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Abstract—The purpose of this paper is to define the notion of an 
interval-valued fuzzy ideal of N (2, 2,0) algebra. Necessary and 
sufficient conditions for an i-v fuzzy set to be i-v fuzzy ideals are 
stated. It is proved that the intersection and direct product in N 
(2, 2,0) algebra of i-v fuzzy ideal are also i-v fuzzy ideal. The 
results enriched fuzzy theory in N (2, 2,0) algebra. 
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I.  INTRODUCTION  
The N (2, 2,0) algebra is an algebra system with two dual 

semigroups. The related properties of N (2, 2,0 ) algebra have 
been discussed in literatures[1-8]. The concept of a fuzzy set, 
which was introduced by L.A.Zadeh [9], provides a natural 
framework for generalizing many of the concepts of general 
mathematics. Since then these fuzzy ideal and fuzzy 
subalgebra have been applied to other algebraic structures 
such as semigroups, groups, rings, BCI/BCH-algebra, etc. In 
[10], Zadeh made an extension of the concept of a fuzzy set by 
an interval-valued fuzzy set. This interval-valued fuzzy set is 
referred to as an i-v fuzzy set. In [10], Zadeh also constructed 
a method of approximate inference using i-v fuzzy sets. 
Biswas defined interval-valued fuzzy subgroups and 
investigated some elementary properties. In this paper, using 
the notion of interval-valued fuzzy set, the concept of i-v 
fuzzy ideal is introduced of N(2,2,0) algebra. Necessary and 
sufficient conditions for i-v fuzzy set to be i-v fuzzy ideals are 
stated. It is proved that the intersection and direct product in 
N(2,2,0) algebra of i-v fuzzy ideal are also i-v fuzzy ideal. 

II. PRELIMINARIES 
In this section, we include some elementary aspects that 

are necessary for this paper.  

Definition 2.1 An algebra ( ,*, ,0)S Δ  is called a N (2,2,0) 
algebra if it satisfies the following conditions:   

(1) *( ) *( * )x y z z x yΔ =  

(2) ( )* *( * )x y z y x zΔ =   

(3) 0* x x=  

 for all , ,x y z S∈  

Any N (2,2,0) algebra ( ,*, ,0)S Δ  satisfies the following 

axioms: for all , ,x y z S∈ , 

(1) *x y y x= Δ  

(2) ( * )* *( * )x y z x y z= , ( ) ( )x y z x y zΔ Δ = Δ Δ  

If ( ,*, ,0)S Δ  is N(2,2,0) algebra, then ( ,*)S and ( , )S Δ  
are dual semigroup.   

Definition 2.2 A subset I of N (2,2,0) algebra 
( ,*, ,0)S Δ  is called ideal of S if it satisfies   

(1) 0 I∈ ,  (2)  ,x y S∀ ∈  , * ,x y I y I x I∈ ∈ ⇒ ∈ . 

Definition 2.3 A fuzzy subset μ in N(2,2,0) algebra S  is 

said to be a fuzzy ideal of S if it satisfies, for all ,x y S∈  

(1) (0) ( )xμ μ≥ ,  (2)   ( ) ( * ) ( )x x y yμ μ μ≥ ∧ . 

An interval-valued fuzzy set (briefly, i-v fuzzy set) A 

defined on S is given by { ,[ ( ), ( )]},L U
A AA x x x x Sμ μ= ∀ ∈  

(briefly, denoted by [ , ]L U
A AA μ μ= ), where 

L
Aμ and 

U
Aμ are 

two fuzzy sets in S  such that ( ) ( )L U
A Ax xμ μ≤ for all x S∈ . 

 Let [ , ]L U
A A Aμ μ μ= and [0,1]D denotes the family of all 

closed subintervals of [0, 1]. Thus ( ) [0,1]A x Dμ ∈  and 
therefore the i-v fuzzy set A is given by 

{ , ( )},AA x x x Sμ= ∀ ∈ , : [0,1].A S Dμ →  

Now let us define what is known as refined minimum 

(briefly, minγ ) of two elements in [0,1]D . Consider two 

elements 1 1 1[ , ]D a b= and 2 2 2[ , ] [0,1]D a b D= ∈ .Then 

min 1 2 1 2 1 2( , ) [min{ , }, min{ , }]D D a a b bγ = ; 1 2D D≥  if 

and only if 1 2 1 2,a a b b≥ ≥ . 

III. INTERVAL-VALUED FUZZY IDEAL OF N(2,2,0) ALGEBRA 
In what follows, let S denote a N (2, 2, 0) algebra unless 

otherwise specified.  

Definition 3.1 An i-v fuzzy set A in S is called an interval 
–valued fuzzy ideal (i-v fuzzy ideal) of S if  it satisfies the 
following conditions:  
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(Ⅰ) (0) ( )A A xμ μ≥  

(Ⅱ) min( ) ( ( * ), ( ))A A Ax x y yμ γ μ μ≥   

or min( ) ( ( ), ( ))A A Ax y x yμ γ μ μ≥ Δ  

for all ,x y S∈ . 

Theorem 3.2 An i-v fuzzy set [ , ]L U
A AA μ μ= in S is an i-v 

fuzzy ideal of S if and only if 
L
Aμ  and 

U
Aμ are fuzzy ideals of 

S.  

Proof Suppose that 
L
Aμ  and 

U
Aμ are fuzzy ideals of S. 

Let ,x y S∈ , 

Then (0) ( )L L
A A xμ μ≥ ( ) ( * ) ( )L L L

A A Ax x y yμ μ μ≥ ∧ ,
(0) ( )U U

A A xμ μ≥ , ( ) ( * ) ( )U U U
A A Ax x y yμ μ μ≥ ∧ . 

It follows that  

(0) [ (0), (0)] [ ( ), ( )] ( )L U L U
A A A A A Ax x xμ μ μ μ μ μ= ≥ = , 

( ) [ ( ), ( )]L U
A A Ax x xμ μ μ=  

[ ( * ) ( ), ( * ) ( )]L L U U
A A A Ax y y x y yμ μ μ μ≥ ∧ ∧  

min ([ ( * ), ( * )],[ ( ), ( )])L U L U
A A A Ax y x y y yγ μ μ μ μ=  

min ( ( * ), ( ))A Ax y yγ μ μ=  

Hence A is an i-v fuzzy ideal of S. Conversely, assume that 
A is an i-v fuzzy ideal of S. Then for any ,x y S∈ , we 

have (0) ( )A A xμ μ≥ , that is  

[ (0), (0)] [ ( ), ( )]L U L U
A A A Ax xμ μ μ μ≥  

Therefore (0) ( )L L
A A xμ μ≥ , (0) ( )U U

A A xμ μ≥ . Since  

min( ) ( ( * ), ( ))A A Ax x y yμ γ μ μ≥  

min ([ ( * ), ( * )],[ ( ), ( )])L U L U
A A A Ax y x y y yγ μ μ μ μ=  

[ ( * ) ( ), ( * ) ( )]L L U U
A A A Ax y y x y yμ μ μ μ= ∧ ∧  

Hence ( ) ( * ) ( )L L L
A A Ax x y yμ μ μ≥ ∧ , 

( ) ( * ) ( )U U U
A A Ax x y yμ μ μ≥ ∧  

It follows that 
L
Aμ  and 

U
Aμ are fuzzy ideals of S. 

Theorem 3.3 Let A is an i-v fuzzy set in S. Then A is an i-
v fuzzy ideal of S if and only if the nonempty set  

1 2 1 2( ,[ , ]) { | ( ) [ , ]}AU A x S xδ δ μ δ δ= ∈ ≥   

is an ideal of S for every 1 2[ , ] [0,1]Dδ δ ∈ .  

Proof Assume that A is an i-v fuzzy ideal of S and let 

1 2[ , ] [0,1]Dδ δ ∈ be such that 1 2( ,[ , ])x U A δ δ∈ . 

Then 1 2(0) ( ) [ , ]A A xμ μ δ δ≥ ≥ . Thus 1 20 ( ,[ , ])U A δ δ∈ .  

If 1 2* ( ,[ , ])x y U A δ δ∈ and 1 2( ,[ , ])y U A δ δ∈ , then 

1 2( * ) [ , ]A x yμ δ δ≥ , 1 2( ) [ , ]A yμ δ δ≥  

Since A is an i-v fuzzy ideal, therefore 

min( ) ( ( * ), ( ))A A Ax x y yμ γ μ μ≥

min 1 2 1 2 1 2([ , ],[ , ]) [ , ]γ δ δ δ δ δ δ≥ = That is to say 

1 2( ,[ , ])x U A δ δ∈ , hence 1 2( ,[ , ])U A δ δ  is an ideal of S . 

Conversely, assume that nonempty set 1 2( ,[ , ])U A δ δ  is an 

ideal of S for every 1 2[ , ] [0,1]Dδ δ ∈ . Suppose there exists 

a S∈ such that 1 2 1 2[ , ] (0) ( ) [ , ]A Ac c a a aμ μ= < = , taking 

1 2 1 2 1 2[ , ] ([ , ] [ , ]) / 2b b c c a a= + , then 1 20 ( ,[ , ])U A b b∉ . 

This is a contradiction since 1 2( ,[ , ])U A b b is ideal of S, 

therefore (0) ( )A A xμ μ≥ for all x S∈ .Suppose there exist 

0 0,x y S∈  such that 

0 min 0 0 0( ) ( ( * ), ( ))A A Ax x y yμ γ μ μ< Let 

0 1 2( ) [ , ]A xμ δ δ= , 0 3 4( ) [ , ]A y r rμ =  , 

0 0 1 2( * ) [ , ]A x y r rμ =  Then  

1 2 min 1 2 3 4 1 3 2 4[ , ] ([ , ],[ , ]) [min( , ), min( , )]r r r r r r r rδ δ γ< =

Hence ),min( 311 rr<δ and ),min( 422 rr<δ .Taking 

  
( )1 2 0 min 0 0 0

1[ , ] ( ) ( ( * ), ( )
2 A A Ax x y yλ λ μ γ μ μ= +

, 

we obtain  

( )1 2 1 2 1 3 2 4
1[ , ] [ , ] [min( , ),min( , )]
2

r r r rλ λ δ δ= +
 

1 1 3 2 2 4
1 1[ ( min( , )), ( min( , ))]
2 2

r r r rδ δ= + +
 

It follows that  
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1 3 1 1 1 3 1
1min( , ) ( min( , ))
2

r r r rλ δ δ> = + >
,

2 4 2 2 2 4 2
1min( , ) ( min( , ))
2

r r r rλ δ δ> = + >
. 

So that  

1 3 2 4 1 2 1 2 0[min( , ),min( , )] [ , ] [ , ] ( )Ar r r r xλ λ δ δ μ> > =
. 

Therefore 0 1 2( ,[ , ])x U A λ λ∉ . On the other hand,  

0 0 1 3 2 4 1 2( * ) [min( , ), min( , )] [ , ]A x y r r r rμ λ λ≥ >

0 3 4 1 3 2 4 1 2( ) [ , ] [min( , ), min( , )] [ , ]A y r r r r r rμ λ λ= ≥ > . 

Thus 0 0 1 2* ( ,[ , ])x y U A λ λ∈ and 0 1 2( ,[ , ])y U A λ λ∈ . 

It contradicts that 1 2( ,[ , ])U A λ λ  is ideal of S. Hence for all 
,x y S∈ ,  

min( ) ( ( * ), ( ))A A Ax x y yμ γ μ μ≥ . 

This completes the proof.  

Theorem 3.4 Every ideal of S can be realized as an i-v 
level set of i-v fuzzy ideal of S.  

Proof Let Y be an ideal of S and Let A be an i-v fuzzy set 
on S defined by 

 

1 2[ , ]
( )

[0,0]A x
α α

μ
⎧

= ⎨
⎩  

x Y
x Y
∈
∉  

where 1 2, [0,1]α α ∈ and 1 2α α< .  

It is clear that 1 2( ,[ , ])U A Yα α = .  We show that A be 

an i-v fuzzy ideal of S.  Let ,x y S∈ . 

If *x y Y∈ and y Y∈ , then x Y∈ , this shows that  

 1 2( ) ( ) ( * ) [ , ]A A Ax y x yμ μ μ α α= = = . 

 Thus  

min( ) ( ( * ), ( ))A A Ax x y yμ γ μ μ≥ . 

If *x y Y∉ and y Y∉ , then  

 ( ) ( * ) [0,0]A Ay x yμ μ= = . 

 Thus  

min( ) [0,0] ( ( * ), ( ))A A Ax x y yμ γ μ μ≥ = . 

If *x y Y∈ and y Y∉ , then  

 1 2( * ) [ , ]A x yμ α α= , ( ) [0,0]A yμ =  

 Thus  

min ( ( * ), ( )) [0,0]A Ax y yγ μ μ = . 

Hence  

min( ) ( ( * ), ( ))A A Ax x y yμ γ μ μ≥  

Similarly for the case *x y Y∉ and y Y∈ , we get  

min( ) ( ( * ), ( ))A A Ax x y yμ γ μ μ≥ . 

On the other hand, since 0 Y∈ , thus 1 2(0) [ , ]Aμ α α= , 

that is (0) ( )A A xμ μ≥  .  Hence A is i-v fuzzy ideal of S. 

Theorem 3.5 Let Y be a nonempty subset of S and Let A 
be an i-v fuzzy set on S defined by 

 1 2[ , ]
( )

[0,0]A x
α α

μ
⎧

= ⎨
⎩

 
x Y
x Y
∈
∉

, 

where 1 2, [0,1]α α ∈ and 1 2α α< . If A is an i-v fuzzy 
ideal of S, Then Y is an ideal of S. 

Proof Assume that A is i-v fuzzy ideal of S. Then 

(0) ( )A A xμ μ≥ , min( ) ( ( * ), ( ))A A Ax x y yμ γ μ μ≥  

for all ,x y S∈ . Since Y be nonempty subset of S, thus 
there exists x Y∈ such that 1 2( ) [ , ]A xμ α α= , so 

1 2(0) ( ) [ , ]A A xμ μ α α≥ = .  

This shows that 0 Y∈ . 

If *x y Y∈ and y Y∈ , then  

1 2( * ) ( ) [ , ]A Ax y xμ μ α α= =  

Therefore  

min( ) ( ( * ), ( ))A A Ax x y yμ γ μ μ≥  

min 1 2 1 2([ , ],[ , ])γ α α α α= 1 2[ , ]α α=  

So 1 2( ) [ , ]A xμ α α= , that is x Y∈ .Hence Y is ideal of 
S. 

Theorem 3.6 If A be an i-v fuzzy ideal of S, then the set  

0 { | ( ) (0)}A AX x S xμ μ= ∈ =  

is ideal of S. 

Proof It is clear that 00 X∈ . If 0y X∈ and 0*x y X∈ , 
then 
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 ( * ) ( ) (0)A A Ax y yμ μ μ= =  

Since A be an i-v fuzzy ideal of S, hence 

min(0) ( ) ( ( * ), ( ))A A A Ax x y yμ μ γ μ μ≥ ≥  

min ( (0), (0)) (0)A A Aγ μ μ μ= =  

It follows that 0x X∈ , therefore the set 0X is ideal of S. 

Let Aμ and Bμ be two i-v fuzzy set on S, define the i-v 

fuzzy set A Bμ ∩ on S by  

min( ) ( ( ), ( )),A B A Bx x x x Sμ γ μ μ∩ = ∈ .  

Then A Bμ ∩ is called the intersection of Aμ and Bμ .  

Theorem 3.7 Let A and B be two i-v fuzzy ideals of S. 
Then the intersection of A and B is also i-v fuzzy ideal of S.  

Proof Assume that A and B be two i-v fuzzy ideals of S. 

Then for all ,x y S∈ , we have 

(0) ( )A A xμ μ≥ , min( ) ( ( * ), ( ))A A Ax x y yμ γ μ μ≥ , 

(0) ( )B B xμ μ≥ , min( ) ( ( * ), ( ))B B Bx x y yμ γ μ μ≥ . 

Hence 

min(0) ( (0), (0))A B A Bμ γ μ μ∩ =  

min ( ( ), ( ))A Bx xγ μ μ≥ ( )A B xμ ∩=  

min( ) ( ( ), ( ))A B A Bx x xμ γ μ μ∩ =  

min min min( ( ( * ), ( )), ( ( * ), ( )))A A B Bx y y x y yγ γ μ μ γ μ μ≥

min min min( ( ( * ), ( * )), ( ( ), ( )))A B A Bx y x y y yγ γ μ μ γ μ μ=

min ( ( * ), ( ))A B A Bx y yγ μ μ∩ ∩=  
Hence the intersection of A and B is also i-v fuzzy ideal of 

S. 

Theorem 3.8 Assume that S is a N(2,2,0) algebra, then 
( ,*, , (0,0))S S× Δ is also a N(2,2,0) algebra. Where  

1 1 2 2 1 2 1 2( , )*( , ) ( * , * )x y x y x x y y= , 

1 1 2 2 1 2 1 2( , ) ( , ) ( , )x y x y x x y yΔ = Δ Δ  

for all 1 1( , )x y S S∈ × and 2 2( , )x y S S∈ × . 

Proof Assume that S is a N(2,2,0) algebra, then for all 

1 1( , )x y S S∈ × , 2 2( , )x y S S∈ × and 3 3( , )x y S S∈ × , 
we have  

1 1 2 2 3 3( , )*(( , ) ( , ))x y x y x yΔ  

1 1 2 3 2 3( , )*( , )x y x x y y= Δ Δ  

1 2 3 1 2 3( *( ), *( ))x x x y y y= Δ Δ  

3 1 2 3 1 2( *( * ), *( * ))x x x y y y=  

3 3 1 2 1 2( , )*( * , * )x y x x y y=  

3 3 1 1 2 2( , )*(( , )*( , ))x y x y x y=  

1 1 2 2 3 3(( , ) ( , ))*( , ) *( * )x y x y x y y x zΔ =   

1 2 1 2 3 3( , )*( , )x x y y x y= Δ Δ  

1 2 3 1 2 3(( )* , ( )* )x x x y y y= Δ Δ  

2 1 3 2 1 3( *( * ), *( * ))x x x y y y=  

2 2 1 3 1 3( , )*( * , * )x y x x y y=  

2 2 1 1 3 3( , )*(( , )*( , ))x y x y x y=  

 1 1 1 1 1 1(0,0)*( , ) (0* ,0* ) ( , )x y x y x y= =  

Hence by Definition 2.1, ( ,*, , (0,0))S S× Δ is also a N 
(2,2,0) algebra 

Let A and B be two i-v fuzzy set of S. The direct product 

of A and B ( {( , ),[ ( , ), ( , )]}L U
A B A BA B x y x y x yμ μ× ×× = ) is 

define by  

min( , ) ( ( ), ( ))A B A Bx y x yμ γ μ μ× = . 

Theorem 3.9 Let A and B be two i-v fuzzy ideals of S. 
Then the direct product A B× is i-v fuzzy ideal of S S× .  

Proof Assume that A and B be two i-v fuzzy ideals of S. 

Then for all ,x y S∈ , we have 

(0) ( )A A xμ μ≥ , min( ) ( ( * ), ( ))A A Ax x y yμ γ μ μ≥ , 

(0) ( )B B xμ μ≥ , min( ) ( ( * ), ( ))B B Bx x y yμ γ μ μ≥ . 

Hence for all ( , )x y S S∈ × , 

min(0,0) ( (0), (0))A B A Bμ γ μ μ× =  

min ( ( ), ( ))A Bx yγ μ μ≥  

( , )A B x yμ ×= . 

For all 1 1( , )x y S S∈ × and 2 2( , )x y S S∈ × , we have 
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1 1 min 1 1( , ) ( ( ), ( ))A B A Bx y x yμ γ μ μ× =  

min min 1 2 2( ( ( * ), ( )),A Ax x xγ γ μ μ≥  
min 1 2 2( ( * ), ( )))B By y yγ μ μ  

min min 1 2 1 2( ( ( * ), ( * )),A Bx x y yγ γ μ μ=  
min 2 2( ( ), ( )))A Bx yγ μ μ  

min 1 2 1 2 2 2( ( * , * ), ( , ))A B A Bx x y y x yγ μ μ× ×=   

min 1 1 2 2 2 2( (( , )*( , )), ( , ))A B A Bx y x y x yγ μ μ× ×=  

Therefore the direct product A B× is i-v fuzzy ideal 
of S S× .  

Theorem 3.10 Let f be a surjective homomorphism from 

N(2,2,0) algebra 1S to 2S , (0) 0f = . If ν  is an i-v fuzzy 

ideal of 2S , then 
1( )f ν−

 is i-v fuzzy ideal of 1S .  Where  
1

1( )( ) ( ( )),f x f x x Sν ν− = ∈ . 

Proof For all 1,x y S∈ , since ν  is i-v fuzzy ideal of 2S , 
then 

1 1( )(0) ( (0)) (0) ( ( )) ( )( )f f f x f xν ν ν ν ν− −= = ≥ =  
1( )( ) ( ( ))f x f xν ν− =  

min ( ( ( )* ( )), ( ( )))f x f y f yγ ν ν≥  

min ( ( ( * )), ( ( )))f x y f yγ ν ν=  
1 1

min ( ( )( * ), ( )( ))f x y f yγ ν ν− −=  

Hence 
1( )f ν−

 is i-v fuzzy ideal of 1S . 

Theorem 3.10 Let f be a surjective homomorphism from 

N(2,2,0) algebra 1S to 2S , (0) 0f = . If μ  is an i-v fuzzy 

ideal of 1S , then ( )f μ  is i-v fuzzy ideal of 2S .  Where  

 max( )( ) { ( ) | ( ) }f y x f x yμ γ μ= =  

Definition 3.11 If μ  is an i-v fuzzy set of S and Let f is 

a mapping defined on S , the i-v fuzzy set 
fμ in ( )f S  

defined by  
1

max( ) { ( ) | ( ), }f y x x f y x Sμ γ μ −= ∈ ∈  

is called the image of μ under f . 

Theorem 3.12 Let 1S and 2S be two N(2,2,0) algebra and 
f be a epimorphism from 1S to 2S . If μ  is an i-v fuzzy 

ideal  of 1S , then 
fμ  is an i-v fuzzy ideal  of 2S . 
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