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Abstract--We first get the conditions under which the elliptic 
system ip

ii uu 1 , 
11 : uus 

( si ,,2,1  ) has no positive 

radially symmetric solutions. Then by using this nonexistence 
result, we establish blow-up estimates for semilinear reaction-
diffusion system ip

iiit uuu 1 , 
11 : uu s  ( si ,,2,1  ) 

with null Dirichlet boundary conditions. The results of our 
paper with the those in Wang (Comp and Math with Appl, 44, 
573-585, 2002) are same, but our methods of proofs are entirely 
different, even easier than that used. 

Keywords-elliptic system; parabolic system; blow-up; blow-up 
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I INTRODUCTION 

In the past decades, many physical phenomena have 
been formulated into local or nonlocal mathematical models 
of partial differential equation and studied by many authors, 
see [1-5] and the references therein. In particular, there exist 
many articles dealing with properties of positive solutions 
such as blow-up and blow-up rate to semilinear or 
degenerate parabolic equations. For example, Wang in [6] 
considered the following semilinear reaction-diffusion 
system 

),0(),(,,,2,1,:,)( 111 Ttxsiuuuuu s
p

iiti
i    (1) 

And obtained the blow-up rate estimate 

,)(),(max)( ii tTCtutTc i
   (2) 

Where 

.,,2,1,)1/(1( 1
2

1 sippppp sli
si
ilii    
  

At the same time, the initial value problem and localized 
problem of (1) were studied by Pedersen [7] and Fila [8], 
respectively; they also obtained the same estimate (2) of 
blow-up rate. 

By the motivations of the above cited works, in this 
paper, we will continue to study the blow-up rate of positive 
solutions for (1) with the following initial and boundary 
value conditions 

,,2,1,),()0,( 0 sixxuxu ii  (3) 
,,2,1),,0(),(,0),( siTtxtxu i 
(4) 

Where 
0,1,,, 1  TppR s

N 
, and 

)(,),( 010 xuxu s
are continuous, nonnegative functions and 

vanish on  . By means of the non-existence result of the 
related elliptic system of (1) which obtained in next section, 
we establish the blow-up estimate (2). The results of this 
paper with those of [6] are same, but our methods of proofs 
are entirely different, even easier than that used. In addition, 

we always let 0},||;{),0(  RRxRxRB N

denotes 

a open ball of 
NR centered at the origin of radius R since 

we deal with positive radially symmetric solutions of system 
(1). 

Before ending this section, we give the following lemma 
which will be used in our proofs. For convenience, we 

denote lls pp  for all integers l and 
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Lemma 1 For the matrix A which is defined by (5) and 

any constant 0 , if det 0A , then the following linear 
system 

   TT
ss yyyyA 0000121 ,,,,,,,,    (6) 

has an unique solution 
T

ss yyyy ),,,,( 121  which is 
given by 
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II NONEXISTENCE FOR ELLIPTIC SYSTEM 

In this section, we investigate the following related 
elliptic system of (1) 

  xsiuuxuxu s
p

ii
i ,,,2,1,:),()( 111  (7) 
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And consider the radially symmetric solutions of (7), i.e., 

suppose )()( ruxu ii   with || xr  , si ,,2,1  . We 
have the following theorem. 

Theorem 1 Assume that 3N  and there exists 
},,2,1{ si  such that 0i , or 01  s  . 

Then (7) has no positive radially symmetric solution, where 
)2(2  Nii  , si ,,2,1  , here and next section, 

denote 
T

s ),,,( 21    be a solution of linear system (6) 

with constant 10  . 

To prove the Theorem 1, the system (7) can be rewritten 
in radial coordinates as 
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r

N
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p
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i ,,2,1,:,0)(
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)( 111 


 
(8) 

With ),,2,1(0)0( siu i  . Secondly, similar to the 
Lemma 3.1 of [9], we have 

Lemma 2 Let ),,,( 21 suuu  be a positive, radially 

symmetric, decreasing solution of (8). Then for any 0r , 
we have 

.,,2,1,:,)2( 111

2

siuuuNuru
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r
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i

i  
(9) 

Lemma 3 Suppose the conditions in Theorem 1 are 

satisfied. Let ),,( 1 suu   be a positive and radially 
symmetric solution of (8). Then we have the following 
asymptotic estimates for 0r : 

.,,2,1,))2(()( 2 sirNNru ii
i   

(10) 

Proof of Theorem 1 Let ),,,( 21 suuu   be a nontrivial 
positive and radially symmetric solution of (8). Next, we 
divide the proof into two cases. 

Case i Without loss of generality, we assume 01  . 

By (9), 0)( 1
2  ur N

. Then we know that the function 

1
2ur N 

 is non-decreasing on ),0(  and there exists a 

constant 00 c  such that 

0,)( 0
)2(

01   rrforrcru N

(11) 
Thus, (11) and (10) lead to a contradiction for 

r sufficiently large since 01  . 

Case ii Suppose that 01   (the case 
,,,2,0 sii  being similar). At first, by (10), we 

have 

.))2(())2(( 111 2)2(
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2    NNrNNur NN

(12) 
Secondly, according to (8), we obtain 
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At the same time, it follows from (9) that 
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Together with (11), we obtain from (13) that 
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which will lead to a contradiction for r sufficiently large. 
Thus, the proof of Theorem 1 is complete.  

III BLOW-UP ESTIMATES FOR PARABOLIC 
SYSTEM 

Motivated by [1] and [2], we use the nonexistence result 
of the elliptic system obtained in section 2 to establish the 
blow-up estimate (2) for the reaction-diffusion system (1), 
(3) and (4). With the ideas in [10], we have the following 

lemma which is a comparison relationship between iu
and 

1iu
. 

Lemma 4 If the exponents sppp ,,, 21  of (1) satisfy 
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(14) 

Then the solution ),,,( 21 suuu   of (1), (3) and (4) 
satisfies either 

.,,2,1,:,:,),(),( 1111
/

1
1 siuutxuKtxu ssiii

ii  
 

(15) 
or 

.,,2,1,:,:,),(),( 1111
/

1
1 siuutxuLtxu ssiii

ii  
 

(16) 

for all QQtx T \),( 
, with some positive constants 

ss LLKK ,,,,, 11   and ),0( T . 

Theorem 2 Let ),,,( 21 suuu  be a classical solution of 

(1), (3) and (4), defined on ),0( T , with 
),0( T maximal time interval of existence, and T . 

Assume that the following hypotheses are satisfied: 

(i) ),(,),,(1 tutu s   are radially, decreasing, and 

symmetric functions of || xr  ; 

(ii) 0),(),,( txutxu iti  in siTQT ,2,1),,0(  ; 

(iii) ),(,),,(1 txutxu stt  achieve the maximum at 
0x , for every ),0( Tt ; 

(iv) 0i  or 01  s  ; 

(v)     sipppppp jii
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Then there are constants 0,,1 sCC   and 
),0(1 Tt   such that 

sitTCtutxu i
iii ,,2,1,)(),0(),(  

(17) 
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for all 1
\),( tT QQtx 

. 

Remark 1 The conditions (i)-(iii) in Theorem 2 are 
reasonable if we impose appropriate assumptions on the 

initial data )(0 xu i , for example, positivity, radial symmetry, 
and a suitable decreasing property with 

siuuuu s
p
ii

i ,,2,1,,0 100)1(0)1(0  
 

Proof of Theorem 2 Let ),,,( 21 s   be a solution 

of linear system (6) with constant 20  .  Define for 
),0( Tt  , 

stuttuttut ss
  /1/1

22
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. By putting 
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and taking into account that 
),( tui   achieve its maximum at 

0r  since the assumption (i), we easily see that iw
is 

bounded. On the other hand, it follows from the condition 
(iii) of Theorem 2 and Lemma 1 that 
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)(

),0(
),(),(0 21 si

t

tu
trwtrw

i

i itp
ii   

(18) 

By using the assumptions (i), (ii) and (18), we get 
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for any ),0( Tt and ))([,0( tRr  . Multiplying the 

sum of (19) by rsww )( 1 
 we have 
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which implies that 
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Integrating (20) on ),0( r and together with 
10,0,  iri ww

, we obtain 

  s
p

w
s

i
i

ri
s
i 


  1

2

1 1

1

2

1

           (21) 

for any ),0( Tt and ))(,0[ tRr  . The inequality (21) 

implies the equicontinuity of 
siwi ,,2,1, 

. 

Next, we claim that 
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Otherwise, there exists a sequence ),0(}{ Tt m  with 
Tt m  such that 

0
)(

),0(

)(

),0(

)(

),0(
22

2
2

1

21inflim 







 


st

tu

t

tu

t

tu sttt

Tt
 

  

By using the Ascoli-Alzela theorem, there exists a 

sequence (still denoted by }{ mt ) such that  

,)(),(  imi wtw ),,2,1( sim   

uniformly on compact subsets of ),0[  . Now in the sense 
of distributions 
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The absolute continuity of iw
implies that 

),0(2  Cwi  and, by local existence and uniqueness of 
the initial value problem for (23) and using the arguments in 

[1,2], we conclude that 0)( rwi on ),0(  with 
siwi ,,2,1,0)0( 
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Now, in case 1N , we easily reach a contradiction by 

noting that, since (23) hold, then, sww ,,1   must be 

strictly concave on ),0(  , which is impossible. 

If 2N , we proceed as follows: from (23), we infer 

that swrwr  ,,1   are strictly decreasing on ),0(  . 

Hence there exist constants 0M and 00 r  such that 
),(, 0  rrMwr i . This gives a contradiction when 

r . 

If 3N , we know from Theorem 1 that the elliptic 
system (23) has no positive solutions. Therefore, we 

conclude that (22) is true for all 1N , that is, there exists 
a positive constant c such that 
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holds for all ),( 1 Ttt  . Integrating above inequality on 

),(),( 1 Ttt  and then letting T , we have 

stututTc ss
  /1/1

11 ),0(),0()( 1   
(25) 

Now, from Lemma 4, it follows that 

1,,2,1,),0( /1/1   siutu si
sii  

(26) 

for some suitable constants 
0i . Thus, (25) and (26) 

imply that 
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(27) 

for all 1
\),( tT QQtx 

. In order to obtain the analogous 

estimates on 11 ,, suu 
, we observe that from the 

symmetry assumptions it follows that  
1,2,,2,1,0  ssiui . Hence, from (1) and (27), 

we find that 111 1
)1( )()(),0(),0(  

  ssss tTCtTCtutu pp
sts

 . 

Integrating the last inequality on ),0( t , it follows that 

1)(),0(),( 111


  stTCtutxu sss
  

for all 1
\),( tT QQtx 

. Similarly, we can obtain the 
another estimates. Then the proof is complete.  

Finally, we give lower bounds for the blow-up rates. 

Theorem 3 Assume the conditions in Theorem 2 hold, 

then for ),( Tt  , there are positive constant 1c  such that 

sitTctu i
ii ,,2,1,)(),0(   (28) 

Proof. For ),0( Tt , since 
0 iu

at 0x  by the 
assumptions of Theorem 2, we see that 

ip
iit tutu ),0(),0( 1

. Together with Lemma 4, we obtain 
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Integrating (29) over ),(),( Tt    and then letting 

T , we get the inequalities (28) hold for ),( Tt  . 
The proof is complete. 

Remark 2 Combining Theorems 2 and 3, we conclude 
that the blow-up rates of radial positive solutions of the 
reaction-diffusion system (1), (3) and (4) under the 
conditions of the theorems are 

sitTOtu i
i ,,2,1),)((),0(   , as t  tends to T . 
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