,) 2 [min(r, 1), min(r,, )] >[4, 4,]
1, (Y,) =1, 1, ]=[min(r, 1), min(r,,r,)] > [1192“2]

s %o Yo UALZLAD Yo eU(ALZL LD

It contradicts that U (A’[ﬂ“’ﬂ?]) is ideal of S. Hence for all
X,y €S

Ha(X) 2 i (HA(XFY), 12, (Y)) '

This completes the proof.

Theorem 3.4 Every ideal of S can be realized as an i-v
level set of i-v fuzzy ideal of S.

Proof Let Y be an ideal of S and Let A be an i-v fuzzy set
on S defined by

A= o xe
’ [0,0] xeY
where #10%2 € [0.1] and &1 <%

UAla,a,])=Y
&yeS'

It is clear that . We show that A be

an i-v fuzzy ideal of . Let
1t XY€Y andY €Y thenX €Y this shows that
HA(X) = 1 (Y) = Bp(X*Y) = e, 2, ]
Thus
Ha(X) 2 ¥ i (A (X*Y), 11, (Y))
1t X Y EY 0na Y EY | then
7, (Y) = i (x*Y) =[0.0]
Thus
Ha(X) 2[0,0] = 7,5, (HA (X*Y), 5 (Y))

*
IfX yEYandyggY , then

Ha(x*y) =ley, ;] aa(y)=10,0]
Thus

Vanin (HA(X*Y), 12,(Y)) = [0,0]
Hence

Ha(X) 2 7 i (A (XFY), 1A (Y))

*
Similarly for the case x*yeY and yeY , we get

Ha(X) 2 ¥ i (HA(X*Y), 12, (Y)) .

On the other hand, since 0OeY , thus Ha(0) =[a, ;] ,
_ >
that is Fa(0) 2 11,(X) . Hence A is i-v fuzzy ideal of S.

Theorem 3.5 Let Y be a nonempty subset of S and Let A

be an i-v fuzzy set on S defined by
— [0(1 b 052] Xe Y

Ha(X) = )
[0,0] XxeY

where a;,a, €[0,1]and o, <a,. If A is an i-v fuzzy
ideal of S, Then Y is an ideal of S.
Proof Assume that A is i-v fuzzy ideal of S. Then

1, (0) = 11, (X)), fa\(X) 2 7 (LA (XFY), 12, (Y))

for all X,y € S. Since Y be nonempty subset of S, thus
there exists X € Y such that 17,(X) =[q,,,], so

1,(0) 2 14, (X) =[]

This shows that 0 €Y .

If X*yeYandyeY, then

2 (X*Y) = 1, (X) =[a, a,]
Therefore

Hp(X) 2 7 iy (A (XFY), 1, (Y))

= Va2 Loy, 0, ]) = [, 2, ]

So 1, (X) =[e,,,], thatis X €Y .Hence Y is ideal of

Theorem 3.6 If A be an i-v fuzzy ideal of S, then the set
Xo={xe S| fy(X) =1, (0)}
is ideal of S.
*
XO_ £V E Xoandx yeX,

Proof It is clear that0 €
then
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/'_IA(X* y)= /_lA(Y) = ﬁA(O)
Since A be an i-v fuzzy ideal of S, hence
Hp(0) 2 11,(X) 2 7 (HA(X*Y), 72 (Y))
= Vomin (Ha(0), 72,(0)) = 12, (0)

It follows that Xe XO , therefore the set XO is ideal of S.

Let Ha and Hg be two i-v fuzzy set on S, define the i-v

fuzzy set HarBon s by
IL_lAmB(X) = ymin (IL_IA(X)7 ﬁB(X))a Xe S .

Then Hacs is called the intersection of Ha and Hg .

Theorem 3.7 Let A and B be two i-v fuzzy ideals of S.
Then the intersection of A and B is also i-v fuzzy ideal of S.

Proof Assume that A and B be two i-v fuzzy ideals of S.
Then for all X,y e S , we have

F(0) 2 71, (X) Fin() 2 ¥y (7 (X* Y), (V)
7o (0) 2 g (X) Fia(X) 2 oo (7l (X* Y), i (Y).
Hence

e (0) = 7, (r(0), o (0))

> i (00, g () = By ()

s () = i (B (0, 1y ()

2 ¥ min (Vmin (A (XFY)s Hp (Y))s ¥ i (H5 (X*Y), 15 (Y)))
= ¥ min Vomin (HAXFY), 25 (X*Y)), 7 i (HA(Y), 1 (Y)))
= Vmin (ﬁAmB (xX*y), Harg )

Hence the intersection of A and B is also i-v fuzzy ideal of
S.

Theorem 3.8 Assume that S is a N(2,2,0) algebra, then

(5x3,%,A,(0,0)) is also a N(2,2,0) algebra. Where

(Xp y])*(xza yz):(x1 *Xza Y *yz)

(Xl’ Yi )A(Xza yz) = (Xleza ylAy2)
for all (Xl’y‘) €SxS and(Xz’yZ) €5xS .

Proof Assume that S is a N(2,2,0) algebra, then for all
(X, Y,)€SxS 7 (X,,Y,)€SxS 1 (X,Y;) €SxS ’

we have

174

(X, Y1) * (%, Y2)A(XS, ¥3))

= (X, Y1) * (GAX,, Y,AY;)

= (X *(RA%5), Y, * (Y,AY,))

=06* (%), Y * (Y, * Y1)

=06, Y) * (X * %, ¥, *Y,)

= (%, ¥3) * (%5 Y1) * (%, ¥,))

(% YDA, Y2)) * (X5, ¥3) = Y *(X*2)
= (X AX,, Y,AY,) * (%, Y;)

= ((4A%) * X5, (Y,4Y,) *Y3)

=06 % (X * %), Y, * (Y, *Y3))

=X, Y2) * (X X, Y, *Ys)

= (X, ¥2) ¥ (X, Y1) * (%, ¥3))

(0,0)* (%, ¥,) = (0%x,0%y) = (X, y,)
1, (SxS,*,A,(0,0))

Hence by Definition 2. is also a N

(2,2,0) algebra
Let A and B be two i-v fuzzy set of S. The direct product
— L U
of A and B ( AXB ={(X Y). [ tpg (X ¥), pcs (X, Y)]}) is
define by

Hpg (X, Y) = ¥ in (HA(X), 25 (Y)) .

Theorem 3.9 Let A and B be two i-v fuzzy ideals of S.
Then the direct product AxBis iy fuzzy ideal of SxS .
Proof Assume that A and B be two i-v fuzzy ideals of S.

Then for all X, ye S

1, (0) > z2,(X) ’ Ha(X) 2 Y i (HAX*Y), 125 (Y)) ’

, we have

Hg(0) 2 Fig (X) Hg(X) 2 7y (Hg (X*Y), g (Y)) |
Hence for all (6 Y) €5%S

Hipg(0,0) = 7, (14(0), 25 (0))

2 Y in (B (X), Hg (Y))

= Hue (%, Y)

For all (Xl,yl)eSxSand(XZ,yz)eSxS

, we have



Has (X5 Y1) = Vi (A (X)), 15 (Y)))

2 7min (7min (:L_lA(Xl * X2)5 IL_IA(XZ))ﬂ
Vanin (H (Y1 * Y2 )5 15 (¥2))

= Vmin (7min (ﬁA(Xl * X, ), ﬁB(y1 * Y, ))s
Vowin (Ha (%), 15(Y,)))

= Vonin (Fas (4 % X05 Y1 * Y3, Hps (X35 Y5))
= ;/min (ﬁAXB((Xl’ yl)*(XZ’ y2))7 ﬁAxB(X2’ y2))

Therefore the direct product AxB s jv fuzzy ideal
ofS xS .

Theorem 3.10 Let f be a surjective homomorphism from

Slto Sz, f(0)=0

N(2,2,0) algebra CIEV s an v fuzzy

1, —
ideal of 82 , then ) is i-v fuzzy ideal of Sl. Where
170 = 7(F (), x €5,

Proof For all X,y €S, , since Vs iy fuzzy ideal ofS2 ,
then

F(7)(0) =V (f(0) =7 (0) 2 (f(x) = f ' (")(x)
F )00 =V (f(x)
2 Vi V(FOO* £(Y)), V(T (Y)))
= 7min V(EXF Y,V (E(Y)))
= Vain (£ XY, £ (7)(Y)

-1 ,—
Hence =) is i-v fuzzy ideal of S .

f be a surjective homomorphism from

Sz’ f(0)=0' Ifﬁ is an i-v fuzzy

Theorem 3.10 Let
N(2,2,0) algebra S to
ideal of Sl,then F(2) is i-v fuzzy ideal of Sz. Where

FRNY) = o (EOO| T (00 =y}

Definition 3.11 If # is an i-v fuzzy set of S and Let f is
i
a mapping defined on S , the i-v fuzzy set H in f(S)
defined by

E'(Y) = Vo LX) | x € T7(y), X € S}

is called the image of H under
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land S, be two N(2,2,0) algebra and
S,. S
to

Theorem 3.12 Let 5

be a epimorphism from 2.1 His an iv fuzzy
—f

ideal of S ,then # isani-v fuzzy ideal of SQ.
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