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Abstract — Sandwich beams with functional gradient metal 
foam core are sensitive to local indention because of the low 
strength of the foam core and the low bending stiffness of the 
thin face sheets. The local indentation response of the sandwich 
beams are determined by loading the beams with a flat 
indenter. The sandwich beam is modelled as an infinite length, 
isotropic, plastic membrane on a rigid-plastic foundation. By 
using the principle of virtual velocities, concisely explicit 
theoretical solutions for the indentation forces and shape 
functions of deformed zones of the sandwich beams were 
derived. The analytical results were verified by numerical 
simulation results. The influence of the gradient foam core on 
the localized behaviour of the sandwich beam was discussed. 
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I. INTRODUCTION 

Metallic sandwich structures are widely used in the 
aviation industry as well as in ship and railway engineering 
because of their low density, high specific strength, and 
effective energy absorption. The sandwich structures 
comprise commonly porous material cores, such as foams, 
honeycombs, or truss lattices. Natural porous structures are 
often gradient, meaning that the porosity is not uniform. It 
may, therefore, be of interest to study such gradient metal 
foam as well. 

Recently, the study of various structures with gradient 
foam cores has attracted much attention[1]. The use of 
gradient foam cores in sandwich structures can change 
structural flexural bearing capacity as required, but the 
improvement strongly depends on the indentation involved in 
the deformation. So it is very meaningful to  discuss the 
indentation behaviour of sandwich beams with gradient foam 
core.  

Researchers have studied on the indentation behaviour of 
sandwich structures with homogeneous core. Some analytical 
models focused on elastic response of the whole sandwich 
structures [2,3], while some others studied the sandwich 

structures which is composed of elastic or plastic face sheets 
and plastic foam core [4,5,6]. 

Although many researchers have investigated the 
indentation behavior of sandwich structures, there is little 
description of the local indentation of sandwich structures 
with gradient metallic foam cores. In this study, based on the 
principle of virtual velocity, the plastic indentation response 
of sandwich beams with gradient metallic foam core is 
determined by loading the beams with a flat indenter. The 
theoretical solutions for the indentation forces and shape 
functions of deformed zones of the sandwich beams are 
derived. This model is validated with finite element 
numerical analysis. 

II. STRUCTURAL MODEL 

Consider sandwich beams with continuous gradient 
metallic foam core indented by a rigid flat indenters, as 
represented schematically in fig.1. The beam with width b
has an infinite length and is composed of two face sheets and 
a gradient foam core with thicknesses h  and c , respectively. 
The flow stress of the face sheet material is 0 . The foam 

core has a gradient plateau stress c . The indentation 
displacement of the indenter is denoted by  , while 
deflection profile of the dented zone is represented by ( )w x . 
The length of the deformed region is denoted by 2 . The 
width of the flat indenter is 2R , as marked in fig. 1.  

In the present model, elastic response of the sandwich 
beam is neglected. The upper face sheet is modelled as an 
infinite length, ideally plastic thin beam resting on a rigid-
plastic foundation, which gives a gradient crushing resistance 
by the graded foam core. 

III. THE MATERIAL PROPERTIES 

In the manuscript, the foam core has a gradient plateau 
stress c , which can be calculated by 
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Where c  is the thickness of gradient foam core, ct and

cb are the constant plateau stress of the gradient foam core 
on the top and on the bottom, respectively. 

 
FIGURE 1: SCHEMATIC PROFILES OF UNDEFORMED AND DEFORMED ZONES 

OF THE SANDWICH BEAMS WITH GRADIENT CORE LOADING WITH A FLAT 

INDENTER. 

IV. LOAD-INDENTATION CHARACTERISTICS 

The principle of virtual velocities is employed to 
investigate the localized indentation behavior of the 
sandwich beam. The statement of energy equilibrium 
requires that the rate of external work equals to the total rate 
of internal energy dissipation, i.e., 

ext intW W
 

                    (2) 
The rate of work by external force is 

extW P
 

                       (3) 

Where P  is the indentation force and 


 is the virtual 
velocity of the indenter. For the gradient foam core of the 
sandwich beam ( cb ct  ) indented by a flat indenter, the 
velocity field of the dented zone and the displacement field 
of the deformation zone are assumed as [5].   
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Where t  represents the time. 

The strain rate of the upper face sheet is defined 
according to the theory of moderately large deflection of the 
beam. 
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                         (6) 

For the sandwich beam indented by a flat indenter, the 
contribution to the rate of internal energy dissipation by 
membrane force in the dented region can be derived from 
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Where 0 0N h . The contribution to the rate of energy 
dissipation due to compressive deformation of the foam core 
can be calculated by 

2

1
2 ( ) ( )( )

2

cV

cb ct cb ct
ct ct

W d V

bR b R
c c



   
      



 
    


 

 

(8) 
The rate of internal work of the sandwich beam is mainly 

given by the sum of contribution due to extensional 
deformation of face sheets and compressive deformation of 
the foam core. The total rate of internal energy dissipation, 
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Submitting equations (3) and (9) in equation (2), we have 
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(10) 
Based on the principle minimum work, it is required that 

the half length of deformed region   should satisfy the 
condition of the minimum force for a given indentation, i.e., 

/ 0P    . This leads to a relationship between   and   
by the following formula.  
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V. MODELLING THE INDENTATION BEHAVIOUR OF 

SANDWICH STRUCTURES 

For validating the gradient sandwich model presented in 
above section, we modelled the indenter as a rigid body, 
while the foam core and the face sheets were simulate using 
8-node linear brick (C3D8R) element and four-node shell 
elements(S4R) with reduced integration, respectively. In 
simulation，the gradient foam core is divided into 10 layers 
and the thickness of each layer is the same. The lower and 
edge boundary of the sandwich beams were fully clamped. 

The mechanical properties of the face sheet material are 
following: 200GPaE  ,Poisson ratio 0.3  and the 
engineering stress-strain hardening data are cited from 
reference [7].  

The flow stress and Young’s modulus of matrix material 
of the foam are 0, 111.4s  MPa and 94.1sE  GPa, 

respectively. The mechanical properties of the foam core for 
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various relative densities are cited from reference[8]. The 
relative densities of each layer in the core are shown in the 
table 1 and the numerical results are shown in the fig.2. 

TABLE 1: THE RELATIVE DENSITY OF LAYERS OF THE GRADIENT FOAM CORE 
IN NUMERICAL ANALYSIS (10 LAYERS). 

Nth 
layer 

1 2 3 4 5 6 7 8 9 10

c
(

3kg/m
) 

10
8 

16
2 

21
6 

27
0 

32
4 

37
8 

43
2 

48
6 

54
0 

59
4

 
FIGURE 2: DEFORMATION OF THE SANDWICH BEAM WITH 10 LAYERS CORE 

UNDER A FLAT INDENTER.  

VI. RESULTS AND DISCUSSION 

We introduce two dimensionless parameters 
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Which are related to the ability of the resistance of the 
sandwich beam to localized indentation deformation. These 
dimensionless parameters are usually small due to the low 
strength of the foam core material. Some other dimensionless 
parameters are defined as 
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The theoretical and simulated results for the case of flat 
indenter with 0.0433ct cb    are shown in the fig.3. The 
theoretical predictions agree well with the simulated results 
when the foam core is uniform. The results for the case with 

0.0074, 0.0954ct cb   are also shown in the fig.3. There 
is a little bit of error, but acceptable, between the theoretical 
predictions and numerical simulation. The main reason is that 
the foam core used in numerical simulation is 10 layers with 
stratified constant-gradient instead of the core with linear 
gradient. 

 

FIGURE 3: DISTRIBUTION OF FACE  SHEET DEFORMATION FOR 0.5  . 

Fig.4(a) shows that with the increase of the difference of 
foam densities between the top and the bottom, in which the 
mass of the foam core is constant, the radius of the deformed 
region appears increased, in another word, the deformation of 
the sandwich beams is more obvious. Fig.4(b) shows that 
with the increase of the difference of foam densities between 
the top and the bottom, the indenter force is relatively smaller 
and smaller in initial phase. As the indentation depth and the 
deformed region expand, the effect of the difference of foam 
densities between the top and the bottom gradually decrease. 
Finally, the situation is going into reverse. 

 
(a)                             (b) 

FIGURE 4: (A) DISTRIBUTION OF DEFORMATION AND (B) LOAD-
INDENTATION CURVES FOR VARIOUS GRADIENT FOAMS 

VII. CONCLUSIONS 

The indentation behaviour of sandwich beams with 
gradient metal foam core is analyzed using the principle of 
virtual velocities. In the analytical models, the influence of 
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gradient foam core on the local indentation response of the 
sandwich beams is represented by the two dimensionless 
characteristic parameters ct  and cb . A 3D finite element 
model is established using numerical analysis to verify the 
validity of the analytical solutions. The numerical results are 
in good agreement with analytical solutions. The influence of 
the gradient foam core on the load-indentation curves and 
profiles of the dented zone are also discussed. With the 
analytic methods being extended, the sandwich structures 
with more complex gradient foam core will be studied.  
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