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Abstract

The concepts of A-convergence and Aj-convergence of a net are introduced in
A-space defined by Zhang et.al. The characterization of the continuity of the A-
space is obtained in terms of the A-convergence of the nets. The result that the
continuity of the A-space implies the A -convergence being topological in A-space is
given. An example is supplied to illustrate that the converse of the above result does
not hold. Meantime, we prove that the A-space X is continuous if and only if the
Ap-convergence is topological in X, X is meet-continuous and O(X) \/ w(X) = 7a, .
Moreover, we put forward the concept of weak continuity of the A-space and show
that a sufficient and necessary condition for the A-space being weak continuous is
that the Ap-convergence is topological.
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1 Introduction

The theory of Ty-spaces is a combination of order theory and general topology, each
playing a crucial role, and each interacting with other in ways that both are enriched.
In [1], the authors discussed the Scott topology and its connection with the convergence
given in order theoretic terms by S-convergence and lower limits in directed complete
posets(dcpos). They obtained the characterization of the continuity of the dcpos by the
S-convergence structure, that is, a dcpo is continuous if and only if the S-convergence is
topological. Afterwards, B. Zhao and D. Zhao gave a sufficient and necessary condition
for the posets to be continuous utilizing the S-convergence structure in [2]. Moreover,
there were many kinds of convergence class proposed to characterize various kinds of
continuity of the posets or the dcpos in the papers [3, 4, 6-10]. As a generalization
of the posets endowed with Scott topology, Z. Zhang et.al introduced the concept of

© The Author(s) 2024

Z.Zheng and T. Wang (eds.), Proceedings of the International Academic Summer Conference on Number Theory
and Information Security (NTIS 2023), Advances in Physics Research 9,
https://doi.org/10.2991/978-94-6463-463-1_9


http://crossmark.crossref.org/dialog/?doi=10.2991/978-94-6463-463-1_9&domain=pdf

Characterization of the continuity of A-space via the convergence 123

the A-space in [13]. They also defined the continuity of the A-space and presented
topological characterizations of the continuity. The notions of a domain, a continuous
poset, a quasi-continuous domain, an sg-continuous poset given by Erne [6], an so-quasi-
continuous poset introduced by Zhang and Xu [5], a strongly continuous poset proposed
by Xu and Mao [12], and a f-continuous poset defined by Zhang et.al [11] are special
cases of the continuity of the A-space. It is natural to ask: Can we make use of the
convergence of the nets to characterize the continuity of the A-space?

In this paper, we introduce the concepts of A-convergence and A -convergence of
a net in A-space. The characterization of the continuity of the A-space is obtained in
terms of the A-convergence of the nets. This result answers the above question. We
obtain that the continuity of the A-space implies that the Aj-convergence is topological
in A-space, but the converse does not hold. Meantime, we prove that the A-space X is
continuous if and only if the Ap-convergence is topological in X, X is meet-continuous
and O(X)Vw(X) = 7a,. At last, we put forward the concept of the weak continuity of
the A-space and shows that a sufficient and necessary condition for the A-space being
weak continuous is that the Ap-convergence is topological.

2 Preliminary

The following definitions can be seen in [1] and [14].

Let L be a poset, A C L. Let A* = {b € L: VYa € A, b > a} be the set of
upper bounds of A, A' = {b € L: Va € A, b < a} be the set of lower bounds of A,
JA={beL: Jac A, b<a}andtA={be L: Jac A, b>a}. A subset A is called
a lower set(upper set) if A =]A(A =TA). A subset D is called directed(filtered) if it is
non-empty and for every non-empty and finite subset F of D, F*ND # @(F'ND # ).
L is called a dcpo if every directed subset has a sup. A subset A is called a filter if
it is a filtered upper set. We call the topology generated by {L\ 1tz | = € L} U {L}
the lower topology, and we denote it by w(L). For a subset A of L, a net (z;);er € A
usually if for all i € I, there exists a ig € I with i9 > ¢ such that z;, € A. And a
net (z;)ier € A eventually if there exists a ig € I such that x; € A for all i > iy. For
any topological space (X, O(X)), a net (x;)icr in X converges to an element x in X if
(x:)ier € U eventually for all U in O(X) with z € U.

For a space (X, O(X)), the specialization order < on X is defined by

x <y if and only if = € cl({y}).

In this paper, unless other stated otherwise, whenever an order-theoretical concept
is mentioned in the context of a space X, it is to be interpreted with respect to the
specialization order on X.

Lemma 2.1 [15] Let L be a class of some pairs ((x;)icr,z) of a net (x;)icr and an
element x in a poset L. Then the class L is topological, that is, there exists a topology
T on L such that ((zi)icr,x) € L iff the net (x;)icr converges to x with respect to the
topology T, if and only if it satisfies the following four conditions:
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(Constants) If (z;)icr is a constant net, that is, for alli € I, x; = x, then ((x;)icr, x) €
L.

(Subnets) If ((zi)icr,z) € L and (y;)jecs is a subnet of (x;)icr, then ((yj)jcs),x) € L.
(Divergences) If ((x;)icr,x) ¢ L, then there exists a subnet (y;)je.s, which has no sub-
net (zk)ker 0 that ((2k)kek), x) € L.

(Iterated limits) If ((xi)ier, @) € £, (i) jesa), i) € £ for alli € I, then ((z; 1i)) i, f)erxm
,x) € L, where M = [[;c; J(i). The order of M is defined as follows, f1 < fo if and only

if f1(2) < fa(i) for all i € 1, the order of I x M s defined as follows, (a, f1) < (b, f2) if
and only if f1 < fo and a <b.

3 A-space

Recall that a topological space (X, O(X)) is called a weak monotone convergence space
if and only if O(X) C o(X). And a space X is called a monotone determined space if
a subset U of X is open if and only if for any directed subset D of X, cl(D)NU # ()
implies DNU # (.

Definition 1 [13] A space X is called a A-space if it is both a weak monotone conver-
gence space and a monotone determined space.

Example 1 Examples of A-spaces:

(1) Any poset with Scott topology(Posets endowed with the Scott topology);
(2) Sober C-spaces;

(8) Sober locally finitary compact space.

Definition 2 [13] Let X be a A-space, and xz,y € X. We say that x approximates vy,
in symbols © < y, if for any directed D C X, y € cl(D) implies x € |D. We write
lr={aeX:a<z}, fr={aec X :2z<a}.

Proposition 1 [13] Let X be a A-space. For any a,b,c,d € X, the following statements
hold:

(1) a < b implies a < b.
(2) a <b=<c<dimplies a < d.

Definition 3 [13/ A A-space X is said to be continuous if Jx is directed and x = \/{x
forallz e X.

Proposition 2 A A-space X is continuous if and only if there exists a directed subset
D of Jx such that VD = x for oll z € X.
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Proof The necessity is obvious. Conversely, let x € X and suppose that there exists a
directed subset D of x such that \| D = x for all x € X. Suppose x1,x9 € Jzx. Since
x =VD € cl(D), we have that x1,x2 € LD, i.e., there exist di,dy € D such that x1 < d;
and xo < do. Thus, 1 < dy < d and xo < dy < d for some d € D by the directness of
D. Hence, the set |z is directed. Besides, \/ }x = x by the assumption \/ D = x and
D C |z C lx. Therefore, X is continuous.

Proposition 3 [13] If A-space X is continuous, then ftz is open and U = |J{ffu : u €
U} forallz € X and U € O(X).

Definition 4 [13] A A-space X is meet — continuous if for any x € X and directed set
D C X, z € cl(D) implies x € cl(lx N D).

Definition 5 [13] A A-space X is called quasicontinuous if for all x € X and U €
O(X), x € U implies that there is a finite subset F' C X such that x € int(1F) C1F C
U.

Theorem 3.1 [13] A A-space X is continuous if and only if X is quasicontinuous and
meet-continuous.

Next we will characterize the continuity of A-space by Galois connections.

Definition 6 Let X be a A-space. A filter F in X is said to converge to x € X denoted
by F — x if there exists a non-empty directed subset D of X such that

(1) z € cl(D);
(2) for each d € D, 1d € F.

Let 0(X) denote the family of all lower set of X. Then §(X) is a completely dis-
tributive lattice under set inclusion. Define a : (X) — 0(X) by a(4) = {y € X :
3 a proper filter F — y and A € F} for each A € §(X), and 3 : §(X) — 0(X)
by B(B) = B = |J{{b : b € B} for each B € #(X). Then both « and /5 are order-

preserving.

Lemma 3.1 Let X be a continuous A-space and A € 0(X).
Then cl(A) ={y € X : 3 a proper filter F — y and A € F}

Proof Obuviously.

Theorem 3.2 Let X be a A-space, the following statements are equivalent:
(1) X is continuous.

(2) « and B form an adjunction,i.e, B(a(A)) C A C a(B(A)) for all A C X.
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Proof (1) = (2): Let x € S(a(A)), then there exists y € a(A) such that x < y. Thus
y € cl(A) and y € frx. Obviously, tx is open in X by the continuity of X. It follows
that ffz (VA # 0. Since A is a lower set, we have that x € A.

Let x € A. We need to show that x € a(B(A)) = cl(JA). In fact, since X is
continuous, we have that x = \/{lx. Hence, x € cl({lx) C J,cq cl({a) = cl(YA).

(2) = (1): First, we claim that |z is directed for all x € X. In fact, let F be a finite
subset of {x, we want to show that F*(\{x # 0. By (2), x € lx C a(B(lz)) = a({lz),
which implies that there exists a proper filter F such that F — x and {x € F. Hence,
there exists a directed subset D of X such that x € cl(D) and 1d € F for all d € D.
We conclude that F C |D,i.e, Ta € F for all a € F. And there exists F, € F such that
a € FL, which implies F C (NF,). Let E = NF,, it is obvious that E € F and E C F".
Thus F* € F and F*({x € F. Since F is proper, F*({x # 0. Second, it is obvious
that |z C a(llz) C€ (J2) C (la)¥ = |z, thus x = \/Ja. Therefore, X is continuous.

4 A-convergence in A-spaces

In this section, we introduce and study the A-convergence in A-spaces. It is proved that
a A-space is continuous if and only if the A-convergence is topological.

Definition 7 Let X be a A-space. A net (z;)ier in X is said to A-converge to v € X
if there exists a non-empty directed subset D of X such that

(1) z € cl(D);

(2) for each d € D, x; € Td eventually.

In this case, we write (x;);er N

Remark 4.1 Let X be a A-space. Then

(1) The constant net (x;);cr in X with value x A-converges to x.

(2) For any net (x;)icr in X. If (x;)icr N x, then (z;)ier N y for every y < x.
(3) For any U € O(X), U =1U.

Definition 8 Let X be a A-space. We consider the following family of the subset of X.

A = {U C X : whenever (z;)icr Lz and x € U, then z; € U eventually}. It
is easy to prove that Ta is a topology. It is called the A-topology on X. Each U € T is
called A-open set. Complements of A-open sets are called A-closed sets.

Proposition 4 Let X be a A-space and A C X. Then A is a A-closed set if and only
if for any net (x;)icr in A, if (zi)ier A, x, then x € A.
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Proof (=): Assume (x;)icr € A and (z;)ier 2 Suppose that © € X \ A. Since A is
A-closed, we have that X\ A is A-open. Thus (x;);cr € X\ A eventually, a contradiction.
(«<):Suppose not, A is not A-closed. Then X \ A is not A-open. Thus there exists

x € X\ A and a net (x;)icr such that (x;)ier N x, but (x;)icr is not eventually in
X\ A. It follows that (x;)icr € A usually.

Proposition 5 Let X be a A-space and U C X. Then U € 7a if and only if for any
directed subset D of X, cl(D)NU # O implies D NU # 0.

Proof (=): Assume that U € Ta. Let D be a directed subset of X and cl(D)NU # 0.
Then there exists x € U such that x € cl(D). Obviously, (d)qep 250 Hence, (d)gep €
U eventually. It follows that D NU # .

(<): Assume that for any directed subset D of X, cl(D)NU # 0 implies DNU # (.
Let (x;)ier A randzeU. By the definition of A-convergence, there exists a directed
subset Dy of X such that x € cl(Dg) and for each d € Dy, d < x; holds eventually.
From the assumption, we can see easily that U is an upper set. And x € cl(Do) NU # (.
Hence, there exists dy € Do such that Tdy C U. It is tantamount to x; € Tdy C U
eventually. Thus U € Ta.

Remark 4.2 Let X be a A-space. Then O(X) C 7a.

Proposition 6 Let X be a A-space. Then for x,y € X, x <y if and only if for every
. A . .
net (x;)icr in X, (x;)ier —> y implies z; € Tz eventually.

Proof (=): Assume that © < y. Let the net (x;)icr A, y. By the definition of A-
convergence, there exists a directed subset D of X such thaty € cl(D) and for alld € D,
x; € Td eventually. Since x < y, we have that x < dy for some dy € D. Moreover,
x; € Tdy C T eventually.

(«=): Let Do be a directed subset of X with y € cl(Dyp). Obviously, (d)4ep, 2 Y.
By assumption, (d)qep, € Tz eventually. It follows that x € |.D. Hence, x < y.

. . A _ O(X)

Lemma 4.1 If the A-space X is continuous. Then (x;)ie;r — x if and only if (z;)icr —
x.

Proof (=): Suppose that (z;)icr S randzeU e O(X). By the definition of A-
convergence, there exists a directed set D of X such that x € cl(D) and for all d € D,

x; € Pd eventually. Since x € cl(D)NU # 0, we have that D NU # 0, i.e, there exists

do € DNU such that x; € Tdy C U eventually. Thus (x;)icr O(—X>) z.

(«<): Suppose that (z;)icr O(—X>) x. Since X is continuous, |x is directed and x =
Vdz. It follows that = € cl({}x). Let a € |lx. By Proposition 3.7, x € fa € O(X).

Hence, we have that z; € fta C Ta eventually and (z;)icr N
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Lemma 4.2 Ifthe A-space X is continuous. Then (z;)ier TS if and only if (z;)ic; —>
x.

Proof From the proof of Lemma 4.8 and Remark 4.6, it is easy to show that.

Corollary 4.3 If the A-space X is continuous. Then the A-convergence is topological
in X. In particular, O(X) = 7a.

Lemma 4.3 Let X be a A-space. If the A-convergence is topological in X. Then X is
continuous.

Proof Since the A-convergence is topological. We have that there exists a topology T
such that (;)ier e (23)icr — x. Letx € X. Set I = {(U,a) e N(z) x X :a €
U}, where N(z) ={U € 7:x € U}. Define an order on I as follows:

V(Uy,a1),(Us,a2) € I, (Uy,a1) < (Uz,a2) if and only if Uy 2 Us.

Then (I1,<) is a preordered set. Obviously, I is directed. Let x; = a for any i =
(U,a) € I. Then it is easy to see that (T(yq))(,a)er s x. Thus (T(W,0)) U,a)el 2
By the definition of A-convergence, we conclude that there exists a directed subset D of
X such that x € cl(D) and for any d € D, x4 € 1d eventually. In particular, for any
d € D, there exists Wy € T such that x € Wy C 1d.

We claim that D C |Jx.

Assume that a € D. We need to prove a < x. In fact, for any net (x;);cr with

(4)ier A> x, we know that there exists W, € 7 such that x € W, C ta. Thus x; €
W, C ta eventually. By Proposition 4.7, a < x. Moreover, \|] D = x.
By the Proposition 3.6, X is continuous.

Theorem 4.4 Let X be a A-space. Then X is continuous if and only if the A-convergence
1s topological in X.

Proof It follows from Corollary 4.10 and Lemma 4.11.

5 Aj-convergence in A-spaces

In this section, the concept of Ap-convergence in A-spaces is introduced. It is proved that
a A-space X is continuous if and only if the Az -convergence is topological, O(X) \ w(X) =
Ta,, and X is meet-continuous. Moreover, we give a characterization for the Ap-
convergence being topological.

Definition 9 Let X be a A-space. A net (x;)icr in X is said to Ap-converge to x € X
if there exists a non-empty directed subset D of X such that

(1) VD exists and x = VD;
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(2) for each d € D, x; € 1d eventually;

(8) for each a € X, if x; € Ta usually, then z € Ta.

. . A
In this case, we write (x;)icr —= .

Definition 10 Let X be a A-space. We consider the family of subsets of X below.

A, = {U C X : whenever (x;)icr ALy oand x € U, then z; € U eventually}.
Obviously, it is a topology. It is called the Ar-topology on X. Each U € 1A, is called
Ar-open set. Complements of Arp-open sets are called Ap-closed sets.

Proposition 7 Let X be a A-space. Then O(X) C 7a, and w(X) C 7, .

Proof First, let U € O(X) and (x;)icr 2oy e U By the definition of the Ap-
convergence, there exists a directed subset D of X such that

(1) VD ezists and v =V D;
(2) for each d € D, x; € Td eventually;
(3) for each a € X, if x; € Ta usually, then x € Ta.

Since x € cl(D)NU # 0, we have that DU # 0, i.e., there exists a € D NU such
that z; € Ta C U eventually. Thus O(X) C 7a, .

Second, let x € X. Suppose that (x;)icr is a net and it Ar-converges to an element
y € X\ Tz. Then (z;)icr is not usually in tx; otherwise, y € Tz. So we conclude that
the net (z;)icr € X \ Tz eventually. Therefore, X \ Ta € 7a, and w(X) C 7a, .

Theorem 5.1 Let X be a A-space. If X is continuous, then (x;)icr AL g if and only

if (xi)ier 2y g,

Proof The necessity is obvious. Conversely, let x € X and suppose that the net

(4)ier H x. Since X is continuous, we have that |z is directed and x = \/{x. Let
a € {Jx. It follows that x € ffa € O(X) C A, by Proposition 5.3. Thus z; € ffa C Ta
eventually. Let b € X, x; € 1b usually. Suppose that x ¢ 1b i.e., x € X \ 1b € w(X).
We conclude that z; € X \ Tb eventually by Proposition 5.3, which is a contradiction.

A
Hence, © € 1. In a word, (x;)ic; — .

Theorem 5.2 Let X be a A-space. If X is continuous, then (x;);er 2L if and only

. O(X)Vw(X
if ()i OO g

Proof It can be proved by Theorem 5.4 and Proposition 5.3.

Immediately, we obtain the following conclusion.
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Corollary 5.3 If the A-space X is continuous. Then the A -convergence is topological
in X. In particular, O(X)\/ w(X) = 7a, .

From the above corollary, we know that if the A-space X is continuous, then the
Ap-convergence is topological in X and O(X)V w(X) = 7a,. The following example
shows that the converse does not hold.

Example 2 Let L = NU {a,w;, w2} and X = (L,09(L)). (See Figure 1). The partial
order < on L is defined as follows:

en<w andn < wy for allm € N

e0<1<2..<n<...

o qg < wi, a<s w

ex <z forallx €L

(1) X is a A-space;

(2) X is not continuous.

Claim 1: cl(N) = NU{a}. In fact, wi,ws ¢ cl(N), because {w1,w2} € o2(L) and
{wi, w2} YN = 0. Hence, cl(N) C NU{a}. Conversely, we only to prove that a € cl(N).
Let U € oa(L) with a € U. Since N¥ = N U {a}, we have that NOU # 0. Thus
a € cl(N).

Claim 2: a £ a. Indeed, a € cl(N) = NU{a}, but a ¢ N.

Sola=0 and a+#\/| a. Thus X is not continuous.

(8) The Ay -convergence is topological in X .

Claim 1: (z;)ier 2Ly if and only if x; € {x} eventually. In fact, suppose that
x; € {z} eventually. Let D = {z}. We have that v = VD, x; € 1d eventually for
all d € D and for each y € X,x; € Ty usually implies x € Ty. By the definition of

Arp-convergence, (;)ier 2L g Conversely, assume that (x;)ier ﬂ x. Then there
exists a directed subset D C X such that x = VD, z; € Td eventually for all d € D and
for each y € X, x; € Ty usually, so x € Ty. Next we discuss the following situations.
Suppose x € N. Since x + 1 £ z, we have that x; is not usually in t{x + 1} and thus
x; € X \ Hx + 1} eventually. From x = VD, max(D) ezists, we have that x € D.
Thus xz; € Tz eventually. Hence we can conclude that z; € Tx (X \ H{x + 1} = {z}
eventually. If x = a, then x; € Ta eventually. Since w1 £ a and wo £ a, we have that
x; € X \Twi N X \ twz2 eventually. Thus x; € Ta() X \ twi [ X \ Tw2 = {z} eventually.
If x € {wi,wa}, without loss of generality, suppose x = wy, then z; € Tw eventually,
that is x; € {x} eventually.

It is easy to prove the following results. Ta, = P(X) and (z;)ier Py if and only if
x; € {z} eventually.
From the claim 1 and the results above, we have that (z;)icr QS if and only if

(x:)ier ﬂ x, and thus the Ar-convergence is topological in X.

(4) P(X) = 02(X)Vw(X). Let x € X. If v € {w1,wa}, then {z} € 02(X). Suppose
x € N. Since tn € 02(X) and X \{n+1} € w(X), we have that {n} =tn\N{n+1} =
X\ Hn+ 1} € 02(X)Vw(X). If z = a, then {a} = X \ 10 € w(X). Hence,
P(X) C 02(X) Vw(X). So by the Proposition 5.3, P(X) = 02(X) V w(X).
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Figure 1: a A-space in which Ap-convergence is topological but not continuous

Definition 11 Let X be a A-space. Forz,y € X, define x <a, y if for every net (z;)icr
in X which Ap-converges toy, v; € Tz eventually. We write |5 = {a € X :a <a, 7},
fa,z={ac X :x<a, a}.

Proposition 8 Let X be a A-space. For all z,y € X, x <a, y if and only if for any
directed subset D of X, cl({y}) = cl(D) implies x € |D.

Proof Suppose that x <a, y. Let D be a directed subset of X and cl({y}) = cl(D).

Clearly, (d)gep A y. Thus x € |D. Conversely, suppose that for any directed subset
D of X, cl({y}) = cl(D) implies x € | D. Let the net (z;)icr N y. Then there exists a
directed subset D of X such that

(1) VD exists and y = VD;

(2) for each d € D, x; € 1d eventually;

(3) for each a € X, if x; € Ta usually, then y € Ta.

Since y = VD, we have that cl({y}) = cl(D). By assumption, x € |D, which implies
x; € Tdo C Tz eventually for some dg € D. Thus x <A, y.

Definition 12 A A-space X is called Ay -continuous if for any x € X, there exists a
directed subset Dy of a,x and VD, = x.

Theorem 5.4 If the Ay -convergence is topological in a A-space X. Then X is Ap-
continuous.

Proof Since the A -convergence is topological, there exists a topology T such that (x;);cr g
r & (zi)ier — x. Let 2 € X. Set I = {(Uya) € N(z) x X : a € U}, where
N(z)={U € t:2 € U}. Define an order on I as follows:

V(Ui,a1), (Us,a2) € I, (Ur,a1) < (Uz,az) if and only if Uy 2 Us.

Then (I1,<) is a preordered set. Obviously, I is directed. Let x; = a for any i =

(U,a) € I. Then it is easy to see that ((,q))(U,a)er s 2. Thus (T(Wa) W,a)er AL o

By the definition of A -convergence, we can conclude that there exists a directed subset
D of X such that
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(1) VD ezists and x = VD;
(2) for each d € D, x(y,q) € Td eventually;
(3) for each t € X, if x4y € Tt usually, then x € 1t.

In particular, for any d € D, there exists Wy € T such that x € Wy C 1d.
We claim that D C x. Assume dy € D. Then we need to prove dy < x. In fact,

for any net (x;)icr with (z;)ier ﬂ) x, there exists Wg, € T such that x € Wy, C 1dp.
Thus z; € Wy, C tdo eventually. So dy < x. Moreover, \| D = x. Therefore, X is
Ap -continuous.

From the above theorem, we know that if the Ap-convergence is topological in a
A-space X, then X is Ap-continuous. However, the example below reveals that the
converse does not hold.

Example 3 Let L = (N x (NU{w})) U{a,w1,w2} UN and X = (L,o(L)) (See Figure
2). The order on L is defined as follows:

e (n1,m1) < (ng,ma) if ny = ng and my < mg for all ny,my,ny,my € N

e (n1,m1) < (ng,w) if ny > ngy for all ny,n2 € N and m; € N

e o < (n,w) foralln €N

e (n1,w) < (n2,w) if ng > ng for all ny,ny € N

en<w andn <wy foralln € N

e0<1<2..<n<...

e (n,w) <wi, (nyw) <wsy for alln € N

ex <z forallx e L

(1) X is a Ar-continuous A-space. Indeed, for alln € N, |, (n,w) ={(n,m) :m €
N}, Ya,a ={a}, and for alln,m € N, §a, (n,m) = (n,m) , da,n=In, o, w1 = wi,
Ja, w2 = Jwa. Obviously, X is Ap-continuous.

(2) The A -convergence is not topological in X . Let x,, = (n,w) for alln € N. It is

easy to show that (z,)nen 2L ¢ and fta,a = {a,wi,wa} & TA,. By Theorem 5.20 and
Corollary 5.21, the A -convergence is not topological in X.
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,,,,,, (3.2) 1(22) +(12) 1(0.2)

,,,,,, (3,1) 1(2,1) {(1,1) 1(0,1)

,,,,,, (3.0) +(20) *(1,0) +(0,0)

Figure 2: A A-space is Ap-continuous but the Aj-convergence is not topological in it

Theorem 5.5 Let X be a A-space, the following statements are equivalent:
(1) The Ap-convergence is topological, O(X)\ w(X) = 7a,, and X is meet-continuous.

(2) X is continuous.

Proof (1) = (2): It suffices to prove that ya,x = Jx for all z € X. Lety € X,
suppose that y € ya,z. Let D be a directed subset of X and x € cl(D). Since X is
meet-continuous, we have that x € cl({D N ]z). Define

I={(U,a) e N(z)x X :acUN{DN ]z}, where N(z) ={U € O(X):x € U},

and a preorder < on I as follows, ¥Y(Uy,a1),(Uz,a2) € I, (Ur,a1) < (Uz,az2) if and

only if Uy 2 Uy. Let x; = a for any i = (U,a) € I. Then it is self-evident that
O(X)

(@wa) waer — = and (Twa) waer € dx. Thus (Tw,a) waer © X \ Tm for all x €

O(XMW(X) x. Since the Ay -

convergence is topological and O(X)\/ w(X) = 7a,, we have that (T(vq)) (a)er AL g

We conclude that x(U, a) € Ty eventually by y <a, x, i.e., there exists (Up,ap) € I such
that x(y,q) € Ty for all (U,a) > (U, ao). In particular, we have (Uo,a) > (Uo, ag) for all
a € UyN{D Nlx and then Uy N|{D Nlx Cty. Hence, y € |D. It follows that y € Jx.
Conversely, suppose that y € {x. Let the net (z;)icr in X which Ar-converges to x.
Then there exists a directed subset D of X such that

. . w(X
X\tm. This implies (at(Uﬂ))(U’a)EI (—>) z. So (.CE(U’G))(UJL)E[

(1) VD exists and x = VD;
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(2) for each d € D, x; € 1d eventually;
(8) for each a € X, if x; € Ta usually, then z € Ta.

Since x = VD € cl(D) and y € {x, we have that y € [D, which implies that there exists
do € D such that x; € Tdo C Ty eventually. Thus y € ya,x. X is Ar-continuous by
Theorem 5.11, we conclude that X is continuous.

(2) =(1): It can be proved by Theorem 3.10 and Corollary 5.6.

Definition 13 Let X be a A-space. For z,y € X, define x <a y if for every net (x;);er
in X which Ap-converges to y, x; € fa,x eventually. We write ypx ={a € X : a <a
z}, taz ={a € X : 2 <A a}.

The following example illustrates that <A and < are different:

Example 4 Let L = (NU{w} xNU{w}) and X = (L,0(L)). (See Figure 3). The order
on L is defined by the following rules:

e (n1,m1) < (n2,m2) if ng = ng and my < ma orms = w for allny,ne € N;my,ms €
NU{w}

e (w,n1) < (w,n2) if n1 <ng orng =w for all ny,ny € NU {w}

o (w,m) < (n,w) if m <n for allm,n €N

(1) We claim that <Z<a. It is easy to see that (w,0) < (w,w), but (w,0) Aa (w,w).

In fact, let x, = (n,w) for alln € N, then (xp)nen N (w,w) and fta, (w,0) = {(w,n) :

n € NU{w}}. However, (zp)nen is not in fta, (w,0) eventually. Thus we have that
(,0) s ().

(2) We need to prove that <aoZ=<. First, we claim that (w,0) <a (w,1). Indeed,
for any net (x;)icr with (x;)icr BN (w,1), since O(X)Vw(X) C 7a,, we have that
X\ 1T (w,2) € ta, and (w,1) € X \ 1 (w,2). Thus z; € X \ T (w,2) eventually. Since
(w,1) <A, (w,1), we have that xz; € T (w,1) eventually. By the fact that (1,w) £ (w,1),
we can conclude that z; € X \ 1 (1,w) eventually. Hence, z; € (X \ T (w,2)) (X \
T (Lw) N1 (w,1) = {(w, 1)} C fta, (w,0) eventually. Let D = {(1,n) : n € N}. It is
easy to see that (w,1) € cl(D), but (w,0) ¢ |.D. Thus (w,0) £ (w,1).
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Proposition 9 Let X be a A-space. Then the following statements hold for oll x,y,z €
X.

(1) x <Ay implies x <A, Y;
(2) z < x <y implies z <A y.
Proof It is obvious.

Definition 14 We call a A-space X weak continuous if | px is directed and \/ Jrx = x
forallxz € X.

Lemma 5.1 If the A-space X is weak continuous. Then X is Ap-continuous.
Proof Since ypx C Yo, x and Yz is directed, we have that X is Ay -continuous.

Proposition 10 A A-space X is weak continuous if and only if there exists a directed
subset Dy of Yz such that \/ D, = x for all x € X.

Proof The necessity is easy to be proved. Conversely, let x € X and suppose that there
exists a directed subset Dy of Yz such that \/ Dy = x for all z € X. Let x1,x9 € Jx.
It is obvious that (d)4ep Az z, and hence, (d)acp € Ia,v1 NIa, 2. It follows that
x1 < d and xo < d. Hence, the set |ax is directed. Meanwhile, \/ x = x since
\V/ D, =2 and D, C |rx C lz. Therefore, X is weak continuous.

Theorem 5.6 Let X be a A-space. Then X is weak continuous if and only if the Aj -
convergence s topological in X .

Proof Suppose that X is weak continuous.
Step 1: We claim that i, x € Ta, for all z € X.



136 F. Feng and Q. Li

Let y € fia, x. For any net (v;)icr in X with (z;)icr 2z y, we need to prove that
x; € fa,z eventually. Since X is weak continuous, we have that {|ay is directed and
VIay = y. Thus there exists d € oy such that © < d by Proposition 5.9. Hence,
r <d=<avy. It follows that o, d C ta, . Sox; €, d S fha, T eventually.

Step 2: The Ap-convergence is topological in X.

Let (x;)ier be a net in X and x € X. It suffices to prove that (z;)ier 2L, if and

only if (z;)ier — x. Suppose that (z;)ic; —3 x. Since X is weak continuous, we
have that X is Ap-continuous by Lemma 5.18. Thus, y = \/ {a,y. Let a € |5, y, i.e.,

y € fa,a From (xi)icr o x, we conclude that z; € o, a C Ta eventually. For any
b € X, if the net (z;)icr € Tb usually, then x € 1b because X \ 1b € 7o, . Therefore,

(zi)ier 2L g Conversely, suppose that (;)icr 2o x, it is obvious that (x;);er Py
So the Ap-convergence is topological in X .

Conversely, suppose that the A -convergence is topological in X. It follows that X
is Ap-continuous from Theorem 5.11. It is enough to prove that I, x C ax for any

. A
r € X. In fact, assume y € |5, x. Then for any net (x;)icr with (v;)icr =Lz, we have

that (d)4ep, A x; for all i € I. From Lemma 2.1, we have that (¢ £i))) @, f)erxm 2

x, where M = [[;c; Dz, and g sy = f(i) for all (i,f) € I x M. Meanwhile,
(T, 1)) i, pyerxm € Ty eventually. Thus there exists (io, fo) € I x M such that z¢; ¢;y) €
Ty for all (i, f) > (io, fo). So all i > o, y < x5y Ka, Ti; hence, y K<a, x; for all
i > ig. We conclude that x; €fta, y eventually and y € Jpz. Since X is Ar-continuous,
there exists a directed subset Dy such that D, C Ya, x C Jaz and VD, = x. Therefore,
X is weak continuous by Proposition 5.19.

Corollary 5.7 Let X be a A-space. Then X is weak continuous if and only if the
following statements hold:

(i) X is Ap-continuous.

(it) fa,x € 1A, forallz € X.
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