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Abstract. The capital market has become more active but complex in recent
years. Many risk-averse investors find it urgent to find a way to obtain relatively
higher returns while suffering the same level of risk. This paper introduces Mar-
kowitz’s Portfolio Theory, which cares about expected returns and standard de-
viation of risky assets, as a creditable approach to solving this problem. This pa-
per will first explain the benefit of diversification implied by this theory. Then, it
will take gold, the stock of Ford Motor and Manning&Napier High Yield Bond
Series(MNHAX) as sample risky assets of commodity, equity and bond, respec-
tively, to form a portfolio that captures the most common investment products.
Next, this portfolio will be optimised through Lagrangian based on maximising
the Sharpe ratio, which will be conducted by Python, to be seen as an application
of the theory in the investment field. The result shows the highest Sharpe ratio
and the weight of each asset. This paper is expected to remind investors of the
importance of diversification and provide a proper method of balancing risk and
return and comparing different assets to improve their portfolio.

Keywords: Markowitz Portfolio Theory, risk-return balance, portfolio optimi-
zation.

1 Introduction

In recent years, more and more investors hope to obtain higher returns through capital
markets. However, most investments carry certain risks while having returns. Gener-
ally, getting higher returns means investors need to suffer higher risks. On the contrary,
if investors have to endure higher risks, they usually expect higher returns [1]. Accord-
ing to Markowitz, uncertainty is a risk that cannot be easily ignored when optimising
investors’ investment behaviour [2]. It is generally believed that many investors are
risk-averse in reality, which means they prefer lower risk to higher risk for a given
situation [1]. Moreover, they also have different risk aversion or risk preferences.
Therefore, they are eager to find a balance between risk and return. This implies that
investors will sacrifice some returns in exchange for lower risk. However, the returns
cannot be too low; otherwise, it goes against the original purpose of the investment. On
this basis, investors should not only invest in assets that have relatively low risk and
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yield, such as bonds and fixed incomes. They should also invest in some equity. Then,
at this point, a portfolio is formed as the portfolio is composed of different assets in a
particular proportion. The portfolio risk is also related to the risk of these assets. So,
the investors can adjust the proportion of each asset to change the portfolio risk. This
process is also called diversification, a common and reasonable investment practice [2].
However, many investors are not good at or do not know how to use diversification to
help improve their portfolios.

Therefore, this paper will use three assets, commodities, equity, and bonds, to form
a portfolio to demonstrate the practical application of diversification in real investment,
which is the content of Markowitz’s Portfolio Theory [3]. Gold, the stocks of Ford
Motor and Manning&Napier High Yield Bond Seriesqt MNHAX), will be taken as the
sample.

This paper will use this theory to analyse the sample portfolio. It uses the expected
return and the covariance matrix of assets to compose an optimal portfolio [3]. The
matrix will be used to work out the portfolio, which balances risk and return and max-
imises the returns per unit of risk. The calculation process will be based on Lagrangian,
a method for solving constrained optimisation problems.

About the contribution, this paper will show the validity of this theory in actual in-
vestment. It is also expected to provide a valuable tool for investors to build their port-
folios to reduce risk while meeting their return expectations. Besides, it helps investors
evaluate many financial assets simultaneously and allows them to adjust their portfolios
if they find a better choice.

The rest of the paper will be structured as follows: Section 2 will introduce the meth-
odology used in the analysis process. Section 3 will apply the methods mentioned in
Section 2 to make the analysis and then build the portfolio according to the financial
assets selected. Section 4 summarises the study and gives our recommendation for ap-
plying this theory.

2 Methodology

2.1  Markowitz Portfolio Theory

The expected return and expected risk are two decisive factors in financial decision-
making. For risk-averse investors, they want to have relatively high returns while en-
during lower risk. Unfortunately, high returns are always associated with high risks, so
investors must make trade-offs.

However, Markowitz’s Portfolio Theory, first raised in 1952[4], provides a modern
and efficient way to balance the two factors and help investors make better decisions.
They assume that investors only care about returns and risk. According to Marko-
witz[3], investors should invest in a portfolio of many assets instead of any single one
in this condition. This changes investors’ risk of a single asset into a portfolio risk,
which is decided by the proportion of the risky assets chosen. The return also becomes
the mathematical weight average of all assets’ expected returns. Here is a two-asset
example:
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e = Wip + Wopz (W1 + Wa = 1) (1)

Where pP, pl, u2 are the expected return of the portfolio, asset 1 and asset 2, respec-
tively. W1 W2 are the fraction of initial wealth allocated to assets 1 and 2, respectively.

To get the portfolio risk, the covariance matrix is needed first. It is shown in Table
1.

Table 1. The covariance matrix of the portfolio variance

Wi Wap
Wi W22 Wi1W2612(W1W2ac1062p12)
Wape WiW2012(W1W20162p12) Wac2?

So, the portfolio variance is the sum of all table entries. It can be expressed as:

or’ = Wi%c1? + W2?62% + 2W1Wao12= Wi%e1? + W2?62? + 2W1WaG102p12
(2)

Where op,1,2 represents the portfolio and asset 1,2 standard deviation, respectively.
Moreover, 612 is the covariance between assets 1 and 2, while p12 denotes the corre-
lation between assets 1 and 2.

Note that the portfolio’s risk is represented by its standard deviation, which is the
square root of its variance. The mean-variance frontier is now drawn, which minimises
the risk with a given expected return [4].

Based on Fig.1, it is clear that the portfolio risk is decreased unless the two assets
are perfectly positively correlated. If investors choose the assets with little positive or
negative correlation to form their portfolios, the portfolio risk will be even lower. This
is the benefit of diversification, which strengthens with the decrease of the correlation
or the increase in the number of assets invested. Notice that the segment above the
global minimum variance point G has a higher return than below G at any given risk.
So, such a frontier with higher returns is called the “efficient frontier”.

Next, according to Tobin, a risk-free asset should be introduced [5]. Then, each port-
folio can be viewed as a combination of a risky and risk-free asset[6]. For those risky
portfolios on the efficient frontier, the Sharpe ratio will give a risk-return trade-off be-
tween them [7]. It is given by Eq. (3).

Efficient Frontier

Expected Refum ()

Standard Deviation of Returns (o)

Fig. 1. The mean-variance frontier
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Source: Kwan, C. C. (2010). The requirement of a positive definite covariance ma-
trix of security returns for mean-variance portfolio analysis: a pedagogic illustra-
tion. Spreadsheets in Education, 4(1).

Sharpe ratio = ri—;rf 3)

Where rp, rf and op are the portfolio return, risk-free rate and portfolio risk, respec-
tively.

Notice that in Eq.(3), the Sharpe ratio increases if the portfolio return or risk de-
creases. Therefore, the portfolio with the highest Sharpe ratio is desirable, and it is also
called the tangency portfolio. Because it is the point where the straight line going
through rf is tangent to the frontier, so risk-averse investors should choose the combi-
nation of the tangency asset and the risk-free asset. This is the separation theorem. It
reflects that the optimal choice can be decided separately based on an investor’s risk
preference [6].

2.2 Lagrangian

Lagrangian should support the calculation to work out the highest Sharpe ratio [7,8].To
solve an optimisation problem in the form:
To max f(x), Subject to:

h(x) >0 4

Where f: Rn— R, h: Rn— Rm are given functions.
Now develop the Lagrangian:

L(x,A) = f(x) + Ah(x) %)

Where A is the Lagrangian multiplier.
According to Kuhn-Tucker, If x* maximises f (x) subject to h(x)> 0, there exists
such a value A*>0 that satisfies the first order condition where x* occurs [9].

£(x*) + AM*h’(x*) =0 (6)

Then, the problem can be solved through Eq.(6).

3 Discussion and Analysis

3.1 Basic Description of the Sample Assets

This paper selects gold, Ford Motor stock, and Manning & Napier High Yield Bond
Series as three representative risky assets: commodity, equity, and bond.

Gold investing has been popular for a long time. As an investment, gold trading
happens physically and in electronic platforms [10]. The gold price surged significantly
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in the latter years, attracting many speculators and investors [10]. In recent years, in-
vestors have preferred gold over other risky assets because of its reduced volatility and
consistency in providing returns compared to common stocks [11].

Ford Motor, founded in 1903, is one of the leading automotive manufacturing com-
panies in the US [12]. In 2023, it gained a revenue of $176.191 billion [13]. Besides,
Ford Motor mainly provides customers with vehicles like trucks, cars, and SUVs [12].

Manning&Napier High Yield Bond Series( MNHAX) was developed in 2012 [14].
It now becomes an active bond in the bond market with a total return of 6.19% for 5-
year bonds, 4.60% for 3-year bonds and 12.72% for one-year bonds [14].

3.2 Analysis of the Data

First, data from 2013 to 2023 was collected from Yahoo Finance (Table 2) to compute
the descriptive data of the three risky assets, as shown in Table 3. According to Table
1, the covariance matrix of the three sample assets and the correlations between them
will be shown in Table 4 based on the results of Tables 2 and 3.

Table 2. Adjust close prices from 2013 to 2023

Adj close Price (§)

Date Gold (per ounce) Ford Motor (stock) MNHAX
December 31st, 2013 1201.90 9.29 4.53
December 31st, 2014 1183.90 9.63 4.64
December 31st, 2015 1060.30 9.11 4.50
December 31st, 2016 1150.00 8.39 5.11
December 31st, 2017 1306.30 9.12 5.56
December 31st, 2018 1278.30 5.99 5.50
December 31st, 2019 1519.50 7.76 6.29
December 31st, 2020 1893.10 7.46 6.70
December 31st, 2021 1827.50 17.72 7.39
December 31st, 2022 1819.70 10.25 6.84
December 31st, 2023 2062.40 11.87 7.72

Mean 1482.08 9.69 5.89

Source: Yahoo Finance

Table 3. Description of expected annual returns for sample risky assets

Expected annual returns (Mean) Standard deviation
Gold 6.09% 11.32%
Ford Motor 10.16% 49.62%
MNHAX 5.73% 7.64%
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Table 4. The covariance matrix with correlations

Gold Ford Motor MNHAX
Gold 0.012805 20002539 0.005402
Ford Motor 20002539 0.246186 0.019803
MNHAX 0.005402 0.019803 0.005833
1d,Ford)— 1d, MNHAX)=0.
Correlation p(GOOd(’) 4‘;“1) p(Gold, s ) p(Ford MNHAX)=0.523

Note that all three assets are not perfectly positively correlated, so it is possible to
use them to form a portfolio to obtain the benefit of diversification.

First, deciding the weight of each asset invested is necessary. to form a portfolio In
this condition, assume that W1, W2, and W3 are the weights allocated to gold, the Ford
Motor stock, and the MNHY bond series, respectively. With Eq.(1), the portfolio return
can be expressed as:

pp = Wipg + Wopr + Wipg (Wi + Wa +W35 =1) 7

Where pgrp are expected returns of gold, stock of Ford Motor and MNHAX bond
series respectively.
In addition, based on Eq.(2), the portfolio variance will be:

op?> = Wi20g? + Wo2or? + Wi20p? + 2W Waogr + 2W 1 Wsogs + 2W2Wiors ()

Where oG,F,B stands for the standard deviation of gold, stock of Ford Motor and
MNHAX bond series respectively.cGF,GB,FB are the covariance between gold and
stock, gold and bond series and stock and bond series, respectively.

3.3  Optimise the Portfolio

The next step is to optimise the portfolio. According to the 10-year treasury rate as of
February 20th, 2024, the risk-free rate rf should be 4.27%. [15] Recalling
Eq.(3)/(7)/(8) the Sharpe ratio of the portfolio is:
W1puG + W2uF + W3uB-rf
[W120G2+ W220F2+ W32gB2+ 2W1W20GF + 2W1W30GB + 2W2W30FB]Y:

)

Then, the optimisation problem will be developed according to (4) and (9) to max
Eq. (9) under the constraints mentioned in Eq. (10).

W1 +W2 +W3 -1 =0, & W1, W2, W3 20 (10)

Next apply Eq.(5) and Eq.(10) to get the Lagrangian:

L(Wl W2.W3 7»)= w1pnG + W2uF + W3uB-rf
’ > ’ [W120G2+ W220F2+ W32¢B2+ 2W1W20GF + 2W1W30GB + 2W2W30FB]%
MW W, +W3 -1) (11)

Applying Eq.(6) and Eq.(11) to get the first order condition:
For W1,
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uGoP— (W1uG + W2uF + W3uB-7f)(6G*W1+W20GF+W36GB)oP 1

W120G* + W220F? + W3%0B? + 2W1W20GF + 2W1W30GB + 2W2W30FB A=0 (12)
For Wz,
UFoP— (W1pG + W2uF + W3uB—7f)(6F*W2+W16GF+W30FB)oP 1 =0 (13)
W120G? + W220F? + W3%0B? + 2W1W20GF + 2W1W30GB + 2W2W30FB
For W3,
uBoP— (W1uG + W2UF + W3uB-7f)(6B*W3+W10GB+W20FB)oP~1 L=0 (14)
W1%0G? + W2%0F? + W320B? + 2W1W20GF + 2W1W30GB + 2W2W30FB
For A,
W, +W, +W;3-1=0 (15)

There are four unknowns and four equations, so the unknowns have solutions.

The last step is to write a string of codes to conduct Eq. (10)/(11)/(12)/(13)/(14)/(15)
through Python to solve this optimisation problem. First, the number of portfolios to
simulate is set at 10000. Then, generate random weights for each asset with a sum of 1.
Next, plot the portfolios on the mean-variance frontier and use the risk-free rate to get
the optimal portfolio with the data shown in Table 3 and Table 4. At last, we get the
mean-variance frontier and the optimal portfolio shown in Fig.2:

Mean-Variance Frontier with Risk-Free Rate
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Fig. 2. The mean-variance Frontier with the risk-free rate

According to the results computed by Python, the optimal portfolio consists of
49.81% gold, 8.23% of the stock of Ford Motor and 41.96% of the Manning&Napier
High Yield bond seriestMNHAX). The portfolio return is about 6.27%, while the risk
is about 9.64%. Moreover, the highest Sharpe ratio equals to 0.2079.
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4 Conclusion

The discussion and analysis of the sample assets show a possible way of reducing risk
while gaining the highest returns per unit risk. This meets the requirements of investors
very well based on the present situation, where there are increasingly risky assets, and
investment decisions are becoming increasingly frequent. Recalling Markowitz’s Port-
folio Theory, investors only care about the risk and returns in the condition that they
are all assumed to be risk-averse. So, the sample application of this theory shown in
this paper satisfies the demand for a balance between risk and returns quite well. The
purpose of this paper is precisely this. It aims to provide reference guidance for inves-
tors to help them make better decisions.

This paper employs the Markowitz Portfolio Theory and Lagrangian methodology
to help form the optimal portfolio. This theory fully applied the benefits of diversifica-
tion. Investors’ portfolio returns can be expressed as a weighted sum of the assets cho-
sen, while the risk is the sum of all entries in the covariance matrix. Moreover, it reflects
investors’ trade-offs between risk and returns through a sharp ratio. Lagrangian is an
efficient and convenient way of solving optimisation problems. It uses the Lagrangian
multiplier A to help find the optimal portfolio with the highest Sharpe ratio. Moreover,
the results are determined by solving the first-order condition.

Gold, the stock of Ford Motor and the Manning&Napier High Yield Bond Se-
ries(MNHAX) are selected as samples to form the portfolio. All three are active and
representative risky assets in their commodity, equity and bond categories. These three
categories cover the asset selection of most investments, so the sample portfolio formed
consists of them is more practical.

According to the outcome computed by Python, the optimal portfolio is composed
of 49.81% gold, 8.23% of stock of Ford Motor and 41.96% of Manning&Napier High
Yield bond series(MNHAX), with the highest Sharpe ratio equaling 0.2079. This means
that for risk-averse investors, the focus of investment is mainly on gold and bonds, but
the stock of Ford Motor is still needed to ensure a relatively good return.

Through reading this paper, investors can better understand and learn how to apply
Markowitz’s Portfolio Theory in real-life investment to evaluate different assets and
improve their portfolios based on their risk aversion.
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