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Abstract. Based on the simplified model of symmetrical three adjacent structures 

interconnected by Kelvin-modeled dampers, the influences of connecting param-

eters, i.e., stiffness and damping, on the structural seismic responses are investi-

gated numerically. Taking the structural vibration energy as the optimization cri-

terion, the optimum stiffness and damping parameters of the connecting damper 

as well as the corresponding structural seismic reduction factors (SRFs) are ob-

tained for the three control criteria, respectively. Then the effects of structural 

frequency-ratio, mass-ratio, on the optimum connecting parameters and the cor-

responding SRFs are analyzed. In addition, the applicability of the optimum con-

necting parameters for an example of MDOF-modeled adjacent structures group 

is verified by comparing the optimal linking parameter values and SRF of the 

example with those of the simplified model. Finally, time history analysis on the 

controlled structures under earthquake excitation is conducted and the reduction 

effectiveness in terms of displacement, interlayer shear force and vibration en-

ergy are analyzed. The results show that the optimum connecting parameters are 

related to the structures frequency-ratio and mass-ratio. The increase in structures 

natural vibration frequency difference would improve the reduction effective-

ness. The optimum parameters for the control criteria are not equal and the struc-

tures could not obtain the best control effectiveness simultaneously. The pro-

posed optimal connecting parameters derived from simplified model are applica-

ble for MDOF system with the SRF increases by less than 0.051. 

Keywords: three adjacent structures; seismic mitigation; connecting parameter; 

parameter optimization; seismic reduction factor. 

1 Introduction 

Adjacent buildings are often constructed very close to each other to meet the increasing 

demand for construction in densely populated urban centers while urban land is limited. 

In addition, there are many cases when a large building is divided horizontally into 

many smaller pieces by expansion or seismic joints and then adjacent structures take  
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shape. For instance, a building composed of towers and podiums with different heights 

is frequently separated into several parts by leaving gaps between them to prevent 

cracks caused by differential settlement of foundations, or to reduce earthquake-in-

duced load effects in seismic regions. More often than not, adjacent structures may have 

different dynamic properties since they are of different heights, mass and stiffness ver-

tical distributions. The collision phenomenon may occur between such adjacent struc-

tures during the strong earthquakes when the space between them is not sufficient [1-

3]. A number of studies have revealed that connecting the adjacent structures together 

with passive energy dissipation devices (i.e., dampers) is very effective in mitigating 

the dynamic responses as well as minimizing the chances of pounding [4-7]. This ap-

proach takes advantage of the interaction between adjacent structures with connection 

to reduce the seismic responses of the structures if the control methods and device pa-

rameters are selected appropriately. Since the seismic responses and reduction effec-

tiveness of the adjacent structures connected by dampers are closely related to the link-

ing damper parameters as well as to the structural features, enormous efforts have been 

made to study the optimum connecting parameters of dampers for seismic mitigation 

in recent decades. 

Since the seismic responses of adjacent structures linked by energy dissipation de-

vices are more complicated than those of a monomer structure due to the vibration in-

teraction between them, the previous seismic reduction researches were focused pri-

marily on the two-adjacent-structure system for simplicity so far. Zhang and Xu [8, 9] 

performed the numerical investigations of dynamic characteristics and seismic re-

sponses of two adjacent structures linked by discrete viscoelastic dampers. They iden-

tified the optimum parameters of the Voigt and Maxwell model-defined dampers by 

maximizing the modal damping ratios through extensive numerical parametric studies. 

All the above researches to find the optimum parameters of dampers linking two 

adjacent structures, however, were carried out for specific adjacent structures, and no 

analytical formulas for the optimum parameters of dampers were provided. From a 

practical point of view, it is better to provide general analytical formulas to facilitate 

the selection of the optimum parameters of linking dampers for seismic reduction. To 

this end, Zhu and Iemura [10-13] modeled two adjacent structures as two single-degree-

of-freedom (SDOF) systems and derived the general analytical formulas for the opti-

mum stiffness and damping ratio of the Voigt, Kelvin and Maxwell model-defined 

damper, respectively, connecting two SDOF systems subjected to a white-noise ground 

excitation. Based on the analysis model of two undamped adjacent SDOF structures 

connected by viscous damper under the harmonic excitation as well as stationary white-

noise process, the closed-form expressions for optimum damping of viscous damper 

for minimum steady state as well as minimum mean square relative displacement and 

absolute acceleration of either of the connected SDOF structures are derived by Bhaska-

rarao et el. [14]. The optimum damping of connecting damper is found to be functions 

of mass and frequency ratio of two connected structures. Recently, Karabork [15, 16] 

investigated the optimum values of viscous dampers placed between structures, which 

are modeled as shear frames with different height ratios, to prevent pounding under 

different earthquake accelerations. The influences of the adjacent multistory structures 
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height ratios on the optimum linking parameter and corresponding seismic reduction 

effectiveness are studied.  

To date the studies reported in the literature cited have been limited mainly to two-

building connected systems. However, the multi-adjacent-building systems composed 

of more than two structures are more common in practical construction, such as a large-

scale building comprising multiple towers and large podium separated by seismic joints 

from each other, or groups of structures constructed closely. Some preliminary seismic 

reduction researches on three adjacent structures linked by dampers were carried out. 

Kim et al. [17] investigated the seismic reduction effectiveness of three adjacent struc-

tures linked by viscoelastic dampers. Parametric studies were conducted using three 

SDOF system connected by dampers and subjected to white noise and earthquake 

ground excitations. Based on a three-building model connected by dampers or/and ac-

tuators, the seismic performances of the controlled systems subjected to earthquake ex-

citations were investigated by Zou et al. [18]. Recently, Zhang et al. [19] performed a 

preliminary study on the energy flow in the elastic phase of a three-adjacent-structure 

controlled system with supplemental Kelvin-type dampers. The control effect, energy 

transfer and distribution of the system under uncertain and deterministic excitations are 

investigated. Besides the aforementioned three adjacent structures connected, the earth-

quake-induced pounding amongst separated three adjacent MDOF linear elastic sys-

tems was analyzed with considering the effect of soil structure interactions [20, 21]. 

The abovementioned studies verified the seismic reduction effectiveness of three-

adjacent-structure system connected by dampers using theoretical and numerical meth-

ods. The influences of linking damper parameters as well as structural dynamic con-

stants on the structural responses including displacement, shear force and energy dis-

tribution were compared. So far, relatively little research has been undertaken to opti-

mize parameters of dampers connecting multi-adjacent-structure system for engineer-

ing application. 

In this study, the connecting parameters optimization of Kelvin-modeled viscoelastic 

dampers to be placed among symmetric three adjacent structures and the corresponding 

seismic responses reduction effectiveness are investigated numerically. The influences 

of the connecting stiffness and damping values on the reduction effectiveness are re-

searched and then the optimum linking parameters are obtained according to the three 

control criteria respectively. The relations between the optimum parameters and the 

structural characteristics parameters, i.e., the structural mass and vibration frequency 

ratios, are analyzed. Additionally, the applicability of the optimum parameters derived 

from simplified model are examined by an example system of MDOF modeled three-

adjacent-structure. 

2 Analysis Model and Equations of Motion 

2.1 Simplified Analysis Model 

The three-adjacent-structure system interconnected by Kelvin-modeled dampers is il-

lustrated in Fig.1. The main analysis objective is to study the optimum parameters of 

the linking dampers, i.e., connecting stiffness and damping coefficient, for the structural 
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seismic response mitigation. The analysis of coupled structures is inherently complex 

because all the structures are MDOF systems and the number of degrees of freedom of 

coupled system can be excessively large. Moreover, the optimal parameters obtained 

from a specific combined system composed of three structures of MDOF may not be 

applicable for other general structures. Important physical insights into complex cou-

pled system behavior can be gained by using more simplified procedures while de-

manding less-detailed response information. Consequently, only a simple 3-DOF sys-

tem subjected to seismic excitation, with two interaction elements, representing the 

three-adjacent-structure connected system, is considered here as shown in Fig.2. The 

three adjacent structures (referred as Structure-1, -2 and -3) are respectively specified 

by their first modal masses, m1, m2, and m3, along with the horizontal relative displace-

ment, x1, x2 and x3; the system spring constant, k1, k2 and k3; damping constant, c1, c2 

and c3; the connecting damper stiffness and damping coefficient, k01, c01 and k02, c02; 

and the ground horizontal motion acceleration, 
g ( )x t . The damper connection between 

Structure-1 and -2 on the left-hand side is referred as connection-1, and that between 

Structure-2 and -3 on the right-hand side as connection-2. 

 

Fig. 1. Three adjacent structures linked by dampers 

 

Fig. 2. Simplified model 
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2.2 Equations of Motion 

The equation of motion of the simplified 3-DOF system subjected to earthquake exci-

tation, shown in Fig.2, is expressed as follows: 

 𝑀�̈� + 𝐶�̇� + 𝐾𝑋 = −𝑀𝐼𝑥�̈�(𝑡) (1) 

where the structural mass, damping and stiffness matrices can be written for the cou-

pled system as: 

𝑀 = [

𝑚1

𝑚2

𝑚3

] , 𝐶 = [
𝑐1 + 𝑐01 −𝑐01 0

−𝑐01 𝑐2 + 𝑐01 + 𝑐02 −𝑐02

0 −𝑐02 𝑐3 + 𝑐02

] , 𝐾 =

[

𝑘1 + 𝑘 −𝑘01 0
−𝑘01 𝑘2 + 𝑘01 + 𝑘02 −𝑘02

0 −𝑘02 𝑘3 + 𝑘02

] ; the unit column vector 𝐼 = {1 1 1}𝑇 ; 

𝑋, �̇�and �̈�are the structural relative displacement, velocity and acceleration vectors, 

respectively, and 𝑋 = {𝑥1 𝑥2 𝑥3}𝑇; the superscript ‘T’ indicates the transpose of 

the associated matrix. 

In order to facilitate the subsequent optimization of connecting parameters, some 

parameters of the structural dynamic characteristics and linking dampers are defined 

here. Let 𝜔1 = √𝑘1/𝑚1, 𝜔2 = √𝑘2/𝑚2, and 𝜔3 = √𝑘3/𝑚3 be the natural frequen-

cies and 𝜉1 = 𝑐1/(2𝑚1𝜔1)  , 𝜉2 = 𝑐2/(2𝑚2𝜔2)  and 𝜉3 = 𝑐3/(2𝑚3𝜔3)  be the 

damping ratios of Structure-1, -2 and -3, respectively. Similarly, it is assumed that the 

connection-1 and -2 have nominal frequencies of  𝜔01 = √𝑘01/𝑚2  and 𝜔02 =

√𝑘02/𝑚2 , respectively, for connecting stiffness analysis. Let 𝑐01  and 𝑐02  be the 

damping coefficients of the connection-1 and -2 dampers, respectively. The corre-

sponding connecting-damper damping ratios are defined as 𝜉01 = 𝑐01/(2𝑚2𝜔2) and 

𝜉02 = 𝑐02/(2𝑚2𝜔2) , respectively. 

Let 𝛽21 = 𝜔2/𝜔1 and 𝛽31 = 𝜔3/𝜔1 be the frequency ratios of Strucutre-2 to -1 

and Structure-3 to -1, respectively. The structural mass ratios are defined as 𝜇21 =
𝑚2/𝑚1  and 𝜇23 = 𝑚2/𝑚3, then the mass ratio of Structure-3 to -1 is expressed as 

𝜇31 = 𝑚3/𝑚1 = 𝜇21/𝜇23 . The nominal frequency ratios of connection-1 and -2 to 

Structure-1 are defined as 𝛽01 = 𝜔01/𝜔1 and 𝛽02 = 𝜔02/𝜔1 , respectively. Then the 

stiffnesses of connection-1 and -2 can be expressed in terms of 𝛽01 and 𝛽02 as 𝑘01 =
𝑚2(𝛽01𝜔1)2 , 𝑘02 = 𝑚2(𝛽02𝜔1)2. 

By dividing the three equilibrium equations in matrix form Eq. (1) both sides by 

𝑚1 , 𝑚2 and 𝑚3 , respectively, it can be rewritten in generalized form as: 

 �̅��̈� + �̅��̇� + 𝐾𝑋 = −𝐼�̈�𝑔(𝑡) (2) 

where, �̅� = [
1

1
1

]  , �̅� = [
𝑎1 𝑎3 0
𝑎5 𝑎7 𝑎7

0 𝑎11 𝑎13

]  , 𝐾 = [
𝑎2 𝑎4 0
𝑎6 𝑎8 𝑎10

0 𝑎12 𝑎14

] , in 

which the matrix elements 𝑎𝑛  (𝑛 = 1,2, … 14)  are the functions of the previously 

defined parameters. 
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3 Optimization Criterion 

Lin et al. [22] put forward a pseudo-excitation algorithm, which provides a useful 

method for dynamic response analysis of complex engineering structures under random 

excitations. The earthquake random excitations can be converted to a series of harmonic 

excitations. The pseudo-excitation is constituted as follows: 

 �̈�𝑔(𝑡) = √𝑆𝑔(𝜔) ∙ 𝑒𝑖𝜔𝑡 (3) 

where 𝑆𝑔(𝜔) is the power spectral density (PSD) of ground motion; ‘i’ is the im-

aginary unit. Then the displacement, velocity and acceleration responses of the 3-DOF 

system are given as [22, 23]: 

 𝑋 = 𝐻(𝑖𝜔) ∙ √𝑆𝑔(𝜔) ∙ 𝑒𝑖𝜔𝑡, �̇� = (𝑖𝜔)𝐻(𝑖𝜔) ∙ √𝑆𝑔(𝜔) ∙ 𝑒𝑖𝜔𝑡 , �̈� = (𝑖𝜔)2𝐻(𝑖𝜔) ∙

√𝑆𝑔(𝜔) ∙ 𝑒𝑖𝜔𝑡  (4) 

where 𝐻(𝑖𝜔) = {𝐻1(𝑖𝜔) 𝐻2(𝑖𝜔) 𝐻3(𝑖𝜔)}𝑇 , in which 𝐻1(𝑖𝜔) , 𝐻2(𝑖𝜔)  and 

𝐻3(𝑖𝜔) are the complex frequency response functions for displacement of the three 

degrees of freedom, respectively; 𝜔 is the circular frequency of excitation. 

Substituting Eqs. (3) and (4) into Eq. (2) yields: 

 �̂�𝐻(𝑖𝜔) = −𝐼 (5) 

where the matrix �̂� = [

𝑑11 𝑑12 0
𝑑21 𝑑22 𝑑23

0 𝑑32 𝑑33

] , in which the elements 𝑑𝑖𝑗 are the func-

tions in terms of an. From Eq. (5) the solution of complex frequency response functions 

𝐻(𝑖𝜔) can be obtained. Using the functions, the PSD of velocity response is given by: 

 𝑆�̇�𝑗
= |(𝑖𝜔)𝐻𝑗(𝑖𝜔)|

2
∙ 𝑆𝑔(𝜔) (𝑗 = 1,2,3) (6) 

The mean square response can be expressed in terms of velocity response PSD as: 

 𝐸[�̇�𝑗
2] = 𝜎�̇�𝑗

2 = ∫ |(𝑖𝜔)𝐻𝑗(𝑖𝜔)|
2

∙ 𝑆𝑔(𝜔)𝑑𝜔
+∞

−∞
 (7) 

Too many different control objectives, such as the structural top displacement, the 

absolute acceleration, the base shear force, the maximum interstorey drift, the structural 

vibration energy, are used alone or in combination in damper optimization problems. 

This study selects the time-averaged relative vibration energy as the structural response 

intensity evaluation for each structure subjected to random process excitation. It can be 

shown that the time-averaged total relative energy of each of the adjacent structures 

under random ground excitation is [7]: 

 𝐸𝑗 = 𝑚𝑗𝜎�̇�𝑗
2 = 𝑚𝑗 ∫ |(𝑖𝜔)𝐻𝑗(𝑖𝜔)|

2
∙ 𝑆𝑔(𝜔)𝑑𝜔

+∞

−∞
 (8) 
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where 𝐸𝑗 is the time-averaged total relative energy of Structure-j in the adjacent 

structures system. Assuming the horizontal ground acceleration as a white-noise ran-

dom process with a constant PSD of 𝑆𝑔(𝜔) = 𝑆0 , thus Eq. (8) can be written as: 

 𝐸𝑗 = 𝑚𝑗𝑆0 ∫ |(𝑖𝜔)𝐻𝑗(𝑖𝜔)|
2

∙ 𝑑𝜔
+∞

−∞
 (9) 

In the case of independent adjacent structures without connection, the time-averaged 

total relative energy of uncontrolled structure under the white noise excitation is: 

 𝐸0𝑗 = 𝑚𝑗𝜋𝑆0/(2𝜉𝑗𝜔𝑗1) (10) 

where 𝜔𝑗1 and 𝜉𝑗 are the structural natural vibration circular frequency and damp-

ing ratio of Structure-j, respectively. 

In order to analyze the influences of connecting parameters, i.e., 𝛽01 , 𝛽02 , 𝜉01 

and 𝜉02, on the structural responses, the ratio of vibration energy of controlled structure 

to that of uncontrolled structure is defined as structural seismic reduction factor (SRF), 

which is given by: 

 𝑅𝑗 = 𝐸𝑗/𝐸0𝑗 (𝑗 = 1,2,3) (11) 

where 𝑅𝑗  is the SRF of Structure-j. Furthermore, the SRF of the three-structure 

group is defined as: 

 𝑅4 = (𝐸1 + 𝐸2 + 𝐸3)/(𝐸01 + 𝐸02 + 𝐸03) (12) 

The optimum connecting parameters are those lead to minimum value of structural 

SRF. The SRFs are related to connecting parameters, the structural frequency-ratio, 

mass-ratio and damping ratio, while irrelevant to specific structural natural vibration 

frequency values. The lower the SRF value indicates the better reduction effectiveness. 

Four optimization criteria are selected in this study to minimize the SRF values of 𝑅1 , 

𝑅2 , 𝑅3 , and 𝑅4, respectively. The seismic reduction effectiveness is affected by 

structural mass-ratio, frequency-ratio, connection nominal frequency-ratio and damp-

ing-ratio. Too many research parameters will increase the difficulties in the optimiza-

tion. For simplicity, it is assumed that the Structure-1 and -3 are identical and then only 

symmetrical three-adjacent-structure connected system is considered preliminarily in 

this study. Consequently, three optimization criteria totally are considered since 𝑅1 

equals to 𝑅3. Then it will be noted that the connecting parameters include stiffness 

terms 𝛽0 (represents 𝛽01 and 𝛽02) and damping ratio terms 𝜉0 (represents 𝜉01 and 

𝜉02) for symmetrical connections. 

4 Effects of Connecting Parameters on Responses 

The influences of connecting parameters, i.e., 𝛽0 and 𝜉0, on structural SRFs are ana-

lyzed numerically, as well as those of structural parameters, namely frequency-ratio 

and mass-ratio. The structural frequency-ratio 𝛽21 is varied from 0.1 to 5.0 and the 

mass-ratio 𝜇21 from 0.5 to 5.0 in the numerical analysis. The damping ratio of each 
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structure itself is taken to be 0.05. The connecting stiffness parameter 𝛽0 is varied 

from 0.01 to 2.0 and the connecting damping ratio 𝜉0 from 0.01 to 1.0. The numerical 

range covers the optimal connecting parameters for the given 𝛽21 and 𝜇21. 

The variations of the structural SRFs with connecting parameters 𝛽0 and 𝜉0, are 

illustrated in Fig.3 with the mass-ratio 𝜇21 is set to be 1.2 and the frequency-ratio 𝛽21 

is of 0.5, which means the Structure-2 is more flexural and heavier than Structure-1. It 

is observed that both the two connecting parameters 𝛽0 and 𝜉0, evidently affects SRF 

value. There exists a pair of optimum values of connecting stiffness and damping to 

minimize each of the SRFs. The optimum connecting parameter demand is different 

from each other according to the control objectives. Comparing Fig.3 with Fig.4, in 

which 𝛽21=1.8, shows that the optimum connecting stiffness is equal to 0 for the more 

flexural structure, namely Structure-2 in Fig.3 and Structure-1 in Fig.4, respectively. 

Then viscous dampers should be adopted when the flexural structure is taken as the 

control objective, otherwise, the viscoelastic dampers should be utilized.  

It can also be observed that the larger the difference between the structural natural 

vibration frequencies, the better seismic reduction effectiveness could be obtained. The 

structural seismic reduction effectiveness deteriorates with the structural vibration fre-

quencies approach to each other. In particular, if 𝛽21=1, there are no interactions and 

relative motions between adjacent two of the three structures. In this case, the capacity 

of dissipation energy of damper has not been exploited. 
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Fig. 3. Variation of SRF with connecting parameters ( 21 =1.2, 21b =0.5) 
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Fig. 4. Variation of SRF with connecting parameters ( 21 =1.2, 21b =1.8) 

5 Optimum Connecting Parameters and Corresponding SRF 

The optimum connecting parameters for each control criterion are derived through nu-

merical analysis with each structure damping itself and the correlation between the con-

necting parameters considered. 

5.1 Optimum Connecting Parameters for Control Criterion-I (-III) 

The optimization criterion-I (-III) is to minimize the SRF value of Structure-1 (-3), 

herein 𝑅1 = 𝑅3 for symmetric structures system. The optimum connecting stiffness 

parameter 𝛽0𝑜𝑝𝑡 and damping ratio 𝜉0𝑜𝑝𝑡 for Structure-1 (-3) and the corresponding 

SRF values are portrayed graphically in Fig.5. It will be noted that when the Structure-

1 is stiffer than Structure-2 (i.e., 𝛽21<1), a pair of optimum connecting parameters exist 

for Structure-1 for the given frequency-ratio and mass-ratio. The values of optimum 

connecting parameters 𝛽0𝑜𝑝𝑡 and 𝜉0𝑜𝑝𝑡 decrease significantly with the frequency-ra-

tio increases until to 1.0. As the mass-ratio increases, the connecting stiffness parameter 
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𝛽0𝑜𝑝𝑡 decreases while the connecting damping ratio 𝜉0𝑜𝑝𝑡 varies slightly. On the other 

side, when the Structure-1 is more flexural than Structure-2 (i.e., 𝛽21>1), the optimum 

connecting stiffness 𝛽0𝑜𝑝𝑡 equals to 0 constantly irrespective of frequency-ratio and 

mass-ratio variations, then the viscous dampers may be utilized in this case. The opti-

mum connecting damping ratio 𝜉0𝑜𝑝𝑡  increases gradually from zero to some value 

with the frequency-ratio increases. The value of 𝜉0𝑜𝑝𝑡 decreases with the mass-ratio 

𝜇21. increases. The best seismic reduction effectiveness obtained with minimum SRF 

value for the Structure-1, linked by dampers with optimum parameters, is plotted in 

Fig.5(c) for various values of structure frequency-ratio 𝛽21 and mass-ratio 𝜇21.. It is 

obviously that the larger the difference between the structural vibration frequencies, the 

better reduction effectiveness can be achieved. In the case that the frequencies of the 

structures are equal, no reduction effectiveness can be realized. The minimum SRF 

value decreases slightly with increasing mass-ratio 𝜇21.. 
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(c) Minimum SRF value of Structure-1 

Fig. 5. Optimum connecting parameters and control effectiveness for control criterion-I 
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(c) Minimum SRF value of Structure-2 

Fig. 6. Optimum connecting parameters and control effectiveness for control criterion-II 

5.2 Optimum Connecting Parameters for Control Criterion-II 

The control criterion-II takes the middle structure of the three as the control objective 

and the corresponding optimum linking parameters of connecting dampers and the best 

reduction effectiveness are indicated in Fig.6. Similarly, when the Structure-2 is the 

more flexural one (i.e., 𝛽21<1), the optimum connecting stiffness 𝛽0𝑜𝑝𝑡 equals to 0 

constantly. If the Structure-2 is the stiffer one (i.e., 𝛽21>1), the optimum connecting 

stiffness parameter 𝛽0𝑜𝑝𝑡 increases linearly with the frequency-ratio 𝛽21 increases. It 

may be seen that the variation of the optimum connecting damping ratio for the Struc-

ture-2 with frequency-ratio and mass-ratio is similar to that for the Structure-1 by com-

paring Fig.6(b) with Fig.5(b). When the Structure-2 is a more flexural structure, the 

optimum connecting damping ratio 𝜉0𝑜𝑝𝑡 decreases from a large value to 0 signifi-

cantly with the frequency-ratio increases in the range from 0 to 1.0. The influence of 

mass-ratio on the optimum parameters is slight and can be neglected. If the middle 

structure is a relative stiffer one, then the optimum connecting damping ratio 𝜉0𝑜𝑝𝑡 

increases slightly from 0 to a constant with the frequency-ratio increases largely from 

1.0 to 5.0. The value of optimum connecting damping ratio 𝜉0𝑜𝑝𝑡 decreases slightly 
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with the mass-ratio 𝜇21. increases. It is informative to examine the seismic reduction 

effectiveness of the middle structure with the optimum connecting parameters by ref-

erence to Fig.6(c). It is obviously that the larger the difference between the structural 

vibration frequencies, the better reduction effectiveness could be obtained. The SRF 

value increases slightly with the mass-ratio increases. 

5.3 Optimum Connecting Parameters for Control Criterion-IV 

The control criterion-IV takes the whole three adjacent structures group as the control 

objective to minimize the SRF value of 𝑅4 . The optimum connecting parametric pair 

and the best control effectiveness are shown in Fig.7. For the more flexural structure of 

the system, the optimum connecting stiffness parameter 𝛽0𝑜𝑝𝑡 equals to 0 constantly 

without variation with frequency-ratio and mass-ratio. Due to reduction factor R4 being 

related to energy proportion of each structure to the total vibration energy, the optimum 

connecting stiffness parameter for the whole system is more complicated than that of a 

single structure. The variation of optimum connecting stiffness parameter 𝛽0𝑜𝑝𝑡 with 

frequency-ratio and mass-ratio are presented graphically in Fig.7(a). The numerical 

analysis finds that the optimum value 𝛽0𝑜𝑝𝑡 decreases with frequency-ratio 𝛽21 and 

mass-ratio 𝜇21. until equals to 0 when 𝜇21.>1.45 if the middle structure is the more 

flexural one. And on the other hand, in the case that the middle structure is the stiffer 

one, 𝛽0𝑜𝑝𝑡 equals to 0 when 𝜇21.≤2.70 and then increases with frequency-ratio and 

mass-ratio when 𝜇21.>2.70. It is similar to the control criterion-I and -II that the opti-

mum connecting damping ratio 𝜉0𝑜𝑝𝑡 decreases with 𝛽21 when 𝛽21<1 and then in-

creases when 𝛽21>1, and it decreases slightly with 𝜇21.. The best control effectiveness 

of criterion-IV lies between those of criterion-I and -II. 
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(a) Connecting stiffness parameter (b) Connecting damping ratio 
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(c) The minimum SRF value of the system 

Fig. 7. Optimum connecting parameters and control effectiveness for control criterion-IV 

It is noted from Figs.5, 6 and 7 that the optimum connecting parameters for control 

criteria are not identical and then the structures could not obtain the best control effec-

tiveness simultaneously. Fig.8 shows that the response of Structure-2 (under criterion-

I) and that of Structure-1 (under criterion-II) may be magnified when the frequency-

ratio 𝛽21 is in the range of 0.7-1.0 and of 1.0-1.25, respectively. In the other case, the 

responses of all structures can be suppressed to some extent when the system is con-

nected according to the optimum parameters. 
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(a) SRFs under control criterion-I (b) SRFs under control criterion-II 
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Fig. 8. Seismic reduction index under each control objective 
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6 MDOF Structures Connected System 

The previous parts of parametric optimization and corresponding connecting parame-

ters and control effectiveness analysis are based on the simplified model composed of 

three SDOF structures excited by stationary white-noise ground motion. Generally, 

SDOF structures are rare and nearly all structures are of multi-degree of freedom, es-

pecially for tall buildings. It is necessary to examine the applicability of the optimum 

parameters for MDOF structure seismic reduction. 

6.1 Analysis Model and Reduction Effectiveness 

Assuming a symmetric three-adjacent-structure system with the same story height is 

shown in Fig.1. Structure-1, -2 and -3 are constructed with 𝑛1  , 𝑛2  and 𝑛3 stories, 

respectively, herein 𝑛1 = 𝑛3 <𝑛2 . The dampers are connected between the two adja-

cent buildings at the bottom n1 stories of each structure with equal stiffness 𝑘0 and 

damping coefficient 𝑐0 to mitigate structural responses. Then the top (𝑛2 − 𝑛1) floors 

of Structure-2 are not controlled with damper. 

In Eq.(1) for a 3-MDOF-structure connected system, the mass matrix 

𝑀 = [

𝑀1

𝑀2

𝑀3

]

(𝑛1+𝑛2+𝑛3)×(𝑛1+𝑛2+𝑛3)

, where 𝑀1, 𝑀2 and 𝑀3 are the ma-

trices of the three structures, respectively; the damping matrix 𝐶 = 𝐶𝑠 + 𝐶0, in which 

the damping matrix of the structures themselves 

𝐶𝑠 = [

𝐶1

𝐶2

𝐶3

]

(𝑛1+𝑛2+𝑛3)×(𝑛1+𝑛2+𝑛3)

, in which the matrices 𝐶1 , 𝐶2  and 𝐶3 

represent the damping matrix of the three structures without connecting, respectively, 

which are Raleigh damping modeled; the connecting damping matrix 𝐶0 =

[

𝐶11 𝐶12 0
𝐶21 𝐶22 𝐶23

0 𝐶32 𝐶33

]

(𝑛1+𝑛2+𝑛3)×(𝑛1+𝑛2+𝑛3)

, 

where 𝐶11 = 𝑑𝑖𝑎𝑔[𝐶0]𝑛1×𝑛1
 , 𝐶12 = [−𝐶11 0]𝑛1×𝑛2

 , 𝐶21 = [
−𝐶11

0
]

𝑛2×𝑛1

 , 

𝐶22 = [
2𝐶11 0

0 0
]

𝑛2×𝑛2

 (for symmetric system), 𝐶23 = [
−𝐶11

0
]

𝑛2×𝑛3

 , 𝐶32 =

[−𝐶11 0]𝑛3×𝑛2
, 

𝐶33 = 𝑑𝑖𝑎𝑔[𝑐0]𝑛3×𝑛3
 . Similarly, the stiffness matrix 𝐾 = 𝐾𝑠 + 𝐾0 , in which 

𝐾𝑠 = [

𝐾1

𝐾2

𝐾3

]

(𝑛1+𝑛2+𝑛3)×(𝑛1+𝑛2+𝑛3)

, where 𝐾1 , 𝐾2  and 𝐾3  represent the 

stiffness matrix of the three structures, respectively; the connecting stiffness matrix  
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𝐾0 = [
𝐾11 𝐾12 0
𝐾21 𝐾22 𝐾23

0 𝐾32 𝐾33

]

(𝑛1+𝑛2+𝑛3)×(𝑛1+𝑛2+𝑛3)

, 

in which 𝐾11 = 𝑑𝑖𝑎𝑔[𝐾0]𝑛1×𝑛1
 , 𝐾12 = [−𝐾11 0]𝑛1×𝑛2

 , 𝐾21 = [
−𝐾11

0
]

𝑛2×𝑛1

 , 

𝐾22 = [
2𝐾11 0

0 0
]

𝑛2×𝑛2

, 𝐾23 = [
−𝐾11

0
]

𝑛2×𝑛3

 , 𝐾32 = [−𝐾11 0]𝑛3×𝑛2
 , 𝐾33 =

𝑑𝑖𝑎𝑔[𝑘0]𝑛3×𝑛3
 . 

Thus substituting these matrices, Eqs.(3) and (4) into Eq.(1) leads to the following 

expression: 

 [(𝑖𝜔)2𝑀 + (𝑖𝜔)𝐶 + 𝐾]𝐻(𝑖𝜔) = −𝑀𝐼 (13) 

Hence the frequency response function is found to be 

 𝐻(𝑖𝜔) = −[(𝑖𝜔)2𝑀 + (𝑖𝜔)𝐶 + 𝐾]−1𝑀𝐼 (14) 

in which the superscript ‘-1’ indicates the inverse of the associated matrix. For each 

structure, the total vibration energy given by Eq. (8) is rewritten as: 

 𝐸𝑗 = ∑ 𝑚𝑘 ∫ |(𝑖𝜔)𝐻𝑘(𝑖𝜔)|2 ∙ 𝑆𝑔(𝜔)𝑑𝜔
+∞

−∞

𝑛𝑗

𝑘=1
 (15) 

The illustrative three adjacent structures are of 17-, 20- and 17-story, respectively, 

and connected with viscoelastic dampers between two adjacent structures among them. 

The story heights of all the three towers are the same, and the floor mass and interstory 

lateral stiffness of them are uniformly distributed vertically for each story. The floor 

mass is of 1.5×106 kg for all the structures and the interstory shear stiffness is 2.8×106 

kN/m for Structure-1 and -3, and 2.2×106 kN/m for Structure-2. The damping ratio of 

each of the structures itself is assumed to be 0.05. The total vibration energy of each of 

the structures is the sum of the vibration energy of all the mass points of the structure. 

The Clough-Penzien filtered white-noise ground motion model, which has been widely 

used in earthquake engineering [14], is adopted in the frequency domain analysis. The 

characteristic parameters of the soil surrounding the structures are selected as 𝜔𝑔=15.6 

rad/s, 𝜉𝑔 =0.6, 𝜉𝑘 =0.6 and 𝜔𝑘 =1.5 rad/s. The intensity of ground motion 

𝑆0=4.65×10-4m2/s3 is chosen to represent the intensity of the earthquakes. 

Through structural modal analysis, the basic natural vibration frequencies of the 

three structures without connection are 0.617Hz, 0.467Hz and 0.617Hz, respectively. 

Then the structures frequency-ratio 𝛽21=0.7567 and mass-ratio 𝜇21=1.1765. Based on 

the former optimization analysis results, the optimum connecting parametric pair for 

each control objective are listed as following: 

(1) criterion-Ⅰ (or Ⅲ): 𝛽0=0.336, 𝜉0=0.03; 

(2) criterion-Ⅱ: 𝛽0=0, 𝜉0=0.071; 

(3) and criterion-IV: 𝛽0=0.107, 𝜉0=0.072. 

The total stiffness value of the connecting dampers 𝐾0 = 𝑀2(𝛽0𝜔1)2  and the 

damping constant value  

𝐶0 = 2𝑀2𝜔2𝜉0, where the values of 𝛽0 and  𝜉0 are selected as the previous opti-

mization results. The total values of stiffness and damping then are averagely 
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distributed to the connections between the adjacent structures. Here there are 17 con-

nections totally between two adjacent structures of the group. The optimum connecting 

stiffness and damping coefficient are listed in Table.1. 

Table 1. Connecting parameters 

Control 

crite-

rion 

Total value of 

connecting stiff-

ness 

/(N/m) 

Total value of con-

necting damping 

coefficient /(N.s-

1/m) 

Connecting stiff-

ness value at each 

connection 

/(N/m) 

Connecting damping 

coefficient value at 

each connection 

/(N.s-1/m) 

Ⅰ(Ⅲ) 5.090×107 5.281×106 2.994×106 3.106×105 

Ⅱ 0 1.250×107 0 7.350×105 

Ⅳ 5.162×106 1.267×107 3.036×105 7.450×105 

The optimum connecting parameters for the MDOF system excited by filtered white-

noise may be different from those derived from the previous simplified SDOF structural 

model excited by stationary white-noise. For the sake of convenience, the optimum 

connecting parameters for the MDOF model system are defined as 𝐾0 = 𝜂1𝐾0, �̅�0 =
𝜂2𝐶0, where 𝐾0 and 𝐶0 are the optimum connecting stiffness and damping coeffi-

cient, respectively, from the simplified model, and 𝜂1, 𝜂2 are adjustment coefficients 

for the MDOF system. Based on the previous optimization, it is necessary to analyze 

the values of adjustment coefficients 𝜂1 and 𝜂2. 

(1) Criterion-I (Ⅲ) When the Structure-1 or -3 is taken as the control objective, the 

optimum adjustment coefficients 𝜂1=1.17 and 𝜂2=1.44. It is obvious that the optimum 

connecting parameters are different from those derived from the simplified model. The 

corresponding structural SRFs at the cases 𝜂1=1.18, 𝜂2=1.50 and 𝜂1=1.0, 𝜂2=1.0 are 

shown in Fig.9(a), from which it may be noted that the SRF values vary slightly 0.010, 

0.051 and 0.028 for Structure-1 (-3), -2 and the whole adjacent structures group, re-

spectively. 
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(c) Criterion-Ⅳ 

Fig. 9. Variation of SRFs with adjustment coefficients 

(2) Criterion-Ⅱ For the middle Structure-2, its seismic reduction effectiveness 

reaches the best value when the adjustment coefficients 𝜂1 and 𝜂2 approach to 1.0 

and 1.06, respectively. The corresponding SRFs are compared in Fig.9(b) when the 

adjustment coefficients are taken as 𝜂1=1.0, 𝜂2=1.06 and 𝜂1=1.0, 𝜂2=1.0, respec-

tively. The variations of SRFs are only 0.002, 0.001 and 0.001 for Structure-1 (-3), -2 

and the group structures, respectively. 

(3) Criterion-Ⅳ For the whole three structures group, the optimum value of the ad-

justment coefficients are 𝜂1=0.55 and 𝜂2=1.21, at which the SRFs are compared with 

those at the values 𝜂1=1.0 and 𝜂2=1.0 in Fig.9(c). Correspondingly, the SRFs differ-

ences of Structure-1 (-3), -2 and the structures group are -0.006, 0.015 and 0.003, re-

spectively. 

In Fig.9, the findings demonstrate that the differences of structural seismic reduction 

effectiveness do not exceed 0.051 when the connecting parameters are selected accord-

ing to the previous optimization results derived from the simplified model. It is obvious 

that the previous optimization results are applicable for MDOF systems seismic control. 

6.2 Time-history Analysis under Earthquake Excitations 

Since the former optimal analysis is based on the random vibration theory, the further 

structural time history analysis under earthquake excitation is conducted to examine 

additionally the applicability of the optimization results and the corresponding seismic 

reduction effectiveness. Due to limited space, only the adjacent three structures group, 

connected with dampers of optimum parameters in the case the tallest Structure-2 is 

taken as the control objective, is analyzed as an example. According to the current Chi-

nese seismic design code for buildings, it is assumed that the three adjacent structures 

are located in the region of seismic fortification intensity (SFI) 8, design basic acceler-

ation of ground motion 0.20g, and of the second design earthquake group. The build-

ings site is of category Ⅱ and the characteristic period is of 0.40s. The peak ground 

acceleration (PGA) of earthquake waves exciting the adjacent structures is taken as 

200cm/s2. There are totally 7 waves, i.e., 6 earthquake records and one artificial wave, 

are adopted to excite the structures. 
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The lateral drifts and interstory shear forces of Structure-2 under the excitations are 

depicted in Fig.10. By comparing the seismic responses of the controlled and uncon-

trolled structures, it is found that the structural displacement at the top floor is averagely 

decreased by 10.37% and the base shear force by 22.42%. Not only that, the top dis-

placement and base shear force of Structure-1 (-3) are averagely mitigated by 4.15% 

and 11.08%, respectively. It is obvious that the seismic responses of the three structures 

connected with dampers are significantly reduced. Under El Centro wave excitation, 

the curves of earthquake input and damper dissipated energy are shown in Fig.11, 

which shows that the energy dissipated by connecting dampers accounts for about 

42.0% of the earthquake input energy. 
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Fig. 10. Comparisons of structural responses 
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Fig. 11. Energy input and dissipated 

7 Conclusions 

This study investigates the effect of installing viscoelastic dampers among three adja-

cent structures to reduce earthquake-induced dynamic responses. The effects of con-

necting stiffness and damping coefficient on the seismic reduction factors of the sym-

metric three-adjacent-structure system are studied with numerical method. The main 

research conclusions are as follows: 

(1) The values of connecting parameters of dampers affect the structural seismic 

responses significantly and the optimum connecting parameters exist for any structures 
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group to minimize the seismic responses. Nevertheless, the optimal connecting para-

metric pairs are different for each of the three structures as the control objective. For 

the taller and softer structure, it would be best to install viscous dampers to reduce its 

responses, and yet the viscoelastic dampers would be more suitable for the stiffer struc-

ture among the three adjacent ones. 

(2) The lager the difference among the three adjacent structures dynamic character-

istics, the better reduction effectiveness would be obtained. On the other hand, the re-

duction effectiveness varies slightly with the structures mass-ratio. The three adjacent 

structures could not reach to the best reduction effectiveness simultaneously since the 

optimum connecting parameters are not equal to each other for the four control criteria. 

When taking the more rigid structure in the three as control objective, the corresponding 

optimum connecting parameters for it may magnify the seismic responses of the other 

more flexible one adversely in a specific frequency-ratio range. Fortunately, all the 

structures responses could be reduced when the connecting parameters are selected ac-

cording to the softer structure taken as the control objective. 

(3) The derived optimum connecting parameters for three adjacent structures are re-

lated only to structures frequency-ratio and mass-ratio, not to specific structures. The 

optimal connecting parameters come from the simplified model are different to some 

extent from those derived from specific MDOF system, but the seismic reduction ef-

fectiveness of MDOF system would deteriorate slightly with SRF increases less than 

0.051 when they are connected according to the proposed parameters. 
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