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Abstract--Connectedness is an important property in topology
space. Based on the definition of connectedness, in this paper,
we defined strongly connectedness, that is, the connected
spaces were enlarged by concept of the connectedness. It can be
found that strongly connected spaces have many interesting
properties. Meanwhile, locally strongly connected space and
strongly connected component were investigated.
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I. INTRODUCTION

Connectedness [1,2,3] is an important aspect of the
research in topology space, which has received considerable
attention in many fields, with its relative notions used in
both mathematic fields such as algebra, geometry, graph
theory, ect. And non-mathematic fields such as geographical
information system, etc. Meanwhile, it is also involved in
the design field of robot kinematics whose technology is
now under rapid development.

Although the notion of connectedness is simple, it exerts
far-reaching impacts on topology and its application. As to
the widely used intermediate value theorem, the key is to
guarantee the connectedness of space.

The study on connectedness started when the great
mathematician Euler solved the problem of Konigsberg
seven bridges. Euler pointed out that “one picture can be
drawn with one line only when it is connected and it has no
odd vertices or it has two odd vertices”. At that time, the
notion of connectedness was not very clear. With the
establishment of topology, as one of its invariance, related
properties and conclusions appeared successively. Then, the
combination of connectedness with countability, separability
and compactness enriched the conclusions that had been
independent but with many condition constraints. As a result,
many practical counterexamples appeared. For example,
Roy [4] constructed a countable Hausdorff connected space,
Martin [5] also constructed such a space and pointed out that
“Does there exist a countable Urysolln connected space?
The answer is affirmative. Roy, Kallnan [6], Miller [7] all
made related constructions. Bing [8] constructed a countable
Hausdorff connected space but it was not strongly connected
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space. Reference [9] has given connected subset of R2 but

it is not strongly connected space. More discussions about
strong connectivity can be found in references [11,12,13,14].

Since American cybernetic expert professor LA. Zadeh
put forward the notion of Fuzzy subset in 1965, fuzzy
mathematics has made substantial progress, which has
opened new ways of thinking for researches in
connectedness. There are many scholars who have combined
connectedness with fuzzy mathematics and conducted
further studies.

Strong connectivity is a special connectedness, but there
aren’t many in-depth studies on strongly connected space in
fuzzy mathematics. This paper mainly conducts related
studies on strong connectivity in general topology and
discusses the characteristics of locally strong connectivity.

Il. CONCEPT OF STRONGLY CONNECTED SAPCE

When discussing the concept of connectedness, we often
come across the equivalent criterion that a space is
connected if and only if any continuous map from it to the

discrete space {0,1} is constant. It would be interesting to
see what concept arises if the discrete space of two points is
replaced by some other spaces.

The definition of connectedness, a space is connected if
and only if any continuous map f from X to the discrete
space {0,1} is constant. It is natural to seek a similar

definition for strongly connected spaces. The concept of
strongly connected space is obtained by replacing the

discrete space {0,1} by some other space.

Definition 2.1 A space X is strongly connected if and
only if it is not a disjoint union of countable many but more
than one closed set.

Definition 2.2 A subset Y in a space X is said to be
strongly connected if the subset Y with the subspace
topology is a strongly connected space.



According to the above definition, Y is a strongly
connected space if and only ifY is not a disjoint union of
countable many but more than one closed set.

Note the similarity between this definition and that of
connectedness.

If X is connected if and only if

X#EUE, , E=E#@ , E=E=0 ,

EENE,=0.
If X is strongly connected spaces if and only if
X#EUE, UE,U---

E, :E =D, ENE; =9, (i#]))ij=123".
There is another equivalent criterion, which is often

taken as the definition. It makes use of the concept of
continuous map.

A space is connected if and only if any continuous
map T from X to the discrete space {O,1} is constant.
Similarly, we can seek the concept of strongly connected
spaces.

Definition 2.3 Let Z be a topological space with more
than one point. A space X is strongly connected spaces if
and only if any continuous map from X toZ is constant.

Proposition 2.1  Definition 2.1 and definition 2.3 are

equivalent definitions.

Proof: = If X is strongly connected
let f : X — Z is continuous map .

spaces,

Since f(X) is strongly connected and the only strongly
connected subset in Z is one point set. Therefore, f is
constant map.

<= Suppose X is not strongly connected spaces,
namely X =UE;,i=12,---.

Define f: X »Z, f(x)=i, xeE;.

Then this f is continuous and not constant. It
contradicts the strongly connectedness of X .
Note that in the above definition , Z is restricted to be a

space with more than one point. Otherwise, the image of
X is always constant and the definition makes no sense.

I1l. PROPOSITION OF STRONGLY CONNECTED
SPACE

Proposition 3.1 A continuous
connected space is connected space.

image of strongly
proof : Let X be any strongly connected spaces,
let f : X — Z be a continuous surjection.

Suppose f(X) is not strongly connected spaces, by
definition,
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f(X)=E VE, UE,U---,
E=E=0,ENE =0, (i=j), i,j=12

Since f is continuous, and the inverse image of closed
sets are still closed, i.e., f*(E,)is closed, then

X=fHE)UINE)UTHE)U--.
It contradicts the strongly connectedness of X , therefore
f (X)is strongly connected spaces.

Proposition 3.2 A strongly connected space is connected
spaces.

proof: Since Z has at least two points, there exists a
continuous injection i such that i:{0,1} >Z , for any
continuous map

f:X —{0,1}
Then i~ f also a continuous function.

Now X is connected, by definition, f is constant,

therefore X is connected.

Proposition 3.3 If {Xa} is a collection of strongly
connected subspaces of a space X such that ﬂa X, 9D,
then Ua X, is strongly connected spaces.

proof : Let fIUaXa—>Z be any continuous map and
i:X, =, X, be the inclusion map.

Since Xa is strongly connected,
fei: X, >Z

is continuous and constant, and ﬂaxa #Q, so there

exist a Psuch that pe X, for all ¢ . Then therefore fis
constant.

Proposition 3.4
Let AcX,BcX and AcBc< A , Ais strongly
connected spaces, then B is strongly connected spaces.

Proof: Suppose B is not strongly connected spaces, and
B=\JE,, E =E =@,
ENE =G,@{=]),i,j=12,--.

AB is strongly connected, S0
AcE or AcE; (i#]) .we can suppose ACE and

AcE cB,then

Since

B

RBQE,K :ZﬁB:BQE-



Therefore B=E, . It contradicts with the given
conditions, so B is strongly connected spaces.

Proposition 3.5 The topological product of an arbitrary
family of strongly connected spaces is strongly connected.

proof: First, suppose X ,Y is strongly connected spaces,
we prove X xY is strongly connected spaces. Let

(a,b) e X xY ,(c,d) e X xY,
Then X X {b} and {C} xY is strongly connected,
X x{b}N{c}xY = (c,b).

By Proposition2.3, Xx{bjU{c}xY s

connected.

XY =J{(x x{oh Ufe}<v))
X x{bHU(e}xV)f=(ab).

Then X xY is strongly connected spaces.

strongly

Next, suppose an arbitrary family {Xs}ses is strongly

connected spaces, there exist &, € XS forallse S .

Suppose R = {T Tc S} ., T is finite,

U

seS

forallT eR

S

By above conclusion: {CT }TeR is strongly connected
spaces.

Since ﬂ CT #J and C= U C is strongly connected

TeR TeR
spaces.

We prove C is dense setin l_s[Xs , e, C =HXS .

seS
In fact, let U =HU be open neighbourhood of X and
X be a given point in X.UNC =, thenU,_, € X is
opensetand U, = X _ forsgT .

We suppose ce X such that c=b for seT
Sincece X, ceC andc €U .Thus

c=xXxeUforseTand c=beXforsgT

Therefore UNC =&, ie.C :H X, . By Proposition

seS

34, H X is strongly connected spaces.
seS

584

IV. PROPOSITION OF STRONGLY CONNECTED
SPACE COMPONENT

Definition 4.1 A strongly connected component C, is
defined as the largest strongly connected set in X which
contains the point. See [15, 16]

By definition, let E be strongly connected set
in X and C, be strongly connected component,
then EcC, , ie., any strongly connected set in X is

included in a strongly connected component.

Proposition 4.1  Any strongly connected set A in X is
included in the uniquely strongly connected component.

proof: Suppose A is strongly connected set A in X ,
R ={F cX|F is
set, FN A=} ,Y:UF

FeR

strongly connected

Then AcY . By Proposition 3.3, Y is strongly
connected.

Suppose B oY is strongly connected set inY

thenBNA=A=J,andBcR, BcY , therefore Y is
strongly connected component.

Suppose Y ' is strongly connected component in A ,
thenY'e RandY 'Y,

Since Y 'is largest strongly connected set, thusY '=Y .

Proposition 4.2
in X is closed.

Each strongly connected component

proof . Let A be strongly connected component,
i.e., Ais largest strongly connected set in X containing

P .By Proposition 2.4, A is strongly connected, and A 5 A,
then A= A . Therefore strongly connected component
Ain X is closed.

V. PROPOSITION OF LOCALLY STRONGLY
CONNECTED SPACE

Definition 5.1 A space is locally strongly connected at a
point X, if every neighbourhood U of X contains a strongly
connected neighbourhood V of X, suchthat xeV < U .

X is said to be locally strongly connected if it is locally
strongly connected at each of its points.

Proposition 5.1 Strongly connected component of locally
strongly connected spaces is open.

proof: Suppose X is locally strongly connected spaces,
its topological base 3 such that VB, € 3 B, is strongly
connected.

Let A be strongly connected component in X . There
exist B e 3 for X e A, such that x e B. By definition of



strongly connected component, B — A, then A is the union
of open set, therefore it is open.

Proposition 5.2  Let X be locally strongly connected
spaces, and A — X is open set in X , then A is locally
strongly connected.

proof: Let X be locally strongly connected spaces, its
topological base 3 such that VB, € 3 B, is strongly
connected.

Suppose A is open subspace, then

r={Be Bc A}

is strongly connected open set, then A is locally strongly
connected spaces.

Proposition 5.3  Let X be locally strongly connected

spaces, X is connected if and only if X is strongly
connected.
proof : <= : Suppose X is strongly connected, by

Proposition 3.2, X is connected.

= : Suppose X is connected and locally strongly
connected, A is the strongly connected component of X ,
by Proposition 4.2, Ais open in X .By Proposition4.3, Ais
closed in X .

Since X is connected, A = X . Therefore X is strongly
connected.

Proposition 5.4
and X,NX,=,(a¢#p) , then fe-aD X, is locally
if VaeD, X, is

{X,},., are the family spaces

strongly connected spaces if and only
locally strongly connected spaces.

proof: < LetX =@ X, By the given conditions,
VaeD, X, is locally strongly connected spaces. VX e X ,
there exist x € X, foray € D.

Suppose U containing X is open in X , thenU U X is
open in XD,1 , and XO,1 is locally strongly connected spaces,

thus there exist strongly connected open setV in Xa1 , such

thatx eV cU f\XOl1 cU .

Since X, is open set in, thenV is strongly connected
1
open set in X , therefore a('EBD Xa are locally strongly
connected spaces.
= : Suppose QGEBD Xa is locally strongly connected

spaces, Va e D,xe X, , and U containing X is open set
of X, ,then X e X , and U containing X is open set of X .
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Since X is locally strongly connected spaces, then there
exist strongly connected open set V in X , such

that xeV <U , and X, is open and close subspace,
therefore V is locally strongly connected open setin X , i.e.,
X is locally strongly connected spaces.
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