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Abstract— Paper deals with mathematical modelling of impulse 
waveforms and impulse switching functions used in electrical 
engineering. Impulse rectangular waveforms are created by 
periodical trigonometric functions with modulo π, so, the 
waveforms are discontinuous and strongly non-harmonic ones. 
Impulse switching functions are investigated using direct- and 
inverse z-transformation. The results make it possible to 
present those functions as infinite series expressed in pure 
numerical-, exponential- or trigonometric forms. Theoretical 
derived waveforms are compared with simulation worked-out 
results. 

Keywords-impulse switching function; Z-transform; inverse 
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I. MATHEMATICAL MODELLING OF NON-HARMONIC 
PERIODICAL DISCONTINUOUS FUNCTIONS 

It is known that periodical non-harmonic discontinuous 
function is possible to portray in compact closed form using 
Fourier infinite series [1]-[2]. It yields for rectangular 
waveform, Figure 1b,c ݂ሺݐሻ ൌ ߨ4 ෍ 12݊ ൅ 1 sinሾሺ2݊ ൅ 1ሻ߱ݐሿஶ

௡ୀ଴     
or   ݂ሺݐሻ ൌ ሺെ1ሻଶ௡ାଵ ߨ4 ෍ 12݊ ൅ 1 cosሾሺ2݊ ൅ 1ሻ߱ݐሿஶ

௡ୀ଴ , 
where  t  is the time, n ൌ 0, 1, 2, 3, …  .  Fሺݏሻ ൌ F଴ሺݏሻݏሺ1 െ eି௦Tሻ 

where F଴ሺsሻ is Laplace image of zero period; Fሺsሻ െ image 
of total Laplace function (t ൒ 0); T െ time period. Inverse 
transform defined in complex form as 

݂ሺݐሻ ൌ iߨ12 න F଴ሺݏሻݏሺ1 െ eି௦Tሻ dݏୡା୧ஶ
ୡି୧ஶ  

where  i  is imaginary unit √െ1, it is not so easy particularly 
for higher order systems. Classical solution leads to results in 
Fourier series form, otherwise the Heaviside calculus is to be 
used. 

One of the lesser known methods is using of Fischer-
Turbar definition of arc଴tan  for the main value ൏െ ஠ଶ ; ൅ ஠ଶ ൐  based on a standardization of trigonometric 
function modulo π [3]-[4].  So, increasing saw-tooth function 
with angular frequency ω can be expressed in closed form  

ୱ݂ୟ୵ାሺݐሻ ൌ ߨ2 arctan ቈ sinሺ߱ݐሻ1 ൅ cosሺ߱ݐሻ቉,               ሺ1ሻ 

as can be seen Figure 1a. Similarly, for decreasing saw-tooth 
waveform 

ୱ݂ୟ୵ିሺݐሻ ൌ ߨ2 arctan ቈ sinሺ߱ݐሻ1 െ cosሺ߱ݐሻ቉.                  ሺ2ሻ 

Using addition (1) and (2) one obtains a rectangular 
waveform, Figure 1b  

୰݂ୣୱሺݐሻ ൌ ߨ2 ቊarctan ቈ sinሺ߱ݐሻ1 ൅ cosሺ߱ݐሻ቉                                           ൅ arctan ቈ sinሺ߱ݐሻ1 െ cosሺ߱ݐሻ቉ቋ.                       ሺ3ሻ 

The saw function (1) converges at t ൌ T 2ൗ  to 0 value, 
which is the half of the sum of the left limit and the right one, 
and it’s also valid for rectangular function (3), [6]. Similarly, 
we can check the convergence of rectangular function at t ൌ π 2ωൗ . It yields [7] 

݂ ቀݐ ൌ 2߱ቁߨ ൌ ߨ4 ෍ 12݊ ൅ 1 sin ቂሺ2݊ ൅ 1ሻ߱ 2߱ቃஶߨ
௡ୀ଴ ൌ 1. 
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- Cauchy integral residua theorem  

ሼ ௡݂ሽ ൌ iߨ12 ර ௡ିଵݖሻݖሺܨ ൌ ෍ res௭ୀ௭ೖܨ௥௘௦ሺݖሻݖ௡ିଵே
௞ୀଵ  

 
Using residua theorem 

෍ res௭ୀ௭ೖܨ௥௘௦ሺݖሻݖ௡ିଵே
௞ୀଵ ൌ ෍ lim௭՜௭ೖሺݖ െ ሻேݖ௥௘௦ሺܨ௞ሻݖ

௞ୀଵ ௡ିଵݖ ൌ
ൌ ෍ ௞ሻݖԢሺܤ௞ሻݖሺܣ ௞௡ିଵ,ேݖ

௞ୀଵ  

 

where k א ,1ۃ . . Nۄ;  n ൌ 0, 1, 2, … ∞;  N is number of poles 
of denominator and BԢ is derivative of denominator dܤሺݖሻdݖ  ሺat ݖ ൌ  .௞ሻݖ

Then 

௥݂௘௦ሺ݊ሻ ؠ ሼ ௡݂ሽ௥௘௦ ൌ ሺെ1ሻ௡ ൌ ݁௝௡గ ൌ cosሺ݊ߨሻ. 
Similarly, based on ½-pulse length and following relation 

ሻݖሺܨ  [8] ൌ ேݖேݖ ൅ 1 ;    
So, for ½-pulse length and using above relation the z-

image of the half-rectangular waveform will be:   ܨ௥௘௦ଵ/ଶሺݖሻ ൌ ଶݖଶݖ  ൅ 1 

where roots of the denominator are zଵ,ଶ ൌ േi are placed on 
boundary of stability in unit circle [1], [9], Figure 5a. 

Applying inverse z-transform we can write 

݂௥௘௦ଵଶ ሺ݊ሻ ൌ ෍ ᇱሺ௭ೖሻܤ௞ሻݖሺܣ ௞௡ିଵଶݖ
௞ୀଵ ൌ ෍ ௞ݖ௞2ݖ ௞௡ଶݖ

௞ୀଵ ൌ 

                        ൌ 12 ሾሺݖଵሻ௡ ൅ ሺݖଶሻ௡ሿ ൌ 12 i௡ሾ1 ൅ ሺെ1ሻ௡ሿ 
This result can be expressed in different forms: pure 

numerical, exponential, and trigonometric ones 

 ൌ ଵଶ ሺെ1ሻ೙మሾ1 ൅ ሺെ1ሻ௡ሿ 
௥݂௘௦ଵ/ଶሺ݊ሻ     ൌ ଵଶ ቄ݁୧௡ഏమ ൅ ݁ି୧௡ഏమቅ 

 ൌ 1cos ቀ݊ గଶቁ. 

Similarly for two-pulse modulation waveform ܨଶ௣_௣௪௠ሺݖሻ ൌ  ቆ ସݖସݖ ൅ 1 ൅ ଶିݖ ସݖସݖ ൅ 1ቇ ൌ ସݖ ൅ ସݖଶݖ ൅ 1  

where roots of polynomial of the denominator are ݖଵ,ଶ ൌ േ݁േ୧గସ,   so    ݖଵ,ଶ ൌ ݁േ୧గସ;   ݖଷ,ସ ൌ െ݁േ୧గସ  

placed again on boundary of stability in unit circle Figure 5b. 

          
a)    b) 

FIGURE V.  POLE PLACEMENTS OF DENOMINATOR 
POLYNOMIALS OF F_(RES1/2) (Z) – (a)  AND F_(2P_PWM) (Z) – 

(b) 

Applying inverse Z-transform for converter output phase 
voltages in Z-domain one can create impulse switching 
functions. For inverse Z-transform ܨሺzሻ ՞ ሼ݂ሽ one can use 
the residua theorem described above. 

Then 

ଶ݂௣೛ೢ೘ሺ݊ሻ ൌ ෍ ᇱሺ௭ೖሻܤ௞ሻݖሺܣ ௞௡ିଵସݖ
௞ୀଵ ൌ ෍ ௞ଷݖ ൅ ௞ଷݖ௞ଵ4ݖ ௞௡ସݖ

௞ୀଵൌ 14 ෍ሺ1 ൅ ௞ିݖ ଶሻݖ௞௡ ൌସ
௞ୀଵ  

ൌ 14 ቄቂ݁୧௡గସ ൅ ݁ି୧௡గସ ൅ ሺെ1ሻ௡݁୧௡గସ ൅ ሺെ1ሻ௡݁ି୧௡గସቃ൅ ቂെi݁୧௡గସ ൅ i݁ି୧௡గସ െ iሺെ1ሻ௡݁୧௡గସ൅ iሺെ1ሻ௡݁ି୧௡గସ൧ቅ 

ൌ 12 ሾ1 ൅ ሺെ1ሻ௡ሿcos ቀ݊ 4ቁߨ ൅ 12 ሾ1 ൅ ሺെ1ሻ௡ሿsin ቀ݊  .4ቁߨ
After adapting 

ଶ݂୮_୮୵୫ሺ݊ሻ ൌ 12 ሾ1 ൅ ሺെ1ሻ௡ሿ√2sin ቀ݊ 4ߨ ൅  .4ቁߨ
Graphical results using inverse z-transform are presented 

in Figure 6a,b. 
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