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Abstract

In this work, we investigate the representation of numbers as sums of powers
of prime numbers. It is shown that all sufficiently large integers are sums of some
ascending even prime powers.
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1 Introduction

Roth [11] proved that all sufficiently large positive integers N can be expressed
S .
>zttt =N, (1.1)
i=1

with s = 50. Many predecessors, among them Thanigasalam [13, 14], Vaughan [15, 16],
Briidern [1, 2] and Ford [5, 6], struggled for half a century to improve the above result.
The sharpest result was due to Liu and Zhao [10] (s = 13).

In [14], Thanigasalam also considered the equation (1.1) for prime powers and proved

that
23 ‘ 24 )
lezp?rla NQZZP;+17
=1 =1

for sufficiently large odd integers N1, and even integers No.
In [3], Briidern considered the equation (1.1) with even powers only. His result
implies in particular that the set of integers representable as

4
N:x%—i-:vz—i-:rg%-xi, r1,T2,T3,T4 € N,

has positive density, but less than 1.
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In 2020, Kuan et al. [9] proved that
N:x%+x%++x?$ga 1U1,I2,"',.’13173€N,

for all sufficiently large natural number N.
Incorporating a powerful admissible exponents method developed by Davenport [4]
and Thanigasalam [14], we establish the following theorem.

Theorem 1.1 Let N1 =1 (mod 3), Vo =2 (mod 3), N3 =0 (mod 3). All sufficiently
large integers N1, Na, and N3 are representable in the forms

s+1 s+2

S
M=) pd No=) pfs Na=) pni", (1.2)
k=1 k=1 k=1

where s=2224 and the p’s are primes.
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2 Preliminaries

Definition 1 [14, Definition A] Given natural numbers ky,--- ks with 2 < kg < -+ <
ke < ki (s > 2) and real numbers vi,--- ,vs with 0 < v; < 1(i = 1,---,s), the pairs
(k1,v1), (ko,v2), -+, (ks,vs) are said to form admissible exponents, if for every large
positive Z and every € > 0, the number of solutions of the equation

A T o R
subject to

ZVi/ki S T S 2ZVi/ki, Zl/l/kl S i S 2ZVz‘/k'i, (Z =1.2.--. 78),

Y Y

18
< Z(Zf:l Vi/ki)+5.

Let
Ky ={12,14,--- ,40}, Ky ={42,44,---,4446}. (2.1)

By [14, Theorem 3], we get the following lemma.



54 L. Wang et al.

Lemma 2.1 There exist numbers vy, (k € K1 U Ka) satisfying
Vg Vi
o= ) 57 >0508926, ax= Y = >0.905733, (2.2)
keKy keKo

such that
(1) {k, v} with k € Ky form pairs of admissible exponents;
(2) {k, vi} with k € Ko form pairs of admissible exponents.

Let K3 = {8,10} U K3. We have the following lemma.

Lemma 2.2 There exist numbers V,; (k € K3) satisfying

: . , . 89 1
0<wy <1, =1, 0876157 <y, <0.876158, > % =a3>— +

o6 " 106 (23)
keKs

such that {(k,v,)} (k € K3) form pairs of admissible exponents.
Proof By [4, Theorem 2], we obtain this lemma.

2.1 Notation

p denotes a prime number. Let 6 be a small positive constant. «, 8 denote real numbers,
and € is a small positive number. N is a large positive number, and we write L = log V.
Cy, C1, ..., are positive constants. We use the abbreviations

e(a) =™ e (a) = e(a/q).

v (k € K1 U K>) be defined in Lemma 2.1, 1/,/€ (k € K3) be defined in Lemma 2.2
and
Vg = Vyp = Vg = 1.

We define (a < ¢, and (a,q) = 1)

2P, =N, fi:= fila) = Z e(ax®),

Py<z<2P,

E e

Ji = Ji(B) = Z y%_le(ﬁy), Sk == Sk(a,q) = Zeq(amk), (2.4)

(Pe)k<y<(2Py)* z=1
_ a
hi, = hi(a, a,q) = g~ Sk(a, q) Iy <a = q) :
Define (for k € K3)

/
U 1= Uk(a) = Z C(O{.’]}k), 2P]; = Nyk/k7
P, <z<2P)]

G = Gr(B) = >

(PL)k<y<(2P|)*

yte(By),

| =
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. _ 41 a
ty == tg(a,a,q) = ¢ Sk(a,q)Gg <a q).
We denote by

F(a) := Fi(a)Fy(a) (2.6)
with
( 1T fk)7 Fy(a) == fafeF3(e), F3(a) = fsum( I1 “k> (2.7)
keK1 keKo2
Let
Q:= NT/8+0 .= 1/8 — 26, (2.8)

and subdivide the interval
Q'<a<1+Q7! (2.9)

as follows: For ¢ < N7, let M,  denote the interval a = ¢ + B, 18] < (¢Q)~!, and
denote the aggregate of all M, ,’s by M. It can be proved in the standard way that any
two M, ,’s are disjoint. Let m denote the complement of 9t in (2.9). Also denote the
complement of M, , in (2.9) by m, 4(¢ < N7).

We define

Bi(g Z g Y BS612 18812 Balg Z ¢ 51215 g 2,
Bs(q) Z g T2 1/5|56HSS|2 Bu(g Z 2015|5512,
Bs(q) Z g 32015 B Z gA/6=1/5+20 6. (2.10)
Br(q) = Z g V515428s5%:  Bs(q) = Z g3 VA5G, 2,
() Z g O3Y5016, 21862 Buolg Z g 071/3|S4 2| S6[2|Ss 2,

where the notation > " means Y 1<q<q-
(a,9)=1

Lemma 2.3 [15, Lemma 4.1] Suppose that pta and k > 3. Then
|Sk(a,p)| < ky/p.

By

Lemma 2.4 [15, Lemma 4.4] Suppose that k > 3 and (a,q) = 1. Then Sk(a,q) <
1-1/k
q .

Lemma 2.5 [15, Lemma 4.5] Suppose that (a1,q1) = (a2,q2) = (q1,q2) = 1. Then

Sk(alfh + asqi, qup) = Sk(ah Q1)Sk(a2, Q2)-

Lemma 2.6 [15, Lemma 10.1] Suppose that f(q) is a non-negative multiplicative func-
tion of ¢ and S_7° f(p") exists for every prime p. Then, when X > 1,

Sro<II>.reM

<X p<X h=0
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Lemma 2.7 Bi(q), Ba2(q), -+, Bio(q) are multiplicative.
Proof If follows easily from (2.10) and Lemma 2.5.
Lemma 2.8 Fork=4,6 and 8, |5| <1/2,
Ji(B) < min(NY* NYEHBIY, - hy(aa,q) < g VENY P min(1, N7 BT,

fk’(a) - hk(O&, a, Q) < ql_l/k+6 (qu < Nl/k_e? |B| < q_lNl/k_l_e)v

and
tio(a, a,q) < ¢ 1ON"0/10 min(1, N0 8| 7).

Proof See Lemma 5 in [1]].

Lemma 2.9

P
S eqlaat) - “Sya,q) < /2.
1<z<P q

Proof See the main theorem in [7].
Lemma 2.10 For k=4, 6 and 8,
fk(a) - hk(Oé, a, q) < q1/2+6{max(1, N|BD}’

and
uro(a) — tio(a, a,q) < ¢"/*F max(1, N*10|g|).

Proof The lemma can be proved by a partial summation with Lemma 2.9.
Lemma 2.11 On m,
fala) < NT/32+0/4 fola) < N31/192+0/6
Proof It follows a similar argument from [15, Lemma 8.2].
Lemma 2.12 [14, Lemma 21] Let K1 = {12,14,--- |40} and t = Y i, (xf — i) with
Py <wp <2P;, Py <y, <2P, for keK.
Then
> d(]S]) < N (log N)“",

40

where d(n) denotes the divisor function and o is defined in (2.2).
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Lemma 2.13 The number of solutions of

x5+ ( > w’é) =45+ ( > y’é) (2.11)

keK; keK1

with the xy’s, yi’s subject to

Py, <xp <2P, Pp<y,<2F

forke Ky and k=2 is
< Na1+1/2+€(log N)Cl.

Proof Using Lemma 2.12 and [14, Lemma 22/, we have this lemma.

Proposition 1
1
| 1B @ da < N7 1og MR ),
0
where C is a positive contant.

Proof By N2(1+1/2) « [[1(0)}2, this proposition follows from Lemma 2.18.

By (2.5) and Lemma 2.2, since N2 < F3(0),
1
/ IFy(a))? da < NP2+ < N0+ {F5(0))2. (2.12)
0
By (2.5), (2.12) and Lemma 2.11, since N'/4 < £,(0), N'/6 <« f£4(0),

1
/ ‘F2(a)’2 da<<N2><(7/32+9/4)N2><(31/192+9/6)/ ‘Fg(Oz)’Q do
m 0

< N_1+2/4+2/6{F3(O)}2 < N—l{FQ(O)}Q.

(2.13)

Lemma 2.14 On M, ,,
U K q—1/10Nz/10/10'

Proof The lemma now follows from (2.3) and Lemma 2.8.
Lemma 2.15 On M, ,,

fo—he < g VANV by < NYEGTH S, min(1, IN[THBITY); (k= 4,6,8)
fotha < g VANYY fo+he < g YONYS, fg 4 hy < g7 VENY/E,

fg < ‘h6|2 +q—1N1/4 + |h6\q_1/2]\71/8; fg < |h8|2 +q7/4+20'
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Proof The lemma is deduced from Lemmas 2.14 and 2.8.
Lemma 2.16 On M, 4,
(F2FE 8 — hanghR)uty < g~ V/PNP10/10(Ly 4 Ly + L3),

where

Ly =(fs— ha)(fa+ ha) f§ f3
<<N2g{q_5_3/4|56‘2|38|2 +q_5_5/12|58|2 + q—5—7/12|S6HS8|2

+ q—4+29|5«6|2} min(l, |N|_1|5|_1)2 + N2/4+2/6+1/8{q—8/3+29 + q—2—5/6+29|56|}’
Ly =(fs — he)(fo + he)hifs < N2¢{q °|Su|*Ss|* + ¢~ /*|S4|*} min(1, [N| 18] 71)?,

L3 =(fs — hs)(fs + hg)h2hE < ¢ >3/ N2¢|5,12|S6|? min(1, |N| 78712,

and p:=1/4+1/6+1/8.
Proof This is deduced in a standard way from the above two lemmas.

Lemma 2.17 Fori=1,2,---,10,

Z Bi(q) < 1.

g<NT
Proof By Lemma 2.4 and (2.10),
0 < Bi(q) < ¢ 073/ VBHT/A45/341  (=23/15,

(2.14)

(2.15)

In fact, we can get the desired bound from this upper bound since the power is less than
—1. But it is not the case for some of others, Bs for example. Thus, we write here a

general argument suitable for all.
It follows that >"7°, B1(p") exists for every prime p and

)
ZBl(ph) < p—46/15‘
h=2

By Lemma 2.3 and (2.10),

0 Bilp) < p0 B <
Clearly B1(1) = 1. Hence, by (2.16) and (2.17),

e.9]
Z By (ph) <1+ Cgp_59/20.
h=0

By Lemmas 2.6, 2.7 and (2.18), we have

> Bilg< ] i&(ph)s [T @+Cp™) <1

g<NT p<NT h=0 p<NT

The other terms in (2.14) can be treated in the same way.

(2.16)

(2.17)

(2.18)



Representation by sums of ascending even prime powers 59

Lemma 2.18
S X [ MRS - rE ] da < N Jio
q<N7 1<a<q ( . )
(a,q)=1
and
> D / [nihghguty| da < N1 590
q<NT7 1<a<q ( : )
(a,q)=1

where 1 :=1/4 +1/6 4+ 1/8 + 1/,,/10.

Proof (2.19) follows in a similar manner from Lemmas 2.16 and 2.17. (2.20) is again
deduced in a standard way from Lemmas 2.14, 2.15, and 2.17 using the estimate

h4h2h U10<<N2nq 6= l/5’54| |6 ’SS\zmm(l N8I~ 1)
Thus we have the result.

It now follows from Lemma 2.18 that,

Z Z/ 17212 1202 doe < N7H{£4(0) f6(0) fa(0)u0(0) 1}

g<NT 1<a<gq (221)
(a,9)=1
by N < f4(0)f6(0) f5(0)u10(0).
Now, using the trivial estimate
IT wlo) < T ur(0),
keKo keKo
we have from (2.21),
/ |Fa()]? da < N~HFy(0))2. (2.22)
m

Proposition 2
1
/ |Fy(a)[2 dor < N {F(0)}2.
0

Proof With Q defined by (2.8), we make the same subdivision of the interval Q1 <
a<1+Q7 "t (into M and m ).

Wrrite
1+Q~ 1
/ |F2(oz)|2da:/ |F2(a)\2doz—|—/ |Fy(a)[? da
m m

-1

The required result follows from (2.13) and (2.22).
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3 Proof of Theorem 1.1

Let

Py, if ke {2,4,6,4448) U K
2P, = N1/4448 = l/ﬁ Ty 7 1
4448 Uk P, ifke{8,10} UKo, (31)

where K1, Ky, Py and P,; are defined by (2.1), (2.4) and (2.5).
Write

fro = frla) = Z e(ap®) for k=2i, 1<i<2224, (3.2)
U <p<2Ug
and

2224
Cy=Cy/2, Cy=28(Cy+2226), L=1logN, F(a)=]] fale). (3.3)
=1

Subdivide the interval
N7 <a <14+ N71LC (3.4)

into basic intervals EJJIIW for ¢ < LY with o = a/q+f, | 8| < ¢ ' N7'L and denote the
union of WZL@S (these being disjoint) by 9M'; the supplementary intervals m’ denotes
the complement of M in (3.4).

Let

1+N~1LCs
RI(N) := /NILCB F(a)e(—Na) da .

:/m F(a)e(_Na)da+/ F(a)e(—Na) da.

mt
As in Lemma 7 and its corollary in [12] (with slight modifications), we have on mT,

f4448(a) < N1/4448L_C2_2225. (36)

Replacing (33) and (34) in [12] by Propositions 1 and 2, and arguing as in section 8 of
[12], we have from (3.3) and (3.6)

/ F(@)]da < N7V 0)Fy(0)} 172, (3.7)

Also, by (2.4), (2.5) and (3.1),
L% < (logUp)®® < L% and N7'LY < U *(logUy) %,

for 1< i <2224, k = 2i.
Let ¢(q) be Euler’s totient function, we have by Lemma 8 of [12], on 9T,

A~ ~

fe(@) — hyla) < Ne@VE for 1<i<2224, k=2 (C5>0), (3.8



Representation by sums of ascending even prime powers 61

where flk(a) is the approximating function corresponding to fk given by

o) = @ 3 et} S o) e}

(e Ui <y<(2Ug)*
Let Mg(pY,N) = My(p”, N; k1, ko, -, ks) denote the number of solutions of the congru-
ence
k1 ko ks ks o7
et a4+ + 2 =N (mod p), (3.9)

where 0 < z; < p7¥ and ptxi29--- x4
Let p*i||k;, and write

i = { Ai +2, if p=2and 2|k; and = min(y1, 72, ,7s)- (3.10)

Ai +1, otherwise,

Then v = 3 for p = 2 and k; € {2,4,---,4448}. Also, v = 1 for p > 3 and k; €
{2,4,---,4448}. Hence if Magos(p?, N) > 0 for each prime p (note that the premises of
Lemmas 16, 19, 20 in [12] are satisfied), it would follow as in [12] that

3%( /m F(a)e(~Na) da) S N-UHAS R (0) By (0)} L2224, (3.11)

Then, from (3.5), (3.7) and (3.11) we get R (V) > 0 for large N provided Mago4(p?, N) >
0 for each prime p.

The argument is completed as follows: Let A7 =1 (mod 3), and p > 5. Maga4(p, N)
denotes the number of solutions of the congruence

2224
(Z xz’f) =N (modp), O<az,<p for 1<Fk< 2224, (3.12)
k=1

By Lemma 8.4 of [8], for each prime p, z2¥ (0 < x; < p) has (ka iy distinct residue

classes mod p (1 < k < 2224). Hence, applying Lemma 8.4 of [8] repeatedly (2223

times), we see that the number J(p) of distinct residue classes mod p of ( i22214 z2k)

(0 <z, < p) satisfies

2224 1
J(p) > min (Z {(215;9—1)} - 2223,p> . (3.13)
k=1 ’
Now
p— 1 p— 1 2224
> d >4
Qkp—1 - 26 " Z =

Hence, from (3.13),
J(p) > min (4(p — 1) — 2223, p). (3.14)
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Also 4(p — 1) — 2223 > p if p > 743; so that by (3.14),
M2224(p, N) >0 for p > 743. (315)

For primes 5 < p < 743, it is an easy verification (by use of Lemmas 8.4 and 8.7 of
[8]) that
M2224(p, N) > 0. (316)

For p = 3, by use of Lemma 8.4 in [8], when x; runs through 1,2 (mod 3), :L‘%k runs
through (3—1)/(2k,3 —1) mutually incongruent numbers mod 3 (for 1 < k < 2224). We
see that
¥ =1 (mod3) for 1<k<2224 xp=1or2 (mod3).
Hence
23+ xy+al o+ asag =N (mod 3), (3.17)

where A7 =1 (mod 3).

For p = 2, we note that 12 = 1 (mod 8), 2? = 4 (mod 8), 32 = 1 (mod 8), 42 =0
(mod 8), 52 =1 (mod 8), 62 =4 (mod 8), 72 =1 (mod 8). The congruence

a? +ag+af o F it =N (mod 2°) (3.18)

has solutions for all sufficiently large integers N.

Combining (3.15), (3.16), (3.17) and (3.18), we can get Mago4(p?,N1) > 0 for all
sufficiently large integers N7.

Similar argument holds for the cases Ny =2 (mod 3) and M3 =0 (mod 3).

Thus, all sufficiently large integers A7 = 1 (mod 3), N5 = 2 (mod 3), N3 = 0
(mod 3) are representable in the forms

s+1 s+2

S
lezp]%;kv NQZZPika N3:Zp%k7
k=1 k=1 k=1
where s = 2224 and the p’s are primes.
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