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Abstract. For engineering experiments such as marine trials where there is no 

explicit error function or it is difficult to establish a mathematical model for re-

producibility, a computational method is proposed to assess their accuracy and 

reproducibility. First, calculate the combined uncertainty of various physical 

quantities in the experiment based on the experimental conditions. Utilize theo-

retical analysis to calculate the uncertainty of the theoretical values. Then, 

through repeated measurements during the experiment, obtain the mean and 

standard deviation of the measured values, thereby determining the uncertainty 

of the measured values. Then, based on probability methods such as the central 

limit theorem, determine the accuracy and reproducibility of the experiment. Fi-

nally, the aforementioned method was applied to a suspended tunnel experiment, 

achieving the assessment of accuracy and reproducibility for the trial. 
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1 Introduction 

Study on accuracy control in engineering experiments is a primary focus of high-accu-

racy experimental studies. In the field of mechanical engineering, Li et al.[1] conducted 

an analysis on the propagation of geometric and positional errors of assembly units in 

the assembly process of CNC machine tools. This analysis facilitates the calculation 

and storage of various error propagation models in the error propagation network dia-

gram. Furthermore, they constructed a link matrix for the entire product assembly error 

propagation. In the field of instrumentation and equipment engineering, N. Orkut M et 

al.[2] developed two instrumental variable (IV) estimators and a multi-factor error struc-

ture for dynamic panel data models with exogenous covariates. The main idea is to 

project common factors from the exogenous covariates of the model and construct in-

struments based on decomposed covariates. In the field of civil engineering, Zhang et 

al. [3] improved the comparability of the results of free swelling tests on different soil 

samples by varying variables such as soil particle size composition and environmental 

temperature, thereby reducing experimental errors.In the field of aerospace engineer-

ing, Hasan M N et al. [4] addressed the vibration of flexible appendages while consider-

ing issues such as inertial uncertainty, environmental disturbances, and actuator-related  
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ances, and actuator-related faults. They proposed an adaptive fault-tolerant attitude 

control scheme based on an improved fast nonsingular terminal sliding mode control 

(MFNTSM) to achieve high-precision attitude tracking and finite-time convergence of 

error trajectories. In summary, study on accuracy control in engineering experiments 

across various engineering fields mainly unfolds within two categories: theoretical [5,6] 

and practical [7,8]. 

Reproducibility is an important indicator for assessing the feasibility of engineer-

ing experiments [9,10]. Zhang [11] proposed a method for evaluating the repeatability of 

sensors by fitting data to obtain the temperature and strain sensitivity of the sensors. 

Through sensitivity analysis, they assessed the repeatability of the sensors, leading to 

the development of both linear and nonlinear sensor repeatability evaluation methods. 

Meng[12] established a quadratic programming mathematical model for redundant 

robotic arm repetitive motion, considering dual problems and convex optimization 

mathematical models compared to previous ones. They developed a dual neural net-

work and derived dynamic differential equations based on linear variational inequali-

ties to establish the original dual neural network dynamics. Based on these dynamic 

differential equations, they derived a neural network solver and obtained a computa-

tional method for its reproducibility. 

Researchers have conducted extensive analysis and study on the accuracy and re-

producibility of engineering experiments. However, most of the research has been 

focused on mechanical and aerospace domains where there are clear functional rela-

tionships between error propagation or experimental steps. There has been relatively 

less study on engineering experiments such as marine trials where there are no explic-

it error functions or establishing reproducibility mathematical models is challenging. 

This paper introduces the concept of theoretical value uncertainty and proposes a 

method to assess the accuracy and reproducibility of such experiments. 

2 Uncertainty and Error Propagation Analysis 

2.1 Uncertainty Analysis 

The meaning of uncertainty refers to the degree of inability to ascertain the measured 

value due to the presence of measurement errors. Conversely, it also indicates the 

level of confidence in the result. Generally, the measurement result of a quantity x can 

be represented as: 

 (The measured value of x) bestx x=   (1) 

In the equation, bestx  is the best estimate value of x, and x  is the measurement 

uncertainty of x. 

The method of evaluating standard uncertainty by performing statistical analysis on 

the observed data columns is referred to as Type A uncertainty evaluation. The corre-

sponding standard uncertainty obtained from this method is called Type A uncertainty 

component, denoted by the symbol uA. The uncertainty of the average measurement 

result A is: 
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Evaluating standard uncertainty using methods different from statistical analysis on 

observed data columns is referred to as Type B uncertainty evaluation. The corre-

sponding standard uncertainty obtained from this method is called Type B uncertainty 

component, denoted by the symbol uB. 

When the measurement result is obtained from the values of several other quanti-

ties, the standard uncertainty calculated based on the variances and covariances of 

these other quantities is called the combined standard uncertainty. It is an estimate of 

the standard deviation of the measurement result and is denoted by the symbol uc. 

Generally, the uncertainty uc can be expressed as: 

 ( )2 2

BACu u u= +  (3) 

2.2 Error Propagation Analysis 

Error propagation commonly involves sum and difference, product and quotient, and 

power and exponential error propagation. Assuming measurements are taken for 

x,......,w, with uncertainties ,...,x w   respectively, the calculated value for sum and 

difference can be expressed as: 

 ... ( ... )q x z u w= + + − + +  (4) 

In any case, q  will never be greater than the ordinary sum of the original uncer-

tainties: 

 ... ...q x z u w     + + + + +  (5) 

The calculation for the product and quotient of measured values is as follows:  

 ...

...

x z
q

u w

 
=

 
 (6) 

In any case, q  will never be greater than the ordinary sum of the original uncer-

tainties. 

 ... ...
q x z u w

q x z u w

    
 + + + + +  (7) 

For uncertainty related to powers, if a measurement is taken for x with uncertainty 

x , and the power is calculated using the measured value 
n

q x= , then the ratio 

uncertainty q is n  times the uncertainty of x. 
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3 Assessment Methods for Uncertainty of Theoretical Values 

and Reproducibility 

To determine the accuracy and reproducibility of experimental results, this paper 

proposes the concept of uncertainty of theoretical values. The specific calculation 

method is as follows: 

Step One: The quantities relevant to the experimental results, denoted as D, E, F, 

G, H, J, K, L, etc., are derived through theoretical analysis. From these, the physical 

quantities of interest in the experiment, denoted as A, B, and C, are obtained. Suppose 

A=D+E-mF, B=mGH/J, C=Kv+cLy, where a, b, c, m, v, and y are constants; 
Step Two: Confirm whether the physical quantities D, E, F, G, H, J, K, L can be di-

rectly measured. If they cannot be directly measured, they are listed separately. As-

suming the physical quantity D cannot be directly measured, derive the relationship 

between D and other quantities relevant to the experimental results. Suppose D=EFt;  

Step Three: For the directly measurable physical quantities, identify suitable test-

ing instruments. Determine their Type B uncertainty through manufacturer specifica-

tions or calibration certificates. Assuming the instruments required for measurements 

are O, P, Q, R, S, then their corresponding Type B uncertainties are δo, δp, δq, δr, δs;  

Step Four: Match the directly measurable physical quantities E, F, G, H, J, K, L 

with the corresponding Type B uncertainties of their respective measuring instru-

ments. Let's assume these uncertainties are δo, δp, δq, δr, δs, δs and δs;  

Step Five: Perform repeated measurements on the directly measurable physical 

quantities. After excluding obviously erroneous data, calculate their mean and stand-

ard deviation, denoted as (e, δe), (f, δf), (g, δg), (h, δh), (j, δj), (k, δk), (l, δl) respec-

tively; 

Step Six: Calculate the combined uncertainty, ( )2 2

A BCu u u= + , which is 

( )2 2

e e ou  = + . Similarly, the mean and combined uncertainty of the directly meas-

urable physical quantities are represented as (e,ue), (f,uf), (g,ug), (h,uh), (j,uj), (k,uk), 

(l,ul);  

Step Seven: For the physical quantity D that cannot be directly measured, accord-

ing to its relationship with other physical quantities D=EFt, we can deduce that 

fd e
uu u

t
d e f
= + . Therefore,

( )fe
d

uu
u d t

e f
= +

; 

Step Eight: Similarly
a d e f

u u u mu= + + , ( )
g jh

b

u uu
u mb

g h j
= + + , ( )

k l

c

u u
u c v y

k l
= + , 

the physical quantities of interest in the experiment can be represented as (a, ua), (b, 

ub), (c, uc). At this point, we obtain the theoretical value range of the physical quanti-

ties of interest under the experimental conditions. 
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Step Nine: For the physical quantities of interest in the experiment, identify the 

corresponding testing instruments W, X, Z. Repeat steps three to six to obtain the 

measured value range obtained from the experiment, which can be represented as (ac, 

uac), (bc, ubc), (cc, ucc);  
Step Ten: According to the Central Limit Theorem, it is known that the results ob-

tained from repeated testing follow a normal distribution. Thus, the distribution of the 

theoretical and measured values of the physical quantities of interest in the experi-

ment can be represented as N~(a, ua), N~(b, ub), N~(c, uc) and N~(ac, uac), N~(bc, 

ubc), N~(cc, ucc); 

Step Eleven: Taking the physical quantity A as an example, its accuracy can be as-

sessed as pe=|a-ac|/a. The calculation of reproducibility can be seen as finding the 

probability of the intersection of N~(ac, uac) within the intervals (a-2ua, a+2ua) and 

(ac-2uac, ac+2uac). This probability is denoted as qe. The assessment of accuracy and 

reproducibility for physical quantities B and C follows the same procedure. 

4 Experimental Application 

4.1 Introduction to Suspended Tunnel Testing 

The layout of a suspended tunnel test site is shown in Fig. 1. The standard dimensions 

of the materials are as follows: steel rod length of 12 meters, diameter of 5 centime-

ters, and mass of 187.3 kilograms; foam outer diameter of 156 millimeters. The 

boundary conditions are either fixed or simply supported at both ends. 

 

Fig. 1. Experimental Site Layout 

4.2 Evaluation of Accuracy and Reproducibility of Frequency Measurements 

Step One: When the structure is in an elastic working state, the relevant physical 

quantities in the experiment include foam diameter D, foam density  , steel rod 

diameter d, steel rod length L, steel rod mass m, elastic modulus E, moment of inertia 

I, etc. Determine the required physical quantity for the experimental result as frequen-
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cy  , with the fundamental frequency theoretical value being 
2

0

( )
EI

l m


 =  (tak-

ing simply supported as an example, fixed support is similar); 

Step Two: Confirm that the physical quantities foam diameter D, steel rod diameter 

d, steel rod length L, and steel rod mass m can be directly measured (foam density is 

provided by the manufacturer). Elastic modulus E and moment of inertia I cannot be 

directly measured. For 
4

64

d
I


= and

3

3

FL
E

I
= ,the measurement is based on the for-

mula for deflection of a cantilever beam under the action of a concentrated force at 

the beam end, derived from the principles of materials mechanics. 

Step Three: For the directly measurable physical quantities, find appropriate testing 

instruments. Determine their Type B uncertainty through manufacturer specifications 

or calibration certificates. The table for this experiment is as table 1: 

Table 1. Type B Uncertainty Test Results 

Instruments accuracy Type B Uncertainty 

Vision Measurement 0.02mm 0.01 

Accelerometer 0.0001grms 0.00005 

Tape Measure 1mm 0.5 

Vernier Caliper 0.02mm 0.01 

Electronic Scale 0.01KG 0.005 

Steps Four to Six: After repeated measurements, the mean and uncertainty of di-

rectly measurable physical quantities are shown in the table 2: 

Table 2. Uncertainty Test Results 

Material Physical quantity 
Mean of  

measurement 

Type A 

Uncertainty 

Type B 

Uncertainty 

combined 

uncertainty 

steel rod 

Length: 12m 12.000 0.006 0.005 0.008 

Diameter: 50mm 50.000 0.057 0.001 0.057 

Mass: (KG) 187.300 0.548 0.1 0.557 

moment ofInertia: 

(m4) 
306796.200 68.673 0.001 68.673 

Elastic Modulus: 

(GPa) 
170.000 9.076  9.076 

foam Diameter: 156mm 156.000 0.030 0.005 0.031 

Step Seven: For the physical quantities elastic modulus E and moment of inertia I, 

which cannot be directly measured, their relationships with other physical quantities 
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 are used 

to determine the corresponding uncertainties. The results are shown in Table 2. 

Step Eight: Similarly 
2 0

0 0

0 0

1
( ) 2 ( )

2

mEI L E I

l m L E m I

   
   = = + + +

   
   

  
, the 

corresponding uncertainties are determined accordingly. The results are shown in 

Table 3. 

Steps Nine to Eleven: For the physical quantities of interest in the experiment, find 

the corresponding testing instrument, the accelerometer. Repeat steps three to six to 

obtain the measured value range from the experiment. Based on the Central Limit 

Theorem and the uncertainty intervals of theoretical and measured values, assess the 

accuracy and reproducibility. The results are shown in Table 3. 

From the table, it can be seen that the errors and reproducibility for simply sup-

ported and fixed support conditions are 5.1%,4.9% and 75.1%, 75.3%, respectively. 

The errors and reproducibility for simply supported and fixed support conditions are 

both close, indicating that the boundary conditions have a small influence on errors 

and reproducibility. 

Table 3. Frequency Test Results 

Boundary 

Condition 

Mean of 

meas-

urem-

ent 

Type 

A 

Un-

certa-

inty 

Type 

B 

Uncer-

tai-nty 

com-

bined 

uncer-

taint-y 

Re-

pro-

duci-

bility 

Theo-

retical 

Values 

Uncer-

tainty of 

Theoret-

ical 

Values 

Error 

Simply 

Supported 
6.4358 0.895 

0.0000

5 
0.895 

75.1

% 
6.1104 0.550 5.1% 

Fixed 

Support 
9.3223 1.301 

0.0000

5 
1.301 

75.3

% 
8.8678 0.798 4.9% 

5 Conclusion 

To address the issue of the lack of clear error propagation functions between experi-

mental steps and between experimental steps and results, which impedes the assess-

ment of accuracy and reproducibility, this paper proposes a method for evaluating 

errors and reproducibility based on uncertainty. The main conclusions obtained are as 

follows: 

(1) Based on the general principles of uncertainty and error propagation, a method 

for calculating the uncertainty of experimental theoretical values is provided. 

(2) Through the probability distribution patterns between theoretical and measured 

values and relying on the Central Limit Theorem, the errors and reproducibility are 

assessed. This is further validated through experimentation. 
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(3) The results of suspended tunnel experiments under both simply supported and 

fixed support boundary conditions indicate low experimental errors and high repro-

ducibility, suggesting high reliability of the experimental results. The proposed algo-

rithm demonstrates feasibility and applicability. 
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Open Access This chapter is licensed under the terms of the Creative Commons Attribution-
NonCommercial 4.0 International License (http://creativecommons.org/licenses/by-nc/4.0/),
which permits any noncommercial use, sharing, adaptation, distribution and reproduction in any
medium or format, as long as you give appropriate credit to the original author(s) and the
source, provide a link to the Creative Commons license and indicate if changes were made.
        The images or other third party material in this chapter are included in the chapter's
Creative Commons license, unless indicated otherwise in a credit line to the material. If material
is not included in the chapter's Creative Commons license and your intended use is not
permitted by statutory regulation or exceeds the permitted use, you will need to obtain
permission directly from the copyright holder.
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