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In the stabilizer formalism of quantum error correction and fault-tolerant quantum computation,
stabilizer states, as common eigenstates (with the eigenvalue 1) of operators in maximal Abelian
subgroups of the Pauli group, play the role of classical states, while magic (non-stabilizer) states
are quantum resources enabling universal quantum computation when injected into stabilizer cir-
cuits. The natural issue arises as how to characterize and quantify the ability of quantum channels
(including quantum gates) in generating magic resource (non-stabilzerness) from stabilizer states.
In this work, we introduce two intuitive quantities characterizing magic-resource generating power
of quantum channels and reveal their basic properties. We evaluate these quantifies for several
prototypical quantum channels and quantum gates. In particular, we demonstrate that the qubit
T-gate (i.e., m/8-gate) and its qutrit generalization are optimal in generating magic resource in a
class of diagonal unitaries. This highlights the significance of the T-gate and its extensions from
a resource-theoretic perspective and provides a theoretical support of their wide applications in
stabilizer quantum computation.
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I. INTRODUCTION

In quantum information theory, various quantum resources have been studied and exploited for the purpose of
surpassing classical means of information processing. Some prominent examples are entanglement [1-8], nonlocality
[9-15], contextuality [16-22], quantum discord [23-28], optical nonclassicality [29-38], coherence [39-47], etc. All these
resources have their origin in quantum superposition principle and noncommutativity for observables and states. There
are extensive and intensive studies on characterization, detection, quantification and manipulation of these resources,
which are active and important subfields of quantum theory.

For the purpose of quantum information processing, it is desirable to create quantum resources in some controllable
and optimal ways. Along this line, entanglement-generating power of quantum channels has been widely explored
[48-53]. Within the resource theory of coherence, cohering and decohering power of quantum channels have also been
studied in recent years [54-60].

In the stabilizer formalism of quantum computation [61-64], another quantum resource called magic (non-
stabilizerness) emerges naturally [65-82]. The celebrated Gottesman-Knill theorem states that quantum algorithms
that utilize only stabilizer circuits can be efficiently simulated on a classical computer (8, 61]. Stabilizer circuits
employ only gates from the Clifford group (i.e., normalizer of the Pauli group), Pauli measurements, conditioning
and classical randomness. In order to promote stabilizer circuits to universal fault-tolerant quantum computation,
magic states (i.e., non-stabilizer states) must be injected into the circuits. Consequently, it is desirable to quantify
magic resource and generating power of quantum channels in creating magic resource from stabilizer states. Various
interesting and significant measures of magic resource have been introduced, such as sum negativity and associated
mana, thauma [72, 80, 81], stabilizer rank [74, 78], relative entropy of magic, max-relative entropy and min-relative
entropy of magic, robustness of magic [75, 77], etc. Most of them are difficult to compute. The sum negativity and
associated quantities are easy to compute, but they rely heavily on the discrete Wigner formalism in odd dimensions,
which restricts their applications in general case.

Some previous studies of magic-resource aspects of quantum channels are Refs. [79, 80]. More specifically, a resource
theory for characterizing and quantifying magic (non-stabilizerness) of noisy quantum circuits was established in Ref.
[80], in which two efficiently computable magic measures for quantum channels, called the mana (related to Wigner
negativity) [72], and thauma (max-thauma, min-thauma) [80, 81], were studied. In a framework of quantifying magic
of general multi-qubit channels, channel robustness and magic capacity were introduced in Ref. [79]. In this context,
some natural questions arise as how to quantify magic-resource generating power of various quantum gates and
quantum channels, and how to identify optimal channels for generating magic resource under certain constraints. In
particular, given the wide usage of the T-gate (i.e., 7/8-gate) in magic state distillation and fault-tolerant quantum
computation [68-73], it is of interest to investigate the magic-resource generating power of the T-gate and to illuminate
in which sense the T-gate is optimal in this task.
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In this work, by us of the quantifier of magic resource recently introduced in Ref. [82], which is simple to calculate
and possesses direct physical significance, we will quantify magic-resource generating power of quantum channels from
both maximal and average perspectives. We further apply these quantifiers to analyze magic-resource generating power
of various channels.

The remainder of the work is structured as follows. In Sec. I, we present a crash course of stabilizer formalism
in which stabilizer states serve as classical objects, while magic (non-stabilizer) states serve as quantum resources.
We present a careful and comprehensive analysis of the basic concept of stabilizer states, which may be of tutorial
interest. In Sec. III, by employing the recently introduced quantifier of magic in Ref. [82], we study magic-resource
generating power of quantum channels by introducing two intuitive and computable quantities and reveal their basic
features. We evaluate the magic-resource generating power of various prototypical quantum channels in Sec. IV. In
particular, we elucidate the optimal feature of the m/8-gate in generating magic resource. Finally, we conclude with
a summary and discussion in Sec. V.

II. STABILIZER FORMALISM: STABILIZER STATES VERSUS MAGIC STATES

In this section we present a brief overview of the stabilizer formalism, which arises from quantum error correction
and is now playing an increasingly important role in fault-tolerant quantum computation [8, 61-77]. The key idea is
to represent certain special class of states by their stabilizer groups, which are Abelian subgroups of the fundamental
Pauli group. We elaborate on the concept and properties of stabilizer states, which serves as “classical states” in this
formalism. Deviation from which then represents magic resource (non-stabilizerness), which is necessary for promoting
stabilizer circuits to fault-tolerant quantum computation.

For any natural number d, let Zy; = {0,1,--- ,d — 1} be the ring of integers modulo d, which serves as the discrete
configuration space of our d-dimensional quantum system with Hilbert space L2(Zq) = C?. The following two unitary
operators

d—1 d—1
X=S"k+ 1K, Z=Y Wk
k=0 k=0

are basic building blocks of finite dimensional quantum mechanics. For (k,l) € Zg x Z4 (discrete phase space), the
discrete Heisenberg-Weyl operators are defined as

d—1
Dyy =7MX*Z0 = M3 Wb |5+ k) G,
Jj=0
where 7 = —e™/? and w = €2™/%, These unitary operators constitute a projective representation of the translation
group Zg X Zg and satisfy
DyDsy =" Dy it k,l,s,t € Zq. (1)
Here ls— kt is the ordinary integer arithmetics, while k+ s and [+t are the modular d arithmetics in Z4. In particular,

tr(Dey D) = do,0e, kil st € Zg (2)

and the set {ﬁDk,l : k,1 € Z4} constitutes an orthonormal basis for the operator space L(C?) (the set of all operators

on C%) equipped with the Hilbert-Schmidt inner product (A|B) = trAfB.
The augmented set

Pa={m"Dy;:j € Zog, k,l € Zy}

is the so-called Pauli group (discrete Heisenberg-Weyl group), which plays a basic role in quantum information in
finite dimensional systems. Its normalizer (natural symmetry group)

Ca={Veuld ve,vt =cy}

in the full unitary group U(C%) of the system Hilbert space C? is called the Clifford group, which is a central object
in fault-tolerant quantum computation and quantum error correction. In particular, for a qubit system (d = 2),

Py ={cl,co,,coy,co, i c=£1,+i}.
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There are at least three equivalent definitions of (pure) stabilizer states, which highlight formally different yet
intrinsically related aspects of the concept. We denote the set of (pure) stabilizer states as Sy, which actually consists
of d(d + 1) elements for a d-dimensional system [67].

Definition 1. For a d-dimensional quantum system with the Pauli group Py, a stabilizer state is defined as any
eigenstate (with eigenvalue 1) of any nontrivial (i.e., other than 1) discrete Heisenberg-Weyl operator in Py.

Definition 2. For a d-dimensional quantum system with computational basis {|j) : j € Z4} and the Clifford group
Ca, a stabilizer state is any state of the form V|j) with |j) any computational basis state and V € Cq4 any Clifford
operator.

Since X7|0) = |4) and the shift operator X is apparently a Clifford operator, we may simply restrict |j) to |0), that
is,

{VIj): V €Ca,j€Zat ={VI]0): V €Cq}.

In particular, we see that the Clifford group acts transitively on stabilizer states, i.e., for any two stabilizer states |1)
and |¢), there exists a unique Clifford operator V' € C4 such that V]i) = |).

Definition 3. For a d-dimensional quantum system with the Pauli group Py, a stabilizer state is defined as the
common eigenstate (with common eigenvalue 1) of any maximal Abelian subgroup A C Py containing no element c¢1
for any ¢ # 1. Naturally, A is called the stabilizer group of the stabilizer state.

In fact, the stabilizer state associated with A can be constructed explicitly in a straightforward way as follows [67].
Let

1
HA:IZW (3)
“WEA

with |A| the number of elements in A, then by the group property and noting that each group element is a unitary
operator, we have

1 1
2 =11 1t = § wt = E wW-l=11I
A — HA, A~ | ” - | ” = HA-
WeA WeA

Consequently, I 4 is an orthogonal projection. From the orthogonality relation (2), we see that each group element
except for the identity 1 is traceless. Now taking the trace of Eq. (3), we obtain

1
trllgq = Z trW = —|tr1 = i (4)

1
2 Tt T
Since trll 4 < d, it follows that 1 < | A| < d, and the maximal possible number of | 4| is d. Consequently, such a group A
has |A| = d elements. Typical examples of A are {X7 : j € Z4} and {Z7 : j € Z4}. Moreover, Ay = {VAVT: A€ A}
is also such a maximal Abelian subgroup for any Clifford operator V' € Cy.

From |A| = d we conclude that II4 is an orthogonal projection on a one-dimensional subspace of C¢ and thus
defines a pure state which is denoted as TT4 = |.A)({A| with |4) € C?. This is exactly the stabilizer state associated
with the maximal Abelian subgroup A, i.e., it is the common eigenstates (with common eigenvalue 1) of operators in
A. Indeed, by the group property of A, we have

WA (A =Wy =114 = |A)(A], VIWeA,

which implies that W|A) = |A), VW € A, that is, |A), as a stabilizer state, is the common eigenstate (with common
eigenvalue 1) of the operators in A.

The above three definitions of stabilizer states are actually equivalent in the sense that they define the same class
of states. For completeness and reader’s convenience, we establish this statement via two steps:

(a) Definitions 1 and 2 are equivalent.

(b) Definitions 2 and 3 are equivalent.

To establish item (a), suppose that |¢) is a stabilizer state according to Definition 1, then there exists a discrete
Heisenberg-Weyl operator W such that W) = |¢). Since the Clifford group acts (by conjugation) transitively on
the Pauli group Py, we know that there exists a Clifford operator V € C4 such that VWV = Z, or equivalently,
W = VZVT. Consequently, VZVT|w) = W) = [¢), from which we obtain ZVT|¢) = V[). However, |0) is the
unique eigenstate of Z with eigenvalue 1. Tt follows that VT[s)) = |0), i.e., [1) = V|0). This means that [1) is a
stabilizer state according to Definition 2.
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Conversely, suppose that [1)) = V|0) for V € C, is a stabilizer state according to Definition 2, then V[)) = |0).
Let W =V ZV?', then W is a discrete Heisenberg-Weyl operator and

W) =VZVijy) = VZ|0) = Vo) = [¢),

which implies that |¢) is a stabilizer state according to Definition 1.

To establish item (b), suppose that V|0) is a stabilizer state according to Definition 2 with V' € C4 a Clifford
operator, then V]0) is the common eigenstate (with the common eigenvalue 1) of the maximal Abelian subgroup
{VZiVt:j € Z4} (containing no elements cl for ¢ # 1), which can be directly verified as

(VZivHiv)o) = VZ7)0) = V|0), jeZy.

This means that V|0) is a stabilizer state according to Definition 3.

Conversely, suppose that [1) is a stabilizer state according to Definition 3, i.e., [¢) is a common eigenstate (with
the common eigenvalues 1) of a maximal Abelian subgroup A C P, containing no element ¢1 for ¢ # 1, we need to
show that |1/) = V|0) for some Clifford operator V € C4. Now since A is isomorphic to {Z7 : j € Z4} and the Clifford
operators, by definition, permute the elements of the Pauli group, it follows that there exists a Clifford operator
V implementing the isomorphism between A and {Z7 : j € Z4}, that is, A = {VZIVT . j € Z4}. Accordingly,
VZIVHy) = |4),Y j € Zg, which implies that Z7VT|yp) = VI|¢)),Vj € Z4. But |0) is the unique common eigenstate
(with common eigenvalue 1) of Z7, j € Z,4. This means that VT[y)) = |0), i.e., V]0) = |¢).

Probabilistic mixtures of pure stabilizer states are called mixed stabilizer states, which together with the pure
stabilizer states constitute the set of stabilizer polytope [67], and all other states are called magic states or non-
stabilizer states. Thus the set of stabilizer states is convex with the pure stabilizer states as the extreme points.

For composite systems, the corresponding Pauli group is defined as the group generated by the Heisenberg-Weyl
operators on each component systems, and the corresponding stabilizer states and Clifford group are defined similarly.

For a qubit system with computational basis {|0),|1)}, there are 16 discrete Heisenberg-Weyl operators, i.e., |P2| =
16. If we ignore the phase, there are essentially 4 operators 1,0,,0,,0,. For this system, there are six pure stabilizer
states

1 1
=25 (0 +10). =) = 2= (00 - ).
. 1 . ) 1 .
[+ = 250 +i1). =) = 2= (10) = i11)
0, 1,

which are the eigenstates of the Pauli operators o, 0,0, respectively, that is, o,|£) = £|+), oy| £ 1) = £| £ 1),
0.|0) = [0), 0.|1) = —|1), or in terms of eigenstates (with eigenvalue 1) of discrete Heisenberg-Weyl operators
(stabilizer operators),

a’.L|+> = H’>, 7a'1'|7> = |7>1
oyl i) =1+1i), —oyl —i)=]—1),
0:0) =10),  —o:|1) = [1).

These six stabilizer states constitute the vertex of the stabilizer octahedron inscribed in the qubit Bloch sphere. We
list the corresponding stabilizer groups in Table I for latter convenience.

TABLE I: Qubit stabilizer states and the corresponding stabilizer groups

Stabilizer| [+) [—) [+3) [|—1) []o) 1)

state

stabilizer [ {1, 0.} |[{1, —0. H{1,0,} {1, -0, {1, 0.} [{1, —0.}
group

For a qutrit system (i.e., d = 3) with computational basis {|0),|1),]2)}, there are 3(3 + 1) = 12 pure stabilizer
states, which are listed in Table II together with the corresponding stabilizer groups. It is remarkable that these 12
stabilizer states can be partitioned into 4 mutually unbiased bases of C? as

Bu:{‘¢i+3ﬂ> :i:17273}7 M:0717273'
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TABLE II: Qutrit stabilizer states |¢:),i = 1,2,---, 12, and the corresponding stabilizer groups. Noting that xxt=2zzt=1,
X}P=2"=1,XZ=w"ZX, w=e""/3

stabilizer state stabilizer group
|$1) = |0) 1,2, 77}

|p2) = [1) (1,w ' Z,wZ'}
|¢s) = [2) (1,wZ,w 27}
[¢4) = (10) + 1) +[2))/V3 {1,X, X7}

[¢5) = (10) + 0 '[1) + w[2))/V3 [{L,o "X, wX'}
[66) = (10) +w[) +w 12))/V3 {LwX,w X1}
lé7) = (10) + [1) + w[2))/V3 (1,X7,w0X"Z%}
lps) = (10) + w[1) +1]2))/V3 (1,wX 2, X' 2%}
o) = (w|0) +[1) +[2))/V3 1,0 'XZ,w X' ZT}
[é10) = (10) + 1) +w '[2))/v3 [{1,XZ 0 'X'Z}
[6u) = (10) +o ML) +12))/v3 [{1,w 'XZT X7}
[p12) = (w'0) + 1) +12))/V3 [{1,wXZT,wXTZ}

III. MAGIC-RESOURCE GENERATING POWER OF QUANTUM CHANNELS

In order to quantify magic-resource generating power of quantum channels, we need quantifiers of magic. As a
quantum resource, magic (non-stabilizerness) has attracted much attention in fault-tolerant quantum computation
[61-82]. Although several significant quantifiers of magic have been introduced in the literature, most of them are not
easy to compute.

In terms of characteristic functions of quantum states, which are always well defined, a convenient quantifier of
magic on a d-dimensional quantum system was introduced as

M(p) = |tr(pDy.1)| (5)

k.l

in Ref. [82], which has the following properties, and in particular is easy to compute [82].
(1) (Bound) 1 < M(p) <1+ (d—1)vd+1.
(2) (Clifford invariance) M (p) is invariant under the Clifford operations in the sense that

MWVpVT)y=M(p), VVeC.

(3) (Convexity) M(p) is convex in p.

(4) (Minimal value for mixed states) M(p) > 1 with the minimum value achieved if and only if p = 1/d is the
maximally mixed state.

(5) (Minimal value for pure states) M (|¥)(¢]) > d for any pure state |¢)) with the low bound achieved if and only
if [¢) is a stabilizer state.

(6) (Criterion for magic states) If M(p) > d, then the state p is magic. It should be noticed that this is only a
sufficient, but not necessary, condition for a state to be magic.

(7) (Maximal value) The maximal value of M(p) is achieve by any SIC-POVM fiducial state (assuming its existence,
which has been proved in many dimensions).

Recall that a SIC-POVM (symmetric informationally complete positive operator valued measure) in C?% is a POVM
{Ey : a = 1,2,---,d%} (e, E, >0, 222:1 E, = 1) which consisting of d? rank-one operators with equal trace
and equal overlap, and span the whole state space [83, 84]. These conditions entail that tr(E,Es) = 1/(d*(d + 1))
for a # 8, and trE, = 1/d for any «. Despite of the above naive conditions, SIC-POVMs are surprisingly deep in
mathematics, and their existence in any dimension, although widely believed and supported by vast evidence, remains
an outstanding open issue (Zauner’s conjecture) [83-94]. A pure state |f) € C? is called a SIC-POVM fiducial state
if its orbit {Ey; = éDk,;|f>(f|D;LJ : k,l € Zg} under the action of the discrete Heisenberg operators is a SIC-POVM.
Most known SIC-POVMs are constructed in this fashion, and fiducial states have been explicitly constructed in many
dimensions, although the general issue remains open [83, 84].

To simplify notation, for any pure state p = |¢)(¢|, we denote M (|¢)(¥|) = M(|¢)). Similarly, for any quantum
channel &, we denote E(|1) (1]) = E(|¥)).

We proceed to employ M(-) defined by Eq. (5) to study magic-resource generating power of a general quantum
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channel
-y

on a d-dimensional quantum system C¢. For this purpose, we introduce the following quantities

Muax(€) = max M(E(J9))), (6)
1 ,
]\/[ave(g) = m W}%d M(g(\l@)% (7)

which characterize the maximal and average magic-resource generating power of &, respectively. Here |Sy| = d(d + 1)
is the number of pure stabilizer states in C? [67].

Proposition 1. Myax(€) has the following properties.
(i) (Clifford invariance) Myax(€) is invariant under Clifford conjugation in the sense that

Mnax(E0V) = Mpax(V 0 &) = Myax(€),

where V(p) = VpVT for V € C4, and o is the composition of maps.
(ii) (Convexity) Mmax(E) is convex in & in the sense that

Mnax < ZPi&') < Zpi]\/jmax(gz)

for quantum channels & and probabilities p; with p; > 0,3, p; = 1.
(iii) (Super-multiplicativity) Mmax(€) is super-multiplicative under tensor product in the sense that

A[max(gl ® 82) Z ]V[max(gl)ﬂfmax(52)~

for quantum channels £, and & on two quantum systems C% and C%, respectively.

We sketch a proof of the above properties.

For item (i), the equality Myax(€ 0 V) = Muax(E) follows from the fact that Clifford operators permute stabilizer
states, while the equality Mmax(Vo&) = Mpax(E) follows from the corresponding invariance of the quantifier of magic
M().

Noting that M(-) defined by Eq. (5) is convex, item (ii) follows from

mdx(z;n, 1) = max ]U(Zpl )
< \I@?)%}fszpiM A
< Zpl max M(&(|¥)))

|[yp)es
= Zpilvfmax
i

For item (iii), when [) is a product stabilizer state 1)) = |1h1) ® |[t)2), we have
M((&1® &)(|v))
=M ((&1 ® &)(Jv1) @ [$2)))
=M (E1(|$1))| ® E2([¢2)))
= Y [u(En) @ Ea(l2) Disty © Dras)|

ki,l1,ka,l2
=" tr(E () Dy )| - D [t (E2(lw2)) Drs 1) |
k1,01 ka2,l2

=M (& (|1))) M (Ex(|v2)))-



110 X. Li

By taking the maximum over all stabilizer states, we obtain

ijrnax (gl ® 52)

= M(& ®E
o (&1 ® &A1)

> max ME ®E ®
T 1) ®[Y2)E€Sayay ( ! 2(|w1> W}2>))
= max M(& max M (&
41)€4; (&) 42)€54, (&a(1v2))
= Afmax(gl)]\/[max(82)7
which is the desired result.
For the average magic-resource generating power M,,.(€), similar properties as items (i)-(ii) also hold.

In magic state distillation and gate synthesis, the non-Clifford T-gate (i.e., 7/8-gate, the name seems a little
confusing but is clear from the generator expression)

1 0 i —io, T
Trja = (0 em/4> = ¢im/8gmio=T/8

has been widely used as a benchmark for non-stabilizerness. It is natural to ask whether this gate is optimal in
generating magic resource in some sense. To address this issue, consider the family of qubit quantum channels

Eo(p) = TopT,

with
1 0
Ty = (0 eiG) ) S [07 271')

then we have the following satisfying result, which show that indeed the T-gate is in some sense optimal in generating
magic resource.

Proposition 2. In the qubit gate set {Tp : 6 € [0,27)}, the T-gate T} /4 has the maximal magic-resource generating
power, i.e.,

mGaX ]\/[max(gt‘)) = Aftxlax(gw/él)'

Moreover, the T-gate Ty /4 is equivalent (under Clifford conjugation) to the rotation gate R/, with

Y _ginY
n- (23 SE). cpan

in X ol
s 2 Ccos 2

In fact, Tyrjs = €™/SHST R, ;4 SH with

_ 1 (11 e (10
H—ﬁ<1—1>’ S=27 =0 e

being the Hadarmad gate and S-gate (phase gate), respectively, both of which are Clifford unitaries.

The proof is relegated to the next section.

Similarly, for a qutrit system (d = 3), we have the following optimal characterization of the qutrit version of the
T-gate.

Proposition 3. In the qutrit gate set {Ag : 0 € [0,27)}, the qutrit T-gate Ay; o has the maximal magic-resource
generating power, i.e.,

médX ]\/[max (8Ag ) = ]\/[max(gAg,,/g )7

where Ep, = AgpA;r with

being qutrit diagonal unitary operators.
The proof is also relegated to the next section.
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IV. EVALUATING MAGIC-RESOURCE GENERATING POWER OF CHANNELS

In this section, we evaluate explicitly the magic-resource generating power for various prototypical quantum chan-
nels. In particular, we illuminate some optimal features of the T-gate. For simplicity, we only treat the qubit and
qutrit cases.

A. Qubit channels

Recall that for a qubit system (d = 2), there are 6 pure stabilizer states

‘+>7 ‘7>’ ‘+Z>7 ‘77:>7 ‘0>’ ‘1>
as listed in Table 1.
(1) Unitary channel
For a general unitary channel
Ey =UpUT

on a qubit system associated with the unitary operator

U cos 3 —e'*sin 3
~\e¥sing e (oth) cos 1)’

we have
M(Ey(|£))) =1+ |sinasin 8 — cos acos B cos 7|
+ |sina cos B+ cos asin B cosy| + | cos acsin |,
M(Ey(]£1))) =1+ |cosasinf + sinacos 3 cos |
+ | cosacos B — sinasin § cosy| + | sinasiny/,
M(Ey(|0))) = M(Eu(]1)))
=1+ (]cosf] + |sinB|)siny + | cos~/|.

Clearly, the magic-resource generating power depends on the three parameters «, 3,~ in a rather complicated way.
To simply matters, we consider several special cases.
First, when o = 8 = 0, we have

LY ain Y
COS & S & —4
U = — 2 2| — —ivoy/2
_R7_< >—e Y

in 2 N
sing cos3
and

M(Er,(I£))) = M(Er,(|0)) = M(Er, (1))
=1+ |cosy|+ |sinv],
M(Er, (| £1))) =2
Noting that |cosy| + |siny| > | cosy|? + |sinv|? = 1, it follows that
Mmax(Er,) = 1+ | cosy| + [sin~],

4 2 ,
Mave(Er,) = 3T §(|cosy\ + |sin~l),

from which we see that
2 S ]V[max(gR,‘,) S 1 + \/§

Moreover, the lower bound 2 is achieved (i.e., Mmax(Er,) = 2) if and only if v = kn/2, k = 0,1,2,3, and the upper
bound is achieved (i.e., Miax(Er,) =1+ V/2) if and only if v = (2k + 1)7/4, k = 0,1,2,3. Consequently,

]\/[max(gR,,/4) =1+ \/57 (8)
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FIG. 1: The maximal and average magic-resource generating power Mmax(Er,) and Mave(Er,) as functions of the parameter
6 € [0,2n). Here Er,(p) = TopT with Ty defined by Eq. (10).

Similarly,
1
2 < Mave(€r,) < 5(4+ 2v/2),

and the lower bound 2 is achieved (i.e., Mave(Er,) = 2) if and only if v = k7 /2, k = 0,1,2,3, the upper bound is
achieved (Le., Muve(ER,) = (4+2v/2)/3) if and only if v = (2k + 1) /4, k = 0,1,2,3. Thus

Muve(En, ) = 3 (4+2V3). ©

We see that the maximal magic-resource generating power Mmax(Er,) and the average magic-resource generating
power Miye(Er,) share similar and consistent behaviors.
Second, when o« = v = 0, and following the convention let 8 = 6, then we have

v="= <(1) 690) = /et I, (10)
and
M(Er, (1£))) = M(Eny (| £ 1)) = 1 + | cos6] + | sin],
M(Er,(10))) = M(Er,([1))) = 2.
Consequently,

Max(Er,) =1+ | cosb] + | sin ],

4 2
Mave(E1,) = 3t g(\ cos 0| 4 | sin 6]).

In particular, for 6 = /2, T/, is the S-gate, or 7/4-gate

1 0 iwsa (€740
T7"/2 =5= (0 ei,‘rr/2> =e' /4 ( 0 eiw/4> ’

which is actually a Clifford unitary and thus has no magic-resource generating power. Indeed,

Mmax(gT,(/g) = Mave(gT,(/g) = 27
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which shows that the S-gate has the minimal magic-resource generating power among the class of unitary gates
Ty, 0 € [0,27). In contrast, for 6 = /4, T /4 is the celebrated T-gate, or 7/8-gate

1 0 inss (€780
Trja = (0 6m/4> =em/ ( 0 ein/8)e

which belongs to the third level of the Clifford hierarchy [65], and we have
]WmaX(gT,r/‘;) =1+ \/i (11)
1
Mae(Er, ,,) = 5(4+ 2v2), (12)
which show that 7/8-gate has the maximal magic-resource generating power among the class of unitary gates Ty, 6 €
[0, 27). This appealing result has been summarized as Proposition 2 in the previous section (i.e., Sec. III).
Comparing Egs. (8) and (9) with Egs. (11) and (12), the coincidence is not accidental, since it can be directly

checked that T} /4 = e /BHSTR, /4SH with H the Hadamard gate and S the conventional phase gate. Now by item
(i) of Proposition 1, it must holds AMmax(c‘:RﬂM) = Mmax(ér_,,), and similarly Mave(SRﬂM) = ]\/[ave(gT,r/4)' We also

/4
note that geometrically, Ry /4 = e’“’”'y/g,Tﬂ/Al = ¢im/8¢—im0:/8,

To visualize the behaviors of the magic-resource generating power of the quantum channels associated with the
gates Ty, we depict the graphs of My,ax(E7,) and Mave(Er,) in Fig. 1

(2) Amplitude damping channel
For the amplitude damping channel

Eanlp) =) KipK]

on a qubit system with the Kraus operators

(1 0 _ (0 p
K1*<0 m>7 K2*<0 O)) 0<p<1,

we have

M(Eap(|£))) = M(Eap(| £1)) =1+p+1—p,
M(Ean(]0))) =2, M(&xp(|1))) =141 —2p|.

Consequently,

Almax(gAD) =1 +p+ \V4 1- 5
1
Move(Eap) = 6(7+4‘/1 —p+4p+[1—2p|).
It follows that

2 S ]V[max(gAD) S

o

and the lower bound is achieved (i.e., Myax(Eap) = 2) if and only if p = 0 or 1, while the upper bound is achieved
(i-e., Mmax(€Eap) = 9/4) if and only if p = 3/4. For the average magic-resource generating power,

3.V2 19
— 4+ = < Maw (€ <=,
2 + 3 = a e( AD) =9
and the lower bound is achieved if and only if p = 1/2, while the upper bound is achieved if and only if p = 8/9.
The behaviors of magic-resource generating power of the amplitude damping channel are depicted in Fig. 2
(3) Phase damping channel
For the phase damping channel

Erp(p) =Y KipK]
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FIG. 2: The maximal and average magic-resource generating power Mmax(Eap) and Mave(Eap) as functions of the parameter
p € [0,1].
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FIG. 3: The maximal and average magic-resource generating power Mmax(Epp) and Mave(Epp) as functions of the parameter
p € [0,1].

on a qubit system with the Kraus operators

1 0 0 0
K1:<0 m)» K2:<0 \/13>7 0<p<l,
we have
M(Een(1£))) = M(Een(| £8)) = 1+ T —p,
M(&pp(|0))) = M(Epp(|1))) =2.
Consequently,

Afmax(gPD) = 27
1
Move(Epp) = 5(4 +2¢/1-p).

The behaviors of magic-resource generating power of the phase damping channel are depicted in Fig. 3.

(5) Completely decoherent channel
The completely decoherent channel on a qubit system is defined as

Eoalp) =M *p

with M a non-negative definite matrix with all diagonal elements being 1 and the notation * denoting the Hadamard
(entry-wise) product of matrices. For simplicity, we take

M:<1 C), —1<c<1.
c1
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The channel can be equivalently expressed as Ecp(p) = Y, KipK j with the Kraus operators

(AT e )

Ks = \/H ((1) sg?nc) ’
By direct calculations, we have
M(Eca(|%))) = M(Eca(| £4)])) =1+ [c],
M(Eca(|0))) = M(Eca(|1))) = 2,
from which we obtain

Afmax (8Cd) = 27

1
ijave(gcd) = g (4 + Q‘Cl)

(6) Werner-Holevo channel
The Werner-Holevo channel

1
& =—(0
wi(p) = 57—
provides a counterexample to an additivity conjecture for output purity of channels. Here p” is the transpose of p
in an orthonormal basis {|k) : k € Z?} of CZ. In particular, when d = 2, the Werner-Holevo channel reduces to the
unitary channel
Ewn(p) = tr(p)1 — pT = oypoy
with o, the second Pauli matrix. It is known that a Kraus representation of £ is
1

Ewnl(p) = m;(lkﬂll = D) (kDp(R) (U = 1D (KD
Direct calculations show that |
M(Ewn () = 7o
for any stabilizer state |i). Thus
Muax(Ewn) = Mayve(Ewn) = d%dl

(7) Channels induced by weak measurements
For fixed x € [0,1/2], consider the channel

Ew(p) = KupK] + K1 _opK]_,

induced by the qubit weak measurement with K, = /1 — z|0)(0| + v/z|1)(1]. The case z = 0 reduces to the von
Neumann measurement {]0)(0|,|1)(1|} corresponding to the computational basis {|0),|1)}. Direct calculations show
that

M(&w(|£))) = M(Ew(+i))) = 1+ Va(l —z),
M(&w(]0))) = M(Ew(]1))) = 2.
Consequently,
Miax(Ew) = 2,

4
Mave(Ew) = g(l ++vz(l— :r))
Clearly,
% S ]\/fave(EW) S 27

and M,ye(Ew) = 4/3 when z = 0, and Maye(Ew) = 2 when z = 1/2.



116 X. Li

45+ Mmax(g/lg)

magic-resource generating power

FIG. 4: The maximal and average magic-resource generating power Mmax(Er,) and Mave(€a,) as functions of the parameter
0 € [0,2m).

B. Qutrit channels

Apart from the qubit channels, the next important ones are qutrit channels, which are also under active study
[95-101].
For a qutrit system (d = 3), there are 12 pure stabilizer states as listed in Table II.

(1) Consider the unitary channel
Eng = NopA}

on a qutrit system associated with the diagonal unitary operator

e? 0 0
Ag=10 1 0 |, 0 € [0, 2). (13)
0 0 e

Note that the qutrit T-gate is a special case with 8 = 27/9 [68], and the qutrit T-state

1 ) )
|T> _ %(821”/9'(» + u) + 6—21”/9)
1

= Aons9
7/ \/g
is an important non-stabilizer state analogous to the corresponding qubit 7-state in qubit magic state distillation

(66, 69].
After direct calculations, we obtain

(10) +11) +12)),

M, (16:) =3, =123,

and

2 4
M(En,(|9:i)) =1+ g\/5 +4cos30 + §¢2 —2cos 30

for i =4,5,---,12. Consequently,

2 4
Max(Ep,) = 1+ §¢5 +4cos30 + g\/2 —2cos 30,

1
Mave(Er,) = g + 5\/5 +4cos30 + V2 — 2 cos 30.

Direct calculations show that Mpax(Ea,) achieves its minimal value 4.0971 when 6 = 7/3, and achieves its maximal
value 4.4641 when 6 = 27/9. Similarly, Mav.(Ea,) achieves its minimal value 3.3660 when # = 7/3, and achieves
its maximal value 4.0981 when § = 27/9. We thus have established the optimality of the qutrit T-gate Ay /9 in
generating magic-resource in this context.

The graphs of Max(Ea,) and Maye(€Ea,) as functions of @ are depicted in Fig. 4.
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(2) Consider the N-gate (also called reflection gate, metaplectic gate, R-gate)

0
N = 0 (14)

1

[N
(= ]

first introduced in Ref. [69], which admits a magic state distillation and injection protocol. It was further proved
that it achieves approximate universality when combined with the Clifford gate set [99, 101]. As a competing gate of
the qutrit T-gate Ay, /g defined by Eq. (13) with § = 27/9, it is desirable to compare the magic resource generating
power between the qutrit N-gate and qutrit T-gate Ao /g.

Let Ex(p) = NpNT be the corresponding unitary channel. After straightforward calculations, we obtain

3, i=1,2
mesto ={h 1220,

from which we readily obtain

We see that

Minax(En) ~ 4.3333 < Muax(En,, ) ~ 4.4641,
Mave(En) = 4 < Mave(En,, ) = 4.0981.
Consequently, the qutrit T-gate Asy/9 is more powerful in generating magic resource than the N-gate, which is

consistent with the observation that the qutrit N-gate is less versatile than the qutrit T-gate in the sense that the
qutrit Clifford4+N unitaries form a strict subset of the Clifford+7" unitaries in Ref. [101].

(3) Consider the unitary channel
En, = HspH}

on a qutrit system associated with the diagonal unitary operator

PR )
Vel o0 1)’
which is a kind of simple ternary extension of the qubit Hadamard gate [95]. Direct calculations show that
5, i=1,2
M(En,(16:))) =< 3 i=3

1+ 28 422249831, i=4,7,10
and for all other 1,
1
M(Eny(16:))) =1+ 5 (V3 +V5)

+%<\/1776\/§+ \/11+6\/§)
~ 47767,

Consequently,

A[max(SHg) = 5,
Mave(Epy) = 4.7171.
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FIG. 5: The maximal and average magic-resource generating power Mmax(Er) and Mave(Er) as functions of the parameter
r € [0,1].

(4) Consider the qutrit amplitude channel [96, 98]

2
& =Y KipK]
i=0
on a qutrit system with the Kraus operators

Ko =[0){0] + vr(|1) (1] +[2){2]),
Ky =vVi—rlo)1], rel01]
Ky =1 —r|0)2].

Direct calculations show that

3, i=1
M(E-(J¢p) =1 1+2V3r2=3r+1, =23
3-5(r—v7). i=4, 12

and consequently,

]\/[max(gT') =3- §(T - \/;)

3
1 8
Mave(Er) = g\/37’2 —3r+1-2(r—r) + 3

The behaviors of magic-resource generating power of the qutrit amplitude damping channel &, are depicted in Fig.
5.

V. SUMMARY

In the stabilizer formalism, magic states constitute an important resource for fault-tolerant quantum computation.
Consequently, it is necessary to generate magic states from stabilizer states via some methods. Quantum channels
represent the most general physical transformations of quantum states. Different channels may have different effects
in generating or destroying magic resource, and it is desirable to study this issue from a quantitative perspective in
order to manipulate magic resource for quantum computation.

We have quantified magic-resource generating power of quantum channels by use of the quantifier of magic resource
via characteristic functions. We have discussed the maximal generating power and the average generating power,
and have evaluated these quantities for various quantum channels. In particular, we have shown that both the qubit
T-gate and its qutrit extension are optimal in generating magic resource form stabilizer states in some classes of
diagonal unitaries.

A related and pressing question arises naturally: Is there any operational significance for the maximal and average
magic-resource generating power? This important issue is under further studies.
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We have mainly treated single-partite systems, and it will be more interesting to study multi-partite systems and
extend the results to the general case. Complete classification and catalogue of magic-resource generating power for
all unitary gates is also a basic issue awaiting for investigations.
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