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Abstract

D. Molodtsov (1999) introduced the concept of a
soft set as a new approach for modeling uncertain-
ties. The aim of this work is to define special kinds
of soft sets, namely soft, L-fuzzifying soft, L-soft,
and L-fuzzy soft neighborhood sets and to use them
in order to give an alternative characterization of
categories related to topology: crisp topological,
L-topological, L-fuzzifying topological and L-fuzzy
topological spaces.
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1. Introduction

In 1999 D. Molodtsov [12] introduced the concept
of a soft set and started to develop basics of the the
corresponding theory as a new approach for mod-
eling uncertainties. The aim of this notion was to
make a certain discretization of such fundamental
mathematical concepts with essentially continuous
nature as a limit, continuity, a derivative, an inte-
gral, etc., thus providing new tools for the use of
the machinery of mathematical analysis in applica-
tions. To achieve this aim a certain parametrization
of a given set X was proposed thus resulting in the
concept of a soft structure over the set X.

As usually, new perspective ideas draw attention
both of mathematicians working in the field of pure
mathematics as well as of researchers in the areas
of applied mathematics. Specifically, the special-
ists found the concept of a soft set well coordinated
with such modern mathematical concepts as a fuzzy
set and a more general, multi-valued set. These
ideas have resulted in a series of works where soft
versions of fuzzy mathematical concepts were real-
ized. In particular, the concepts of soft topologies
[3], fuzzy soft topologies [14], soft rings [1], fuzzy
soft rings [15] etc., were introduced. On the other
hand the aim of this work is not a generalization
of classical mathematical concepts in the frames of
the theory of soft sets, but rather a reinterpreta-
tion of known, non-soft mathematical concepts by
means of terminology borrowed from the theory of
soft sets. To be more precise, in this work we are
interested to interpret categories related to topo-
logical spaces ( namely, crisp topological spaces, L-
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topological spaces ([4], [6]), L-fuzzifying topological
spaces ([7], [21]) and L-fuzzy topological spaces ([9],
[19], [20])) as special categories of soft sets. The re-
stricted volume of this work does not allow us to
give proofs - there is only one theorem (Theorem
3.12) given with proof in order to illustrate how the
machinery of soft sets can be used in the study of
these categories. The detailed research of these cat-
egories and some other categories defined on the
basis of soft neighborhood sets will be considered in
a paper which is now in preparation.

2. Preliminaries

Throughout this paper, let X be a nonempty set
refereed to as the universe, and let £ be the set of
all parameters for the universe X.

Definition 2.1 (¢f [12, 13]). Let X be a uni-
verse set and FE be a set of parameters. A pair
(M, E) is called a soft set over X if M is a map-
ping from E into the set of all subsets of the set X,
ie, M : E — 2%, In what follows we denote a
soft set (M, E) over X as a triple (M, E, X). The
mapping M : E — 2% will be referred to as a soft
structure on the set X and the triple (M, E, X) will
be referred just as a soft set.

Remark 2.2 [Soft sets versus fuzzy sets]

The concept of a soft set is sometimes compared
to the concept of a fuzzy set, or more generally, to
the concept of an L-fuzzy set. Indeed, these con-
cepts have some unifying features. Both of them
were "invented" to make "a revision" of the classi-
cal fundamental mathematical concept of a set in
order to make it more suitable for describing ap-
plied problems, in particular, to deal with ill-posed
problems, and to develop mathematical models for
processes inherently having uncertainty in their de-
scription. Moreover, there is also obvious similarity
in the formal definitions of soft sets and L-fuzzy
sets. Indeed, let A : X — L be an L-fuzzy sub-
set of a set X. Defining for each a € L a subset
Ay ={z| A(z) > a} C X we obtain a level decom-
position (sometimes called the horizontal represen-
tation [5]) of the fuzzy set A:

A: X - L« {A,|a€ L}

Thus actually an L-fuzzy set A is realized as a soft
structure M4 : L — 2% where M4(a) = A, and



the set of parameters is realized by the lattice L, cf
also [16]. On the other hand having a soft struc-
ture M : E — 2% on X, sometimes it is possi-
ble to interpret it as a horizontal representation of
an E-fuzzy subset Ay : E — 2% of the set X.
(We can not go into the details here). However the
analogy between the concepts of fuzzy sets and soft
sets is quite limited. Concerning the philosophical
backgrounds of the two concepts, the essential dif-
ference is that fuzzy sets are based on the concept
of the degree of belongness, thus making use of a
certain "continuous version" of the belongness pred-
icate. On the other hand the idea of a soft set, as
it was already mentioned in the Introduction, is the
opposite one - namely, to make a certain discretiza-
tion of inherently continuous concepts of analysis.
Further, concerning the formal part of the defini-
tions. The definition of a fuzzy set essentially relies
on the structure of complete lattices — the subsets of
X in the horizontal representation of an L-fuzzy set
A are ordered by partial order realized by inclusion
and besides the bottom X = Ay and the top A; ele-
ments are inherently present in this representation.
On the other hand the set of parameters used in the
definition of a soft set need not have (and usually
indeed does not have) any structure and therefore
parametrized by the elements e € E subsets M (e)
of X need not be related.

Definition 2.3 Given two soft structures M,
E — 2X M, : E — 2% over the set X we say that
M, is weaker than My (and My is stronger than M)
if My(e) C Ma(e) for every e € E. We write in this
case My < Ms.

In what follows we shall often use the following
statement the proof of which is straightforward:

Theorem 2.4 [Lattice of soft structures]

Let a pair (E, X) be given and let M be the set of all
soft structures M : E — 2% on the set X equipped
with the partial order <. Then (M, <) is a com-
plete lattice where the supremum and the infimum
of a family {M; | i € I} are defined respectively
by Ve, Mi(e) = Use, Mile) and Ae, Mie) =
Mic; Mi(e). In particular the top and the bottom
elements in the lattice M are given respectively by
Mr(e)=X Vee E and M, (e) =0 Ve € E.

To consider soft sets as a category we have to
specify morphisms between two soft sets.

Definition 2.5 Let v : E — F and ¢ : X — Y be
two functions. Then the pair (¢, ¢) : (M, E, X) —
(N,F,Y) is called a soft mapping from (M, E,X)
to(NJEY)if o7 oM = Nov:

E4M>2X
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where ¢ : 2% — 2Y is the forward powerset oper-
ator induced by the mapping ¢ (see e.g. [18]), that
is o (A) := p(A) for every A € 2%.

Remark 2.6 Note that in [3] a soft function from
(M,E,X) to (N,F,Y) is defined just as a pair of
functions (¢, ¢) : (M,E, X) — (N, F,Y) without
specifying any relations between mappings ¢ : X —
Y and ¥ : E — F. In our opinion this does not
allow to include soft sets in the reasonable categor-
ical frames, therefore we redefine this definition as
above.

Since componentwise composition of two soft
mappings (¢, ) : (M,E,X) — (N,FY) and
W',¢") : (N,F,Y) = (P,G,Z) is obviously a soft
mapping

(W' o, ' 0p): (M,E,X) = (P,G,Z)

and the pair of identities (idg,idx) : (M, E,X) —
(M, E,X) is the identical soft mapping, soft sets
and soft mappings between them form a category
which will be denoted SOFSET.

Let (M,E,X) and (N,F,Y) be two soft sets
and (¢, ) be a soft function from (M, E,X) to
(N,F,Y). The image of (M, FE, X) under the soft
function (¢, ¢) is defined by (¢, )(M,E,X) =
(p(M),¥(F),Y), where ¢(E) is the image of E in
the category SET and (M) is defined by the Zadeh
extension principle, that is

SO0 = | e(Me), vfeF
ble)=f

see e.g. [3].
The pre-image of (N, F,Y) under the soft func-
tion (v, ¢) is defined by

() H(N,F,Y) = (¢" o Not,p H(F), X)

where ¢ ~1(F) is the preimage of F in the category
of sets and the mapping ¢* is the backward oper-
ator induced by the mapping ¢ : X — Y, (see e.g.
[18]) that is

Ve e ¢ (F),

(¢ o Now)(e) =" (N(y(e))),

cfeg. [3]

Definition 2.7 For two soft sets (M, FE,X) and
(N,F,Y), we say that (M, E,X) is a soft subset
of (N,F,Y) and write (M, E,X)C (N,F,Y) if

(i) XCY
(i) E C F and
(iii) For each e € E, M(e) = N(e)N X.
Two soft sets (M, E, X) and (N, F,Y) are said to

be equal if (M,E,X) C (N,F,Y) and (N,F,Y) C
(M,E,X).



Remark 2.8 From Definition 2.7 and Theorem 2.4
it is clear that the soft subset (M, E, X) of a soft
set (N, F,Y) can be characterized as the initial soft
structure M : E — 2% for the mapping (3, ) :
(E,X) — (N, F,Y) determined by a pair of inclu-
sion functions ¢ : X — Y and ¢ : E — F in the
category SOFSET. Hence a soft subset (M, E, X)
of a soft set (N, F,Y) is indeed its subobject in the
category SOFSET.

Definition 2.9 [Construction of the product]
Given two soft sets (M, E, X) and (N, F,Y’) we con-
sider the triple (M x N, E x F, X xY) where the
mapping M x N : E x F — 2X%Y ig defined by

(M x N)(e, f) = M(e) x N(f) € 2% x 2¥ C 2%*Y.

One can easily see that the pairs of projections pg :
ExXF—FE gx: XxY—>Xandprp: ExXF — F,
qy : X XY =Y determine morphisms

(PE,ax) : (M XN, EXF, XxY)— (M,E,X) and

(pr,qy): (M X N,EXF, X xY)— (N,F|Y).

Further, let P be the family of all soft structures
Pon (E x F, X xY) for which

(pE,ax): (P,EXF,XxY)— (M,E,X) and
(pr,qy) : (P,EXF, X xY)— (N,FY)

are morphisms in the category SOFSET and let
Py := A\P. Then (Py, E x F, X xY) is the product
of soft sets (M, E, X) and (N, F,Y) in the category
SOFSET.

Definition 2.10 [Construction of the coprod-
uct] Given two soft sets (M, E, X) and (N, F,Y)
we define their coproduct as the triple (M @& N, E @
F,X@Y) where E®F and X @Y are discrete sums
of the corresponding sets and the mapping

M@&N:E®F —2X @2Y C2XoY

is defined by (M @ N)(e) = M(e) € 2X%Y ife € E
and (M @ N)(f) = N(f) € 2X®Y,

One can easily see that the pairs of inclusions i :
E—-E®F, jx: X—>X@Yandip: F > FE®F,
jy : Y - X @Y determine morphisms

(iE,jX) : (M,E,X) — (M@N,E@F,X@Y) and
(ip,jy): (N,F,Y) > (M®N,E®F,X®Y)

and that coproduct defined above is indeed the co-
product in the category of soft sets.

3. Soft neighborhood sets

In this section we characterize the category of topo-
logical spaces TOP as a certain subcategory of the
category SOFSET and discuss relations between
the two categories. Throughout this section, given
a set X we take it as the set of parameters and the
exponent 2% as the set over which the soft structure
is being constructed. Thus all soft sets considered
here are described by triples (M, X, 2%).
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Definition 3.1 Let (U, X,2%) be a soft set, i.e.
U: X 22 WecalU: X — 22 ¢ soft neigh-
borhood structure on X and the triple (U, X,2%) a
soft neighborhood set if for every x € X the family
U(z) := U, € 2% satisfies the following conditions:

(N1) If U € U(x), then z € U;

(N2) If U € U(z) and U C V, then V € U(x);

(N3) If U,V € U(z), then UNV € U(x);

(N4) If U € U(zx), then there exists V' € U(z) such

that V' € U(y) whenever y € V.

Let NSOFSET denote the category of soft
neighborhood sets, that is the full subcategory of
the category SOFSET of soft sets and soft map-
ping, whose objects are soft neighborhood sets.

Theorem 3.2 Let (X,T) be a topological space and
for each x € X let i, be the family of neigh-
borhoods of a point x in this space. Further, de-
fine the mapping Uy : X — 227 by U ()
Uy, Then (Usg, X,2%) is a soft neighborhood set.
We call this soft neighborhood structure Us gener-
ated by the topology T and the soft neighborhood
set (U, X, 22X) generated by the topological space
(X, 7).

Conversely, given a soft mneighborhood set
(U, X,2%) we define a family Ty of subsets of X
by taking all U C X such that U € U(x) whenever
x € U. Then Ty is a topology on the set X and
{U(z) | © € X} is exactly the family of all neigh-
borhoods of a point x in this space. We say that
the topology Ty is generated by the soft structure U.
and the topological space (X, Ty) generated by the
soft neighborhood set (U, X,2%).

Besides Ug,, = U for any soft neighborhood struc-
ture U on a set X and Ty, =T for any topology T
on a set X.

Note that the proof of this (important in the con-
text of our work) theorem can be obtained just as a
reformulation in terms of soft sets of the well-known
characterization of topologies by means of neighbor-
hoods (see e.g. [8]).

In what follows we need to use the order = intro-
duced in Definition 2.3 in case when we deal with
soft neighborhood structures U : X — 22" There-
fore we analyze the relation < in this special case.
Note first that taking into account axiom (N2) in
Definition 3.1 for a fixed x € X we have

U OV, & VV, eV, AU, €U, such that U, C V.

Hence the relation =< on the set of soft neighborhood
structures

UX) = {U|U: X — 22}

can be realized as follows:



VU & (Vo e X,VV, €V,
U, € U, such that U, C Vi).

In its turn, referring to Theorem 3.2, this al-
lows to characterize continuity of a mapping v :
(X,Tx) — (Y,Ty) by the property

™)~

see the diagrams:

olU = Vo, where U := Ug,, V:=Vp,

X— 92X
wl lw*—«:
Y 2v
X u 22X
wl l@‘*
Y 92"

We summarize the obtained information as follows:

Theorem 3.3 Given topological spaces (X,Tx)
and (Y, Ty ), let v : X — 'Y be a mapping of the cor-
responding sets. Then the mapping v : (X,Tx) —
(Y,Ty) is continuous, i.e. a morphism in the cate-
gory TOP, if and only if

(1/)7 W%)—)) : (u’fvav 2X) - (uTY’K2Y)

is a soft mapping of the corresponding soft neigh-
borhood sets, that is a morphism in the category
NSOFSET.

From Theorems 3.2 and 3.3 we get

Corollary 3.4 Functor ® : TOP — NSOFSET
which assigns to a topological space (X,T) the gen-
erated soft neighborhood set (U, X,2%) and assigns
to a continuous mapping ¥ : (X,Tx) — (Y, Ty) the
soft mapping

(¥, (7)) : (Ugy, X, 2%) = (U, Y, 2Y)
is an isomorphism.

Let ¥ : NSOFSET — TOP denote the inverse of
functor ®.

Taking into account constructions of a subset and
the product of soft sets 2.9, 2.7 and the description
of a topological space as a soft neighborhood set
given in the previous corollary 3.4, we obtain the
following three propositions:

Proposition 3.5 Let (U, X,2%) be a soft neigh-
borhood set and A C X. Consider the mapping
Ug: A— 22" defined by Ua(a) = ANU(a) for each
a € A. The family Ua(x) = {ANU(z) | = € A}
satisfies conditions (N1)-(N4) and (U, A,24) is a
soft neighborhood subset of the soft neighborhood set
(U, X,2%).
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Proposition 3.6 Let (U, X,2%) and (V,Y,2Y) be
soft neighborhood sets. Then their product (W, X x
Y,2XXY) in the category NSOFSET is a soft
neighborhood set and the corresponding topological
space (X x Y, Tw) is the product of the topological
spaces (X, Ty) and (Y, Tvy) in the category TOP.

Proposition 3.7 Let (U, X,2%) and (V,Y,2Y) be
soft neighborhood sets. Then the coproduct (W, X @
Y,2X®Y) in the category NSOFSET is a soft
neighborhood set and the corresponding topological
space (X @Y, Tw) is the direct sum of the topo-
logical spaces (X,Ty) and (Y,Tv) in the category
TOP.

Example 3.8 Let (U,R,2%) be the ordinary real
line R viewed as a soft neighborhood set and let A C
R. Then the soft neighborhood subset (U, A,24)
of (U,R,,2%) corresponds to the subspace A of R.
The product of soft neighborhood sets

(U, R, 2%) x (U, R, 2%)

is a soft neighborhood set whose topological coun-
terpart is the plane R2.

Definitions of image and pre-image of a soft set
in case of a soft neighborhood set can be redefined
as follows:

Let (¢,(¥7)7) : (U, X,2%) — (V,Y,2Y) be a
soft mapping, that is a morphism in the category
NSOFSET

(1) The image of (U, X, 2%) under the soft map-
ping (1, (v 7)) is the soft neighborhood set on 2¥
defined by

(. (™)) X, 2%) = (7)) (W), w(x),2),

where
Vy €Y.

(2) The pre-image of (V,Y,2Y) under the soft
mapping (¢, (7)) is the soft neighborhood set

(0, @™)) T (V,Y,2Y) = (™) ToVoy,p (V),2Y),

see the diagram:

X u 22){

wi T(wﬁ)“

Y—v>22y

3.1. Topological properties of soft
neighborhood sets

Since there is a natural isomorphism ¥ between
the category NSOFSET and the category TOP of
topological spaces, one can introduce the following
general definition:



Definition 3.9 Let P be a topological property.
We say that a soft neighborhood set (U, X,2%)
has property P if and only if the topological space
(X, Tw) = ¥(U, X, 2%) has property P.

However in some cases it is possible to obtain
"nice" characterizations of topological properties
of soft neighborhood sets in the terminology of
NSOFSET, without applying their counterparts in
the category TOP. As the first example we charac-
terize lower separation axioms in soft neighborhood
sets.

Theorem 3.10 Let (U, X,2%) be a soft neighbor-
hood set. Then

1. (U, X,2%) is a Ty-soft neighborhood set if and
only if for all x,y € X, x # vy, it holds

U(z) # Uly)-

2. (U, X,2%) is a Ty-soft neighborhood set if and
only if for all x,y € X, x # vy, it holds

U(z) \ Uly) # 0.

3. (U, X,2%) is a Ty-soft neighborhood set if and
only if for all x,y € X, x # y, there exist U, €
U(z) and Uy, € U(y) such that U, N U, = .

To characterize compactness in the terms of soft
neighborhood sets it is convenient to introduce the
notion of a choice function in a soft neighborhood
set (U, X,2%). Namely by it we mean a function
c: X — 2% such that c¢(z) € U(z) for each z € X.
Given a set A C X we denote c(A) = J e 4 c().
Obviously ¢(X) = X for each choice function. Now
it is clear that compactness can be characterized as
follows:

Theorem 3.11 A soft neighborhood set (U, X, 2%)
is compact if only if for each choice function
c : X — 2% there exists a finite set X, =
{z1,...,2,} C X such that ¢(X.) = X.

To illustrate the work of this characterization of
compactness in the context of soft neighborhood
sets we give a "soft proof" of the well-known state-
ment that a continuous image of a compact space is
compact.

Theorem 3.12 Let (U, X,2%) and (V,Y,2Y) be
two soft neighborhood sets and (U, X,2%) be com-
pact. If ¥ : X =Y is surjective and (¢, (7)) :
(U, X,2%) — (V,Y,2Y) is a soft mapping, then
(V,Y,2Y) is compact.

Proof. Let ¢y : Y — 2Y be a choice function in the
soft neighborhood set (V,Y,2Y). Then by defining
cx 1 X = 2% as ex(x) := Y ocy op(x) we get a
commutative diagram:
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X$.2X

|

YT2Y

Since (¢, (7)) : (U, X,2%) — (V,Y,2Y) is a
soft mapping and since cy (y) € V(y) foreachy € Y,
we conclude that

ex(z) = ¥ 0 ey 0 (x) = (ey (1)) € Ulw),

and hence cx is a choice function in (U, X, 2%).

By the compactness of (U, X,2%) there exists a
finite subset X. C X such that cx(X.) = X. We
define Y, = ¥(X,.). Then taking into account that
1 is an onto mapping we get

oy (Yo) = ey (¥(Xe)) = (¥ oex o) (P(Xe)) =V

and hence (V,Y,2Y) is compact.

4. L-Fuzzifying soft neigborhood set

4.1. L-fuzzy soft sets over a set X

Throughout Section 4, Section 5 and Section 6, L =
(L,<,V,A,) denotes a fuzzy lattice, i.e., a com-
pletely distributive complete lattice with an order-
reversing involution ’. Further, 1 and 0y denote
the top and the bottom elements of L, respectively.
Let LX be the set of all L-fuzzy sets on X and let
M (L) denote the set of all non-zero coprimes in L,
that is A € M(L) if and only if N\ is prime and
N #1p.

Definition 4.1 A triple (m, E, X) is called an L-
fuzzy soft set and the mapping m : E — LX an
L-fuzzy soft structure on the set X. Thus for each
e€ E, m(e) =m. : X — L is an L-fuzzy subset of
X.

If we take L = I = [0,1] and A C E, then
(m, A, X) is a fuzzy soft set on X as it is defined by
Maji et. al. [11].

Definition 4.2 Given two L-fuzzy soft structures
mi,me ¢ E — LX on a set X we say that m, is
weaker than my (respectively, mo is stronger than
my) if my(e) < ma(e) for every e € E. We write in
this case m; < ma.

Theorem 4.3 [Lattice of fuzzy soft struc-
tures]

Let a pair (E,X) be given and let M be the set of
all L-fuzzy soft structures m : E — LX on the set
X equipped with the partial order <. Then (M, <)
is a complete lattice where the supremum, the in-
fimum and order-reversing involution of a family
{m; | i € I} are defined respectively by \/,.; mi(e),
Nicrmi(e) and mi(e) = (mi(e))’. In particular
the top and the bottom elements in the lattice M
are given respectively by Mr(e) = 1x Ve € E and
MJ_(@) =0x Ve € E.



Definition 4.4 Let v : E — Fand ¢ : X — Y be
two functions. Then the pair (¢, ) : (m, E, X) —
(n,F,Y) is called a L-fuzzy soft mapping from
(m,E,X) to(n,F,Y)if o7 om=not:

E—T™ o1X

7

F——r

where o= : LX — LY is the forward L-powerset
operator induced by the mapping ¢ (see e.g. [18]),
that is = (A) := p(A) for every A € LX.

The composition of two L-fuzzy soft mappings
is defined component-wise, as in the case of soft
mappings, ( we do not go into details here.) In the
result we obtain the category of L-fuzzifying soft
sets which will be denoted FSOFSET(2).

Let (m, E,X) and (n, F,Y) be two L-fuzzy soft
sets and (¢, @) be an L-fuzzy soft function from
(m,E,X) to (n, F,Y).

(1) The image of (m, F, X) under the L-fuzzy soft
mapping (¢, ) is the L-fuzzy soft set over Y defined
by (1/% ) (m, B, X) = (@(m% '(/}(E)7 Y'), where ¢(E)
is the image of E in the category SET and

@ﬁ(m)k(y) = {VS"(ZE)_y vw(e):k me(l‘)7 if (p(gc) =1

0,

Vk e p(FE),VyeY.

(2) The pre-image of (n, F,Y) under the fuzzy

soft function (¢, ¢) is the L-fuzzy soft set over X de-

fined by (4,) " (n, F,Y) = (9" (n), ™' (F), X),

where ¢)~1(F) is the pre-image of F in the category
of sets and

e (n)(x) = ny(p)(p(a), Vf € p7H(F), Vo € X,

( for the case L =T see [2])

4.2. L-fuzzifying soft neighborhood sets

Further, in this section, we take a set X in the role
of the set of parameters and its powerset 2% in the
role of the set over which the L-fuzzy soft structure
is constructed.

Definition 4.5 Let (U, X,2%) be an L-fuzzy soft
set, that is U : X — L?" is an L-fuzzy soft struc-
ture on the exponent 2%. We call U : X — e
an L-fuzzifying soft neighborhood structure and the
corresponding triple (U, X, 2%X) an L-fuzzifying soft
neighborhood set if for every x € X the family of
functions 4 = {U(z) = U, : 2%¥ — L} satisfies the
following conditions:

N1) U, (A) > 0 implies x € A4;

AC B—Uy(A) < Uy (B);
Uy (AN B) = Uy (A) A Uy (B);
uz(A) = \/xeAgB /\yEB uy(B)~

for all z € X, A, B € 2%,

otherwise.
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By NFSOFSET(2) we denote the full subcate-
gory of the category FSOFTSET (2) whose objects
are L-fuzzifying soft neighborhood sets.

In the next theorem we characterize L-fuzzifying
topological spaces ([7], [21]) by means of L-
fuzzifying soft neighborhood sets.

Theorem 4.6 Let (X,T) be an L-fuzzifying topo-
logical space. We define a mapping Uy : X — 2"
by setting Ug(z)(A) = V,cpca T(B) for all v €
X, A C X. Then (Uy, X,2%) is an L-fuzzifying
soft meighborhood set. We call the L-fuzzifying
soft meighborhood structure Uy generated by the L-
fuzzifying topology T, and the triple (Ug, X, 2%) an
L-fuzzifying soft set generated by the L-fuzzifying
topological space (X, 7).

Conversely, given an L-fuzzifying soft neighbor-
hood set (U, X,2%) we define a mapping Ty : 2% —
L by setting Tu(A) = Nyea Uz(A) for every A C
X. Then Ty is an L-fuzzifying topology on X
called generated by the L-fuzzifying soft structure
U: X — L2

Besides Ty, =T and Uy, =U.

Proposition 4.7 Let (U, X,2%) and (V,Y,2Y) be
two L-fuzzifying soft neighborhood sets.  Then
(P, (™)) = (U, X,2%) — (V,Y,2Y) is an L-
fuzzy soft mapping from (U, X,2%) to (V,X,2%)
if and only if for all x € X and all V C 2V,
Uz (¥7) (V) Z Vi) (V).

From Theorem 4.6 and Proposition 4.7 we get

Theorem 4.8 Functor
¢ : FTOP(2) - NFSOFSET(2)

which assigns to an L-fuzzifying topological space
(X,T) the L-fuzzifying soft mneighborhood set
(Ug, X,2%) and assigns to a continuous mapping
v (X, Tx) — (Y,Ty) the L-fuzzy soft mapping
(1/)7(7/14)%) : (u‘Tva’2X) - (u‘T}HYrQY) is an
isomorphism.

Let ¥ : NFSOFSET(2) — FTOP(2) denote the
functor which is the inverse of ®.

5. L-soft neigborhood set

Recall that an L-fuzzy point with support x € X
and value A € Lin aset X isa mappingxy : X — L
such that

o ={y

The set of all fuzzy points is denoted by Pt(L%X).
Obviously Pt(LX) = X x M(L).

ife=y
otherwise

Definition 5.1 [10] Let xy € Pt(LX) and u € L.
If A £ u/(z), where v/(z) = (u(z))’, we say that )
is quasi-coincident with v and denote by xqu.



For every z) € Pt(L%) let z3 denote the prefilter
{ve LX | x\gv}. If u € LX is such that z)\gu then
by ZX|u we denote the collection {v € LX | v <
u and x\qu}.

In this section, we take X x M (L) in the role of
the set of parameters and the L-powerset L as the
set over which the soft structure is constructed.

Definition 5.2 Let (U, X x M(L), LX) be a soft
set, ie. U: X x M(L) — 20" We call U : X x
M(L) — 2L™ an L-soft neighborhood structure on
the set X and the triple (U, X x M(L), LX) an L-
soft neighborhood set, if the family {U(z)) | =\ €
Pt(LX)} C 2L™ satisfies the following conditions:

) If uw € Uy, , then x)\qu;

) If u € Uy, and v < v, then v € Uy, ;

) If u,v € Uy, , then u Av € Uy, ;

) For every u € U,,, there exist v € U, such
that v < u and v € Uy, for all y,qv.

(N1
(N2
(N3
(N4

Let NSOFSET(L) denote the (full) subcategory
of the category SOFSET whose objects are L-soft
neighborhood sets.

In the next theorem we characterize L-topological
spaces in the sense of Chang-Goguen ([4], [6]) by
means of L-soft neighborhood sets.

Given an L-topological space (X,T) and an L-
fuzzy point x in it, an L-set v € L¥X is called a
quasi-co-neighborhood of x) if there exists v < u
such that v € T and xqv [17], [10]. Let Q,, stand
for the family of all quasi-co-neighborhoods of an
L-fuzzy point x .

Theorem 5.3 Given an L-topological space (X, T)
and vy € Pt(LX), let Q,, be the family of all quasi-
co- neighborhoods of the fuzzy point x in this space.
Further, define the mapping U : X x M (L) — L™
by Ug(xy) = Q. Then (Ug, X x M(L), LX) is
an L-soft neighborhood set. We call it generated
by the L-topology T . Conversely, given an L-soft
neighborhood set (U, X x M(L),LX) we define the
family Ty on X by taking all w € LX such that u €
WU(xy) whenever xxqu. Then Ty is an L-topology
on X and {U(xy) : x5 € Pt(LX)} is the quasi-co-
neighborhood system for the L-topology Ty. We call
the L-topological space (X, Ty) generated by the L-
soft neighborhood set (U, X x M (L), LX).
Besides Ug, = U and Ty, = 7.

Proposition 5.4 Let (U,X x M(L),L*) and
(V,Y x M(L),LY) be two L-soft neighborhood sets.
The pair (¥, (Y™7)7) (U, X x M(L),LX) —
(V,Y x M(L), LY) is an L-soft mapping if and only
if for all x) € Pt(LX) and all uw € V(¢ (xy)), it
holds (7)< (u) € U(zy) where v (xz)) = 7 (x)x.

From the above proposition we get

Theorem 5.5 A pair

(¥, (7)) + (U, XxM(L), L¥) — (V,Y xM(L), LY)

is an L-soft map if and only if the mapping of the
corresponding L-topological spaces

¥ (X, Ty) — (Y. Tv)
s continuous.

We summarize the obtained results in the follow-
ing

Theorem 5.6 Let a lattice L be fized. By assign-
ing to an L-topological space (X, T) an L-soft neigh-
borhood set (Us, X x M(L), LX) and assigning to a
continuous mapping ¢ : (X, Ty) — (Y, Ty) the soft
mapping

(¥, (™)) (U, XxM(L), LX) — (V,YxM(L), L)

we get a functor ® : TOP(L) — NSOFSET(L)
which establishes isomorphism between the category
of L-topological spaces TOP(L) and the category of
L-soft neighborhood spaces NSOFSET(L) .

By ¥ : NSOFSET(L) - TOP(L) we denote the
functor which is the inverse to the functor ®.

6. L-Fuzzy soft neigborhood set

In this section, again we take X x M (L) in the role of
the set of parameters and the L-powerset LX in the
role of the set over which the L-fuzzy soft structure
is constructed.

Definition 6.1 Let (U, X x M(L),LX) be an L-

fuzzy soft set on LX. We call U : X x M (L) — L
an L-fuzzy soft neighborhood structure and (U, X X
M(L), LX) an L-fuzzy soft neighborhood set if for

every z) € Pt(LX) the family U(zy) = U, € L
satisfies the following conditions:

(N1) Uy, (u) # 0x implies z)qu;
(N2) u <v= U, (u) < U (v);

(N3) Uy, (uAv) = Uy, (w) AUy, (v);
(N4) Ue, () = Vyezzu Ay g0 Woa (0)-

for all z € X, u,v € LX.

By NFSOFSET(L) we denote the category of
L-fuzzy soft neighborhood sets and in a natural way
defined L-fuzzy soft mappings between them. (The
size limitations does not allow us to go into details
here).

In the next theorem we characterize L-fuzzy topo-
logical spaces ([9], [19], [20]) by means of L-fuzzy
soft neighborhood sets.

Theorem 6.2 Given an L-fuzzy topological space
(X,T) we define the mapping Uy : X x M(L) —
L™ by

vaw-Xlu T(’U), if m;@u
0, if otherwise

(o)) = {



for every z\ € Pt(LX), u € L*. Then (Us, X x
M(L), LX) is an L-fuzzy soft neighborhood set. We
call it generated by the L-fuzzy topology 7.
Conversely, given an L-fuzzy soft neighborhood
set (U, X x M (L), LX) we define the mapping Ty :
LX — L by the equality T(u) = /\mfz\u Uy, (w).
Then Ty is an L-fuzzy topology on X. We call the
L-fuzzy topological space (X, Ty ) induced by the L-
fuzzy soft neighborhood set (U, X x M (L), LY).
Besides Ug, = U and Ty, .

Proposition 6.3 Let (U,X x M(L),L*) and
(V,Y x M(L), LY) be two L-fuzzy soft neighborhood
sets. Then

(¥, (7)) + (U, XxM(L), L¥) — (V,Y xM(L), LY)

is an L-fuzzy soft mapping if and only if for all x) €
Pt(LX) and allu € LY, it holds

Ua, (¥ (1)) Z Vep(ay, (u)

From this proposition we easily obtain the next

Theorem 6.4 Letvy : X — Y be a mapping. Then

(¥, (™)) (W, XxM(L), LX) — (V,YxM(L),LY)

is a soft mapping if and only if the mapping of
the corresponding L-fuzzy topological spaces 1 :
(X, Tu) — (Y, Tv) is continuous.

From the above results we have the following.

Theorem 6.5 Let a lattice L be fized. By assign-
ing to an L-fuzzy soft neighborhood set (U, X X
M(L), LX) the L-fuzzy topological space (X,Ty)
and assigning to a soft mapping (¢, (Y 7)7) :
(U, X x M(L),L*) — (V,Y x M(L),LY) of L-
fuzzy soft neighborhood sets the (continuous) map-
ping ¥ : (X,Tu) — (Y,Ty) of the correspond-
ing L-fuzzy topological spaces we get a functor W :
NFSOFSET(L) — FTOP(L) which establishes
isomorphism between the category of L-fuzzy topo-
logical spaces FTOP(L) and the category of L-fuzzy
soft neighborhood sets NFSOFSET(L) .
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