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Abstract. In this paper, a modified discrete G’/G-expansion method is used to construct exact
solutions of Toda lattice equation and Ablowitz-Ladik lattice equations. With the aid of computer
symbolic computation, we obtained in a uniform way hyperbolic function solutions, trigonometric
function solutions and rational solutions of these two nonlinear lattice equations. When the
parameters are taken as special values, some known solutions are recovered. It is shown that the
modified method with symbolic computation provides a more effective mathematical tool for solving
nonlinear lattice equations in science and enginnering.

Introduction

Solving nonlinear lattice equations plays an important role in many fields of science and
enginnering. In the past several decades, many effective methods for constructing exact solutions of
nonlinear partial differential equations (PDES) have been proposed, such as those in [1-15]. Usually,
it is hard to generalize one method for nonlinear PDEs to solve nonlinear lattice equations. In 2008,
Wang, Li and Zhang [16] proposed a new method called the G’/G-expansion method to find
travelling wave solutions of nonlinear PDEs. Some researchers, such as Wang et al. [17] and Ebadi
and Biswas [18-20], have done significant work using the method to construct hyperbolic function
solutions, trigonometric function solutions and rational solutions of some important equations. This
method was generalized by Zhang, Tong and Wang [21] for nonlinear PDEs with variable
coefficients. More recently, Zhang et al. [22] found the iterative relations between the lattice indices
by careful analysis and devised an effective discrete algorithm for using the G’/G-expansion method
[16] to construct hyperbolic function solutions and trigonometric function solutions of nonlinear
differential- difference equations (DDESs). Later, Zhang et al. [23] employed an embedded parameter
to modify the algorithm in [22] for not only hyperbolic function solutions, trigonometric function but
also rational solutions of nonlinear DDEs.

In order to show the validity and advantages of the improved method, we shall use the modified
discrete method [23] to solve the Toda lattice equation and the Ablowitz-Ladik lattice equations in
[24].

Exact solutions of Toda lattice equation

Let us first consider the famous Toda lattice equation [36]:

d?u, (t) _(du,(®) _ _
e [ " +1)[un+1(t)+un_1(t) 2u,(1)]1=0. 1)

We use the wave transformation u, (t)=U,(&,), &, =d,n+ct+¢ , then Eqg. (1) becomes

cU—(cU!+1)U,,,+U,,-2U)=0. (2)
We suppose Eg. (2) has the solution in the form
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where G(_gn) satisfies

d*G(&,) | , 4G(&,)
iz +A et HG(&,) =0. (6)

Substituting Egs. (3)-(5) along with Eq. (6) into Eqg. (2) and using Mathematica, we obtain a set of
algebraic equations for «,, «,, d, and c,. Solving the set of algebraic equations, we have three cases

2 2
Zsinh(udl) 25inh(7\M‘dl)
a =+ 2 , Qy=a, C=t% 2 , d,=d;, ¢=1, §=0, (7)
JA? -4 VA2 -4
_ 2 _ 2
2sin(VAH =4 4y 2sin(VAH =4 gy
a =+ , ay=a, C=t% 2 , d,=d;, ¢=-1, =0, (8)
Ap—* Ap—A*
/12
a =+d, o=, ¢ =%d, d =d, £=0, 5=4, p= 9)

When A? -4, >0, we obtain hyperbolic function solution of Eq. (1):

2 Csmh(VZ A g y4C,cosh(VE 44 4“5) /’Lsinh(Wdl)

—4u
= +sinh( d,) +ay, (10)
2 2_ - 2 _
C, cosh(wgn)mzsinh(wcfn) V2 -4
2 _ 2 _
2sinh (VA =44 4 14 Asinh (VA =44 4.
where & =dn+ 2 t+¢. Setting u=——, o,=a,+ 2 , d, =k,
NIy 4 A —du
¢ =c and C, =0, from solution (10) we obtain
u, = a, £sinh(k)tanh(kn £ sinh(k)t +c), (11)
which is the known kink-type solitary wave solution in [24].
2 —
. asinn (VA =44 4
If set u= oy =a,t 2 , d,=k, ¢=c and C, =0, from solution (10) we
4 AP —4u
obtain
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u, = a, +sinh(k)coth(kn +sinh(k)t +c), (12)
which is the known singular travelling wave solution in [24].
When A* — 4. <0, we obtain hyperbolic function solution of Eq. (1):

-C sm(“ f ) +C,cos(-———— ’u 3 &) lsm( “4# 23 d,)
Ccos(“ §)+Csm(“ A= /125) Ak = /12
Zsin(\'4ﬂ2_/12dl) asin(VAHA g

NAu— ﬂ,zd)
2

+a,, (13)

2
where & =dn+ t+¢. Setting ,uz’1 4 a,=a,t , d, =k,
Jau- 22 NES —4/1
¢ =c and C, =0, from solution (13) we obtain
u, =a, xsin(k)tan(kn£sin(k)t +c), (14)

which is the known periodic wave solution in [24].

92
ﬂsin(i\w d,)

AP +4 2 :
If set u= , —a + , d. =k, ¢£=c and C =0, from solution (13) we
/u 4 aO aO \/m 1 g 1 ( )
obtain
u, = a, £sin(k)cot(kn +sin(k)t +c), (15)

which is the known periodic wave solution in [24].
When 4> — 4, =0, we obtain rational solution of Eq. (1):

0 =, Fidar—0C (16)
2 C,+C,¢,

where & =dn+dt+¢.

Setting ¢, = a, J_r%dl/l, d, =k, ¢=c and C, =0, from solution (16) we obtain

k
u =a, +——, 17
" T T kn+kt+c (17)

which is the known rational solution in [24].

Exact solutions of Ablowitz-Ladik lattice equations
We next consider the Ablowitz-Ladik lattice equations [24]:
du, (t)
dt
dv, (t)

—[a +u, OV, O][U,., () +u,_, (O] + 2au, () =0, (18)

— = +[a+u, (), O]V, ., ) +Vv, ()] -2av,(t) =0. (19)

n+1

We use the wave transformation u, =U_ (&), v, =V.(&,), & =d,n+ct+¢, then Egs. (18) and (19)
become

lUn _(a+UnVn)(Un+1+Un—1)+2aUn :O' (20)
eV, +(x¢+U V)V, +V,,)-2aV, =0. (21)
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According to the homogeneous balance procedure, we suppose that Egs. (20) and (21) have the

following formal solutions:
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JS+ (22 —4u)

[G(é) z] i
G() 2

f(w/5+g(/12—4ﬂ) 0)

2

Un+1 = al 2

2
1
+[\/5+8(22—4,u)

[G (&), 4
G() 2

j]f(./mg(ﬂf—@)d) 2

2

2 [6(5) z} f«/5+€(12—4,u)
( d,)
U =4 Jo+e(A*—4u)| J5+e(A>—4u)\ G(&,) 2 2
o 2 . 2 G(&), 2| o+etd —4u) ;o
I Jo+e(A2—4u)\ G(&) 2 2 '
_ [ G'()
Vn—ﬁl(G(gn)}Lﬂo, B =0,
I 2 G(§) A O +e(A—4u)
( j ef( d)
V.= g Jo+e(A—au)| S+e(2? -4\ G(&,) "2 2

2

L. 2
J6 + (A7 — 4u)

2

— JS + (A2 —4p)

JS + (A2 —4p)

[G(g) zj_ f(«/5+8(/12—4,u)d1)

G(,) 2

2

2

2
1—
[\/é'Jrg(ﬂ,z —4u)

G(e) 2

(G'(§H)+ 2

G(§) p) f(«/5+€(/12—4,u)d) 2
G(&) T 2 !

(22)

+a,, (23)

214 g, (24)

(25)

+ 5, (26)

i p,. @)

j]f(wléw(% 44 4 2
2 1

where G(_gn) satisfies Eq. (6).
Substituting Egs. (22)-(27) along with Eq. (6) into Egs. (20) and (21) and using Mathematica, we

obtain a set of algebraic equations for «,, ¢, A, f. d, and c,. Solving the set of algebraic
equations, we have three cases
20(= 427 — ag)sinh? (V2 =44 4“o|)
1 2
a=a, ay==a(At\A*-4u), B, = > : (28)
2 o (A" —4p)
2 2
4asinh2(\'/124udl) 4a3|nh2(\'/124’ud1)
=— ¢ =t d=d, =1, §=0, 29
ﬁl 0!1(22 —4,U) 1 \/m 1 1 & ( )
(4, 52
2e(= A= aPysin? (VA=A g
1 . 2 2 !
a=a, ay==o(Ati\du-21%), B, = > , (30)
2 a,(bu—A%)
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\/4;1—/12 d)
2 1

4asin®( diasin’(
—_ R Cd=d. e=-1, 5=0, 31
STy B R ey S R ey
2 2 2
o ma, a=—al ﬂoz—‘”dl, ﬂlz—adl, =0, d=d, £=0, 5=4 u=’—, (32
2 20, o 4

When 1% -4.>0, we obtain hyperbolic function solutions of Egs. (18) and (19):

C,sinh( *’ 2 5 )+C, cosh(“24ﬂ.§n) 1 \/7
o\ JAP = by, (33)
Ceosn(VE 4 4” £)+C, smh(“z“”fn) i

n

d CSmh(V M ey ac,con(VE 4“ £) 2asinh2(\';t22_4/jd1)
+
cCosh(\’ Heyicsimm sy a4 A° = 4u

. (34)

4qsinh® ( d,) 124
where & =d;n+ \/ - t+¢. Setting u= and C, =0, from solutions (33) and
A —4,u
(34) we have
U, =a, + e, tanh(d,n + 2asinh?(d,)t + £), (35)
.0 P oh2
v =N o din + 2asinh? (@, )t + ¢y + 2SN (4). (36)
o, a
which are equivalent to the kink-type solitary wave solutions in [24].
2
Ifset u= A -4 and C, =0, then solutions (33) and (34) become
u, = *a, + a,coth(d,n + 2asinh? (d, )t + £), (37)
. P2
= OSINT) (ot dn + 2asinh? (dy)t + £) + 2SN (0D (38)

o o,
which are equivalent to the singular travelling wave solutions in [24].
When A* -4 <0, we obtain hyperbolic function solutions of Egs. (18) and (19):

-C Sin(7V4’u_2/2 )+C C05(7V4'u_/12§)
Ccos(“ )+Csm(‘ 5)

u, :%aDMy—/lz + ] a1\/4,u A%, (39)

2arsin? (V4= izol) —cSm(\’ §)+c cos(V g) 2|aS|n (V 24,
v, =— 2 ) ) (40)
% 4ﬂ /1 Ccos(“ §)+Csm(“ ﬂ /1 &) A /1
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When A? -4, =0, we obtain rational solutions of Egs. (18) and (19):

2
=% o oGd (41)
C,+C,¢&, a,(C,+C,¢&)

where & =dn+¢.
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