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Abstract—This paper investigated oscillatory properties of
solutions for nonlinear parabolic partial differential equations
with impulsive effects under two different boundary conditions,
by using integral averaging method, variable substitution and
functional differential inequalities, established a series of
sufficient conditions. It solved a new problem to some extent.
We provided two examples to illustrate the results.
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I.  INTRODUCTION

In this article, we discuss oscillatory properties of
solutions for the nonlinear impulsive parabolic equations of
neutral type with continuous distributed deviating arguments
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‘J:Q(tvx!)f(tr(la(t,é),x))dw(é), t#t,(LX) eR" xQ=G,

u(t!, x)-u(t;,x) =hut,,x), k=12 @)
with the boundary conditions

u=0, (t,x) e R" x3Q, 3)

M ot )u=0, (t,X) R x00 (4)

on
and the initial condition
u(t, x) = d(t, x), (t, X) e[-4,0] x Q.

Here QcRR" is a bounded domain with boundary 6Q
smooth enough and n is the unit exterior normal vector
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of 0Q , max_ . {t-p(t,&),t-7()t-o(t,{)}<2 a positive
constant, @(t,x) e C*([-4,0]xQ, R) .

We will use the following conditions:

(H1) a(t) , b (t) e PC(R",R") ,
q(t, x,&) e C(R* xQx[y,5],R") ,
9(t,&) e PC(R" x[e, BLR") ; p(t,&) eC(R" x[e, AL R)
7,(t)eC(R",R) , o(t,{)eC(R" x[y,5],R) such that
t—pt,&)>0 , t>t—1>0(t,¢) ,
lim_,, min,, , p(t.&)=o lim_,, 7 (t)=x ,

. . p
lim_,, min., s0(t.{) =, _L g(t,f)dl](é:)ﬁho <1,
where h, and : are constants, PC denote the class of

functions which are piecewise continuous in t with
discontinuities of first kind only att =t, , and left continuous

at t=t , k=12 , p,5=t , j<k
i=12--,9(t.5)=>1+b)g(t.<).

(H2) —n(&) , w(¢) are nondecreasing functions on
[e, 8] and [y,6] , respectively; h(u) , h(u)eC'(R,R) ,

f(ueC(RR) ; f(u/u>=C a positive constant,
u=z0 ; uh'(uy=0 , uh(u)=0 , h(@©)=h(©0)=0 ,
o(t,x) eC(R" x0Q, R) ,
hWet,x)=0 , hWe(z(t),x)=0 , =121 |,
O<t <t,<---, lim_, t =oc0.

(H3) u(t,x) is piecewise continuous in t with
discontinuities of first kind only att =t, , and left continuous
att=t,, u(t,,x)=u(t ,x),k=12,--.



Let us construct the
sequence {3 ={tIo{t, ot yoft, 3 :
{t ={tlpt. =t} . {3={tIz®=t}

where

ft 3={tlot ) =tyand§ <T,,,i=12,-1; k j=12,--.

We introduce the notations:

T, ={(t.x):te(T,T,)xeQ} = grk () = [ u(t,x)dx

T ={tx):te(@,1,)xe} T=uTlk ,
Q(t,¢) =minq(t,x,c) .

The solution ueC2(I')NCHI) of problems (1), (3)

((4)) is called non-oscillatory in the domain G if it is either
eventually positive or eventually negative. Otherwise, it is
called oscillatory.

As is well-known, oscillatory properties of partial
differential equations are significantly important both in
theory and application. The developing theory of partial
differential equations have been applied in many fields, such
as biology, chemistry, engineering, theoretical physics,
generic repression, climate model, and so on. In the last few
years, the fundamental theories of partial differential
equations with deviating arguments have undergone
intensive development. We can see lots of studies [1-4]
which have been done under the assumption that the state
variables and system parameters change continuously.
However, one may easily visualize situations in nature
where abrupt change such as harvesting or disasters may
occur [5]. These phenomena are short-time perturbations
whose duration is negligible in comparison with the duration
of the whole evolution process. Consequently, it is natural to
assume, in modelling these problems that these perturbations
act instantaneously, that is, in the form of impulses.

In 1991, the first paper [6] on this class of equations was
published. However, we only find a few of papers on
oscillation theory of impulsive partial differential equations.
Recently, Bainov, Minchev, Luo, Fu, Liu, Xiao [7-13]
investigated the oscillation of solutions of impulsive partial
differential equations with or without deviating arguments
and Du, Zhang, Shoukaku [3,14,15] discussed the oscillation
of solutions of partial differential equations with continuous
distributed deviating arguments. However, there is a scarcity
in the study of oscillation theory of nonlinear impulsive
parabolic equations of neutral type with continuous
distributed deviating arguments.

II. OSCILLATION PROPERTIES OF THE PROBLEM
D, @
For the main result of this article, we need following
lemma:

Lemma 2.1 [16]
Let p=const.>0 , a,(t) , p(t) e([0,+wx),R) be locally
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summable functions and p(t) >0; y(t,)=y(t, ), k=12,---.
If the following condition is satisfied

.. t s -1 1
tllrzlmfj.w p(s)exp(J'sj)aO(r)dr) IT @a+d) ds>ga

S—p<t <s

then the following differential
eventually positive solution.

y'(t) +a,()y(t) + pt)y(t—p) <Ot =0t =t,
y(t) - y(t) =dcy(t)k =12,

The following theorem is the first main result of this
article.

Theorem 2.1 Suppose that the conditions (H1)-(H3) and
the following condition (5) hold

inequality has no

timinf [ T @+ bk)’ldsjjca— h)Qy (s, O)d (&) > % )

S—1<ty<s

Then each solution of the problem (1)-(3) oscillates inG .

Proof Suppose that the assertion is not true and u(t, x) is

a non-oscillatory solution of problem (1), (3) inG . Without
loss of generality, we may assume that there exists
aT>0,t>T such that u(t,x)>0 , u(p(t,&),x)>0 ,

u(z,(t),x)>0 , i=12,---1 , u(o(t¢),x)>0 for any
(t,x) €[ty, +0) x Q.

Fort>t,,t=% , k=212, integrating (1) with respect
to x over Q vyields

%[ Jutt a9t ), u(p(. )06 | a0, bt

B0, h(u(a )0 k| da )], a6 % 6) T (a6, Do
By Green's formula and the boundary condition, we have
J'Q h(u)Audx = LQ h(u) 2—zds — _[Q h'(u) |gradu|2 dx
— _.Lz h'(u)|gradul® dx <0,
jg h (u(z; (t), X)) Au(z, (t), X)dx <O.
From condition (H2), we can easily obtain
[, att %O F(u(o(t. ). )= CQ(L ) |, u(o(t. £), X)dx
From the above it follows that
10+ [ 9 ot DN +c] ot ey <o, (6)

In inequality (6), set W(t):Htogk<l(1+bk)’lv(t) , we
obtain the following results: (1) w(t) is continuous
on [t,,+) ; (2) Inequality (6) has no eventually positive
solution if inequality (7) has no eventually positive solution.



%[w(t)+jfe(t,g)w(pa,f»dn(z:)hc [ ot emiotghiolg) <>

where
Gt = [ @+b)*gté)
p(t,)<f <t
Q.= J] @+b)'Qt.¢<).
o(t,¢)<f <t

In fact, v(t) is continuous on each interval (%% ,], and
in view of v( ") = (1+ b )v(i, )., it follows that for allt > t, ,

wE) = T @+b)™vE) = [T @+b)*v(E)=w(i):
<<t o<t <§

w(t) = H (@+b) vt ) = H (@+b) () =w(k) °

< l

which implies that w(t) is continuous on [t,,+o).

d
dt

=d{H(1+bk)1V(l)+Jﬂ [T @) 'td) I] (1+bk)1v(p(l,§))dn(§)}

dt Lt ¢ e h<kep(td)

H L+ )

bek<o(td)

)+ Mol D0 < Qb Motk

sof ] ehyQng

"ot

- 1048 G 00 s Mol )] O Mot o) <0
<t !

which implies that w(t) is a positive solution.

(a(t,O))do(¢)

Now in inequality (7), set

y(t) =w(t) + LﬁG(t, SW(p(t,£)dn(S) - ©)
Hence we have

y(O+CJ QOO OHda) <0 t2t, t#T,  (9)

Fort>t, t=%,k=12,---, since w(t) is continuous on
[t,,+) and G(t", &) =G(%, <), it is easy to verify that

y(&)=y() (10)
From inequality (9) and (10), it is easy to see that y(t) is
nonincreasing on [t,,+) . Noting that -n(&) is

nondecreasing, then we can obtain

AL ) LML NENC] Qo k)
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21, ¢tk,(7)

it = (0~ 60 mpt )it
=10~ [ 60 2y(0(t.2) - [ ot 2 Molott . D)n(ENen()
2y(0)- [ 6t &)y (olt )t

>(1- 6ty
Z(:l_ho)y( )|
W(o(t,£)) = (1-hy)y(o(t,£)) = A-hy) y(t—1).

Therefore, we get

Y(O+Cl-h)YE-0] Qb £) <Ot t2E, qan

Hence, we obtain that y(t) >0 is an eventually positive

solution of differential inequality (10), (11). But according
to Lemma 2.1 and condition (5), the differential inequality
(10), (11) has no eventually positive solution. This is a
contradiction. This ends the proof of the theorem.

I11. OSCILLATION PROPERTIES OF THE PROBLEM
1), 4)
The following theorem is the second main result of this
article.

Theorem 3.1 Suppose that conditions (H1)-(H3) and the
following conditions (12) hold

timinf [ T (1+bk)’1ds'|'jC(lfho)Qo(s,;)da)(g)>%v (12)

Then every solution of the problem (1), (4) oscillates
inG.
Proof Suppose that the assertion is not true and u(t, x) is

a non-oscillatory solution of problem (1), (4) inG . Without
loss of generality, we may assume that there exists a
T>0 t,>T such

that u(t,x) >0, u(p(t £),x)>0,u(z(t),x)>0, i=12,-1,
u(o(t, &), x) >0 for any (t,x) e[t,, +0) xQ.

Fort>t,, t=% k=12,
to x over Q yields

integrating (1) with respect

(ﬂj 9t [ 5001, (08t =0 s

Zb.(t)jo_hi(u(r(t) (000 | Qi) %) Ul £ e

By Green's formula and the boundary condition, we have



0 :
_[Q h(u)Audx = J'BQ h(u) a—Eds - _[Q h (u)|gradu|2 dx

. 2
=— IaQuh(u)w(t,x)ds— J'Qh (u)|gradul” dx
< —th '(u)|gradu[® dx < 0

jQ h, (u(z; (t), X)) Au(z, (t), X)dx < 0.

The rest of the proof is similar to the one in Theorem 2.1,
so we omit it.

IV. REMARKS AND EXAMPLES

Remarks From the theoretical viewpoint, the results of
this paper, uncovered the essential difference between
partial differential equations with impulses, functional
arguments and partial differential equations without
impulses, functional arguments; from a practical standpoint,
they are very convenient because these criteria only depend
on the coefficients of the equations, impulsive term and the
time-delays. The results of this article improve the results in
the papers [10, 17, 18]. For example, paper [19] discussed
the case with discrete distributed deviating arguments;
however, we consider a more complex case with continuous
distributed deviating arguments in this article.

The following are examples to illustrate the applicability
of the conditions.

Example 4.1 Consider the equation

9 et
—[u(t,x) +L 1

3r ) tap T T
P u(t+§—7,x)d(—§) =U"Au+eu (t—E,x)Au(t—E,x)

£ .
—'[,f O +D)eut-¢,x)e” s, t>1t# 24 (tx) e R xQ=G,
2
K+1y+ k+1y— 1
u((2)" x)—u((2*) ,x) =

P u“tx), k=12,

with the boundary condition

u=0,(t,x)eR"xoQ2,
e

where g(t,&) =%, pt.5)=t+S-F , n()=-< .
a(t)=1, h(u)=u’ , b)=e', hu)=u®, 5{)=t-% ,
qt,x, &) =(x2 +1)e" ¢, f(u)=ue” , o(t,&) =t—¢ 1, =25,
It is easy to verify that the conditions (H1)-(H3) and the

condition of theorem 2.1 are satisfied. Hence all solutions of
the above problem oscillate.

Example 4.2 Consider the equation

5yt

% u(t,x)+js2§eTu(t—§,x)d(—§) :uzAu+e‘u2(t—§,x)Au(t—%,x)

-jz”(xz+1)e"<u(t-§,x)e“z("v’*)dg, t>1t22 (£ X) eR"xQ=G6,

1

u(2)" ¥ -u(@") 0 = S

u2“t,x), k=12,---,
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with the boundary condition

2—u+t2x2u =0, (t,x) eR" x0Q,
n

where g(t,&) =<, p(t,&) =t—& , (&) =&, a(t) =1,
h(uy=u? , b(t)=e" , hu=u , gt)=t-z |,
q(t, %, &) = (2 +2)e, f(u) =ue” , o(t,{) =t —¢ , t, =2
,o(t,x)=t°x*. It is easy to verify that the conditions of

Theorem 3.1 are satisfied. Hence all solutions of the above
problem oscillate.
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