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Abstract

We evaluate the first three moments of central values of a family of qudratic
Hecke L-functions in the Gaussian field with power saving error terms. In particular,
we obtain asymptotic formulas for the first two moments with error terms of size
O(X1/?*2). We also study the first and second mollified moments of the same
family of L-functions to show that at least 87.5% of the members of this family have
non-vanishing central values.
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1 Introduction

The study on moments of quadratic twists of L-functions at central values has important
applications to problems such as class numbers of imaginary quadratic fields, ranks of
elliptic curves and the existence of Landau-Siegel zeros. For the central values of the
family of quadratic Dirichlet L-functions, M. Jutila evaluated the first two moments in
[9] to show that there are infinitely many L-functions in this family with non-vanishing
central values. This approach was further advanced by K. Soundararajan in [14], who
computed the first and second mollified moments of the family of primitive quadratic
Dirichlet L-functions to show that at least 87.5% of such L-functions have non-vanishing
central values.

In the same paper [14], Soundrarajan also obtained the third moment of the family
of primitive quadratic Dirichlet L-functions. Under the assumption of the Generalized
Riemann Hypothesis (GRH), Q. Shen obtained an asymptotic formula in [12] for the
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fourth moment of the same family. Analogue to quadratic twists by Dirichlet characters,
there is also an intensive study on moments of various families of modular forms. Results
on the first moments can be found in [10,11]. Assuming GRH, the second moment of
quadratic twists of modular L-functions was computed by K. Soundararajan and M. P.
Young in [15].

Other than obtaining the main terms of the moments of families of L-functions, a
lot of attention has been drawn upon the improvement of the error terms. For the first
moment of the family of quadratic Dirichlet L-functions, the error term obtained in
Jutila’s result is of size O(X3/4+¢) (with the main term being about X log X). An error
term of the same size is obtained by A. I. Vinogradov and L. A. Takhtadzhyan [16] and
was improved to X19/32+¢ by D. Goldfeld and J. Hoffstein in [6]. In fact, an error term
of size O(X/2*¢) is essentially implicit in [6] (see the remarks in the paragraph below
Theorem 1.1 of [17]).

The result of Goldfeld and Hoffstein is obtained via the usage of Eisenstein series of
metaplectic type. Using a different approach which involves with more classical tools
from analytical number theory, M. P. Young in [18] was able to establish the same
estimation for the error term for a smoothed first moment. Young’s approach builds
on the previous work of Soundararajan, who developed a type of Poisson summation
formula for smoothed quadratic Dirichlet character sums. In the meanwhile, Young also
introduced novel techniques such as using a recursive relation to lower down the error
term successively as well as performing an intricate analysis of certain subsidiary terms
whose sizes are difficult to control individually. These techniques have been successfully
applied by Young later in [18] to improve the error term in the smoothed third moment
of the family of primitive quadratic Dirichlet L-functions and by K. Sono [13] for the
smoothed second moment of the same family.

Inspired by the work of Soundararajan and Young, we expect to apply the methods
in [14,17,18] to study moments of other quadratic twists of L-functions. In this paper,
we focus on the moments of a family of quadratic Hecke L-functions in the Gaussian
field. Thus, we denote K = Q(i) for the Gaussian field throughout the paper and we
denote O = ZJi] for its ring of integers and Ux = {+£1,+i} for the group of units
in Og. Recall that every ideal in Ok co-prime to 2 has a unique generator congruent
to 1 modulo (1 +4)? (see the definition above Lemma 8.2.1 in [1]). These generators
are called primary. We shall denote w for a prime number in Ok, by which we mean
that the ideal (w) generated by w is a prime ideal. We write N(n) for the norm of any
n € K. We further denote x for a Hecke character of K and we say that x is of trivial
infinite type if its component at infinite places of K is trivial. We write L(s,x) for the
L-function associated to xy and we denote (i (s) for the Dedekind zeta function of K.

For any element n € Ok, we say n is odd if (n,2) = 1 and we say n is square-free
if the ideal (n) is not divisible by the square of any prime ideals. We further denote
Xe = (E), where () is the quadratic residue symbol defined in Section 2.1. Similar to the
arguments in Section 2.1 of [5], the symbol X(1+i)5q defines a primitive quadratic Hecke
character modulo (1 + 7)5d of trivial infinite type when d € O is odd and square-free.

We can thus consider the moments of the family of quadratic Hecke L-functions
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L(%, X(1 +z’)5d) with d varying over odd and square-free elements in Og. The aim here is
not only to obtain valid asymptotic formulas, but also to obtain error terms as good as
those given by Young and Sono for the classical case. Our first result is the following

Theorem 1.1. Let ® : R™ — R be a smooth function of compact support. Then for
1 <5 <3 and any € > 0, we have

* - N(d A
> LG Xaipal @ (;(c)) = X Py(log X) + O(x"*%), (L.1)
(d,2)=1

for some polynomials P; of degree i(i+1)/2 (depending on ®) and 0; = 1/2 fori=1,2,
03 = 3/4. Here the “«” on the sum over d means that the sum is restricted to square-free
elements d in Of.

In order to establish Theorem 1.1, we shall use recursive arguments to obtain the
desired error terms in (1.1), starting from much larger error terms. This process actually
requires us to consider a more general situation, namely the following “twisted” moments
for primary | € Og:

" N(d
Mo(l) =" L(3 + o, X(14i5a) X(145a(D) P <)(()> ; (1.2)
(d,2)=1
Mo p(l) = L(5 + o, Xa+ipa) L(5 + B, X(+ipa) X (1403 (D) P < )(( )) , (1.3)
(d,2)=1
M ) = : L(i . 1 . 1 . . N(d)
a8y () = (53 + . xa+isa) L(5 + B, Xa+ipa) L(5 + 7 X(140)5a) X (140)5a(D) P X
(d,2)=1
(1.4)

It is certainly expected that the case i = 1 of (1.1) is the easiest to study compared to higher
moments. In fact, we shall only need to evaluate M, (l) for [ being square-free while for higher
moments, we need to evaluate M, g(l) and M, g~ (1) for a general [. In order to state our results
concerning M, (1), My (1) and M, g (1), we need to first introduce a few notations. For ® given
as in the statement of Theorem 1.1, we shall set

We recall that the Mellin transform f for any function f is defined to be
St
flo = [ s
0

It follows from this that we have



Moments and non-vanishing of central values of quadratic Hecke 151

For a sequence of complex numbers a1, --- ,a; and a primary n € Ok, we define

oy oy (n) = > [TV (@)— (1.5)

ai--a;=n =1
a;=1 mod (1+i)3,1<i<j

For any primary [ € O, we shall use [, l5 for the unique primary elements in Ok such that
l = [yl with [; being square-free and I a square. We shall use the notation [* for I; as well.
Using this notation, we define for each [,

O'al’..47a.7. (l*nz) —1y—1
Ay oy (1) = > B T 11 (1+ N(w)™H~L.
n=1 mod (1+14)3 w=1 mod (144i)3
(n,2)=1 w|nl

We further define B, (1), Bo g(l) and B, g (1) such that

Aa(l) :CK,Q(]- + QO‘)Ba(l)a (16)
Aa,p(l) =Cr2(1 + 20)Cr2(1 +28)Ck 2(1 + a + B)Bas(l), (L.7)

Aa (1) = Cr2(l +2a)Cx2(1 + 28)Cr2(1 + 27)Ck2(1 + a + )

xCr2(1+a+7)Ck2(l+ B +7)Basy(1),
(1.8)

where we define the function (x ;(s) for I € Ok by removing the Euler factors from (x(s) at
prime ideals (w) with w|l. We define similarly L;(s,x) for any Hecke character x of K, so that

Li(s,x) = L(s,x) H <1 - ]\?((Z))S)
(w)

wl|l

We note here (see also the discussions below Lemma 2.9) that B, (1), Bqa,g(l) and By g~(1)
have absolutely convergent Euler products for the parameters «, 3,7 in a neighborhood of the
origin. For example, we have

*\—o 1 —2—2« —1\—
Bo)=N@)? I o I G-N@20+Nw@)™H)™).
(1+ N(w)
w=1 mod (1+4)3 w=1 mod (144)3
wl|l wf2l

We define further that

r, = (32) RG] (1.9)

) T(ta)

Now, we are ready to state our recursive results concerning the error terms for the asymptotic
expressions of M, (1), My g(l) and My g~(1).
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Theorem 1.2. Suppose that for any primary | € Ok, we write | = l1ls such that both l1,ls are
primary and that 1y is square—free and ly is a square. If we have uniformly for a, B, lying in

the rectangle |R(s)| < 5%, [S(s)| < X° that

A( — ba) ; )
)= Aaa(Ol S — e T OV NN (DX or | square-free,

(1.10)

Mo (1) =n Acyaes(DT002 F(1 - b1a — 52f) +OXIVNO(NOX)S), (111
0=r 3 ARG ey O VRTNOXY),

(1.12)

OX!/NI)(N()X

(1.13)

oy F(1— 810 — 828 — 337)
Mo"ﬁ”(l) =7 Z Aﬁla’fzﬂ’ﬁsv(l)rilf’y% 2 N(I*
€1,62,e3€{£1} CK,Q( ) ( )

for f >1/2 z'n (1.10), (1.11) and for f > 3/4 in (1.12), then the expression (1.10) holds for

f replaced by L i J;, the empresszon (1 11) holds for [ replaced by 1 — W and the expression
(1.12) holds for f replaced by 3 5+ 2f . Here, we define F51’52’53 to be F51F52F53, where §; = 0

if e, =+1, and 0; = 1 if ¢, = —1. Similar definitions apply to F51 and Fél 62.

We note here that our condition in Theorem 1.2 for M, (1) is slightly different compared to
those for M, g(l) and M, g (1). This is because that we only need [ to be square-free in the proof
for the case of M, (1) while for the other cases, a general [ is involved. We also note that in [2],
J. B. Conrey, D. Farmer, J. Keating, M. Rubinstein and N. Snaith produced a recipe that allows
one to conjecture the asymptotics for the integral moments of families of L-functions. Modifying
their recipe, one may obtain conjecturally the main terms for M, (1), My 5(l) and M, (1) given
n (1.10)-(1.12), as Young and Sono did in [13,17,18] for the case of Dirichlet L-functions. We
can also obtain the the same main terms here by going directly through the arguments in the
proof of Theorem 1.2 in the paper.

Applying the convexity bound that (see [8, Exercise 3, p. 100]) for R(s) =

L(1/2+ 8, X(144y5a) < ((1+]s)2N(d))/ 4+,

we deduce that expressions (1.10)-(1.12) are valid for f = 14 j/4 as an initial estimate. Arguing
as the proof of Conjecture 3.3 in [17], we see that this leads to a valid expression of (1.10) and
(1.11) for f = 1, as well as a valid expression of (1.12) for f = 2. We summarize this in the
following result

Theorem 1.3. Let M, (1), Mo (1) and M, g~(1) given in (1.10)- (1 12). For any primaryl € Ok
and any complex number a, B, lying in the rectangle |R(s)| < e X" IS(s)| < X¢, the expression
(1.10) holds with an error of size N2 X357 for any € > 0, when | is square-free. For
general I, the expression (1.11) holds with an error of size N(1)Y/*¢ X2+ for any e > 0 and the
expression (1.12) holds with an error of size N(1)3/4T¢X 2% for any e > 0.
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In Section 3, we shall prove Theorem 1.2 by assuming that each «a, 3,7 lies in a punctured
rectangle of the form |R(s)| < ¢1/log X, |S(s)] < ¢2X¢ minus |R(s)| < ¢1/(21log X), |S(s)] <
(c2/2)X¢ for suitable ¢; depending on «, 8,7 such that the distances between the parameters
are at least > 1/X¢. One then deduces the result for other cases following the arguments made
in the paragraph above Section 3.3 in [17] and the two paragraphs below Lemma 3.6 in [18].
By considering the limit case of «, 8,7 — 0,1 = 1 in Theorem 1.3, we recover the statement of
Theorem 1.1. Note that we do not run into singularities here, see Lemma 2.3 in [13] and the
paragraph above it for an explanation.

Note that the “twisted” moments My (1), M, g(I) and M, (1) appear naturally when mol-
lifying central values. Thus, our result in Theorem 1.3 also paves a way for us to consider the
mollified moments of the same family of L-functions. We shall in fact evaluate the first and
second mollified moments of this family in Section 4 to establish the following non-vanishing
result on central values.

Theorem 1.4. We have for all large x, and any fized € > 0,

> ppi(d)* > <; - €> > g (d)?.

N(d)<z N(d)<z
(d,2)=1 (d,2)=1

L(%’X(Hiﬁd)#o
Thus, for at least 87.5% of the odd square-free elements d € Ok, L(%7X(1+i)5d) #0.

Our proof of Theorem 1.2 follows largely the line of treatment of Young in [17,18], as well
as the approach of Sono in [13] for the evaluation of M, g(I). We shall apply the approximate
functional equation for L(s, x(144)54) obtained in Section 2.5 to express products involving L(% +
@, X(144)54) into two smoothed sums. Then we apply a two dimensional Poisson summation to
convert the sum over d into a dual sum. Shifting the contour of integrals leads to a contribution
of poles, which in turn gives us two types of main terms, with the second type being contributed
by non-zero squares in the dual sum. On the new line of the integration, we apply the recursive
argument to obtain “tails” of these main terms, so that some of them combine naturally together.
This leads to the main terms given in (1.10)-(1.12) with desired error terms of smaller sizes.
The most intricate part of the above approach involves with representing the second type main
terms so that they can be combined with certain terms coming from the recursive process. This
requires a careful analysis on the Archimedean parts of functional equations of the corresponding
L-functions as well as the two dimensional Fourier transforms of the weight functions involved.

On the other hand, our proof of Theorem 1.4 owes much to the work of Soundararajan in
[14]. In fact, the error term in the asymptotic expression for M, g(I) given in Theorem 1.3 is
not strong enough in the [ aspect for us to choose a mollifier that is long enough to derive our
result. We need thus to follow the original treatment of Soundararajan in [14] to handle the
second mollified moment. The proof of Theorem 1.4 is then made much easier, thanks to the
existing approach available in [14].

2 Preliminaries
In this section, we include some auxiliary results needed in the proofs of our theorems.

2.1 Quadratic residue symbol, Gauss sum and Poisson Summation

Recall that K = Q(7) and it is well-known that K have class number one. We denote (D) for
the discriminant of K and recall that Dg = —4. For n € Ok, (n,2) = 1, we denote the symbol



154 P. Gao

(+) for the quadratic residue symbol (mod n) in K. For a prime @ € Z[i] with N(w@) # 2,
the quadratic symbol is defined for a € O, (a,@) = 1 by (£) = a™ =) ~1/2 (mod w), with
(%) € {£1}. When w|a, we define (%) = 0. Then the quadratic symbol can be extended to
any composite n with (N (n),2) = 1 multiplicatively. We further define (E) =1 when ¢ € Ug.

We note that the following quadratic reciprocity law (see [5, (2.1)]) holds for two co-prime
primary elements m,n € Og:
m n
—)=(—). 2.1

Moreover, we deduce from Lemma 8.2.1 and Theorem 8.2.4 in [1] that the following supple-
mentary laws hold for primary n = a + bi with a,b € Z:

(i>(1><1a>/2 and (1”)(1><”“"’>/4. (2.2)

n n
For any n,r € Ok, (n,2) = 1, we define the quadratic Gauss sum g(r,n) by

o= ¥ (2)e(2) o

z mod n

where

e(z) = exp (27ri (2% - 2%)) .

When r = 1, we shall denote g(n) for g(1,n). Recall from [4, (2.2)] that for primary n, we have

gon::<i)Amnfﬂ. (2.4)

n

Let ¢p;)(n) denote the number of elements in the reduced residue class of Ok /(n), we now
recall from [5, Lemma 2.2] some explicitly evaluations of g(r,n) for n being primary.

Lemma 2.2. (i) We have

s
g(rs,n) = (£>g(r, n), (s,n) =1,
g(k,mn) = g(k,m)g(k,n), m,n primary and (m,n) = 1.

(ii) Let @ be a primary prime in O . Suppose w" is the largest power of w dividing k. (If
k =0 then set h = 00.) Then forl>1,

0 if [<h s odd,

o (@) if  1<h is even,
gk, ") = { —N(w)"™* if l=h+1 is even,

(H=) N()-1r2 if  I=h+1 s odd

0, if  l=h+2

We quote the following Poisson summation formula from [5, Lemma 2.7].
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Lemma 2.3. Let n € Z[i],n = 1 (mod (1 + i)®) and (=) be the quadratic residue symbol
(mod n). For any Schwartz class function W, we have

5 (2w (M) i () 3 ot (385,

mez[i] kez[i]
(m,14i)=1
where
W(t) = / / W (N (z + yi))é (—=t(z + yi)) dady, ¢ > 0.

2.4 Evaluation of certain integrals

We will require an evaluation on W(t) for special choices of W(t). First note that W(t) €Rin
general for any ¢t > 0, since we have

W(t) = /cos(27rty)W(x2 +4?) dady. (2.5)
R2
We evaluate the above integral in polar coordinates to get
/2 0o w/2

W(t) =4 / /cos(27rtr sin )W (r?) rdrdd = 2 / /cos(27rtr1/2 sin 0)W (r) drdé.
0 0 0 0

We now take ®(t) as given in Theorem 1.1. Fix a positive integer m, we let G;(s),1 < j <m
be entire, even functions, bounded in any strip —A < R(s) < A for some A > 2 such that
G;(0) =1,1 < j < m. We further let a;;,1 < j < m be complex numbers and denote (c;) for

the sequence (o, -+, ;). We define further for ¢t > 0,
1 G](S) —
) = — ) s 2.
Viay(t) = 5 / + Ylay) ()t ds, (2.6)

2
where g(q;)(s) = ngl g, (8) with
2/2\°T(3 +a+s)
ga(s)=\—) —Fa
s F(§ + a)
The functions V(,,)(t) appear naturally in the approximation functional equations involving
products of L(1/2 4 aj, X(1+4i)54) (see Section 2.5). In our process, we need to evaluate F, ; ()
for 1 < j < 3 for a primary n, where

Fpj(t) = 2(t)V(ay) (&%) : (2.7)

To do so, we first note that for any real number c¢,, we have

1 ~

(Cu)
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Applying this together with (2.6), we see that for ¢ > 0,

3’2\ °
cos( 277757“1/2 sin ) / / ey u( s) ((Xr) ) duG (s)ds gd@
(cu) (€s)

/2 0o

5:1

n,]

N(n) s

We reverse the order of the three inner integrations above to arrive, after some changes of
variables (first 71/2 — 7, then 2mtrsin — r), at

N(n)\*° T T Js=2u  Gudsdr
(s) <X3/2> /COS(T) (27rtsin9) du s 7d9
0 (es) (cu) 0

~ ) s ™/2 %)
4 D1+ u)g(a,)(s) [ XI/? do cos(r)dr dqu(s)ds
(2mi)2 (2mt)(ds—2u) N(n) (sin@)lds—2u) [ p2u—js+1 s
0 0

cs) (cu)

Foj(t)=

We note that for (s) < 1, we have (see [7, Formula 2, Section 8.380])

/2
— g 71'F 1;5
0

where B(z,y) is the Beta function such that when R(x), R(y) > 0 (see [7, Formula 2, Section
8.384])

L)l (y)

B(a:,y) = F([L‘-i—y)’

and that (see [7, Formula 2, Section 8.338]) I'(1) = /7.
We also note that (see [7, Formula 9, Section 3.761]) for any 0 < R(s) < 1

/cos(r)r3¥ =T'(s) cos (g) . (2.9)
0

We now combine (2.8), (2.9) and the following relation (see chapter 10 of [3])

7221 cos(Z5)T(s) = L(3)

r(4*)
to see that
/2 [
. —u udr T u—1 I (%)
/(s1n9) d@/cos(r)r e 52 T (Q_J)
0 0 2
This implies that
/2 .
dr T T (]s—2u)
2 2 js—2u—1
/(51n9) i “)dH/cos (A — . :§2JS “ W

0
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We then conclude that

N\ ™" eow D(EF2)  Gy(s)ds
Fnyj 27_” / / 1 +u g(aj)( ) (XJ/2> (ﬂ—t) r (2—j;+2u)du s '
(('u)

(2.10)

Lastly, for any primary [ and n, we evaluate E;: (0) by applying (2.5) directly to see that

N(In?)
Vi - dzd
n2l] / / N(z +yi)) Via,) <(XN(x+yi))J/2> xdy
_L <s> Xi/? s / / x+ ,L)N(.T—i_ Z)]s/ded GJ(S)dS
“omi | 9 N(In2) 4 4 Y s
@ Coo oo
™ X772 \° ~ js.Gj(s)ds
=— Vs) [ ) B4 L)z
3mi | 9en() (N(W)) 5=
(2)

(2.11)

since we have

2m .
/ / .T"'yz )N(l‘—'—yz)jS/dedy_/ / TJSTdeG—W(I)(1+]25)

—00 —0o0

2.5 The approximate functional equation

Let x be a primitive quadratic Hecke character (mod m) of trivial infinite type defined on Ok.
As shown by E. Hecke, L(s,x) admits analytic continuation to an entire function and satisfies
the functional equation ([8, Theorem 3.8])

A(s,x) = W) (N (m))H2A(1 - 5,X),
where |[W (x)| = (N(m))'/? and
A(s,x) = (IDx [N (m))*/?(2m) =T (s)L(s, x)-

We now take x = X(144)s4 for an odd, square-free d € O and we note that it follows from
[8, Theorem 3.8] that we have W (x(144)54) = 9(X(1+i)54)- Our next lemma evaluates g(X(144)54)
exactly.

Lemma 2.6. For any odd, square-free d € O, we have
9(X(14iypa) = N((1+14)°d)'/2. (2.12)

Proof. 1t suffices to prove (2.12) with d replaced by jd, where j = 1 or i and d is primary and
square-free. It follows from the Chinese remainder theorem that x = j(1 + i)y + dz varies over
the residue class modulo (1+4)3d when y and z vary over the residue class modulo d and (1+74),
respectively. We then deduce that

9(Xj(+i)3a) = Z Z ( 1+1Z+;)+ dz) <j(1+2;iy+d2) <]§/> ((14:) )

z mod (144)5 y mod d
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As Xj(144)5 is a Hecke character of trivial infinite type modulo (1 + i)®, we deduce that

G(1+14)° . .
(J(14(-Z)52/)+d2> = Xj(1+05 (F(1+9)°y + dz) = X140 (d2). (2.13)

On the other hand, we denote s(z) to be the unique element in Uk such that s(z)z is primary
for any (z,2) = 1. It follows from the quadratic reciprocity law (2.1) that

(j(1+i)d5y+dz> - (W) : (2.14)

We then conclude from (2.13) and (2.14) that

dxaspa) = Y. D ( L )(8(2)(1d+i)jy>g<{§/>g((lji)5>

z mod (144)% y mod d

() () 5 ()() e
v B () (o)

where the last equality above follows from (2.4).

In order to evaluate the last sum in (2.15), we note that it suffices to take z to vary over the
reduced residue class modulo (1 + i)5. One representation of such class consists of the following
16 elements (note that +1,4i consists of the reduced residue class modulo (1 + 4)® and 0,1
consists of the residue class modulo 1 + i):

{1,443} +1(1 +49)> + kA +40)*, 1€{0,1},k € {0,—1}.

We further write d = a + bi with a,b € Z (recall that ¢ = 1 (mod 4),b = 0 (mod 4) or a = 3
(mod 4),b = 2 (mod 4)) and check by direct calculations using (2.2) to see that (2.12) is valid
with d replaced by jd, where 7 = 1 or ¢ and d is primary and square-free. This completes the
proof of the lemma. O

We now fix x = X(144)5q for an odd, square-free d € Of, then it follows from Lemma 2.6
that we have

W(x) = N((1+0)°d)"/>.

Thus, the functional equation in this case becomes

As,x) = A1 = s,x). (2.16)
Let s;,1 < j < n be complex numbers for some positive integer n. Write s = (s1,--- , sp)
and 1 —s=(1—-s1,---,1 —s,). Let G,,(s) be an entire, even function, bounded in any strip

—A <R(s) < A for some A > 2 such that G,,(0) = 1. For some ¢ > 1, consider the integral

du
I(s,x) 2m/HAs]+uX () .
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Moving the contour of integral to f(u) = —c, we see that
s du
H (s5x) = I(s,x) - [] At +un)c n(u)—
j=1 ( ) j=1

We now apply the functional equation (2.16) to obtain

H (sj,x /HA 1—s;+u,x)Gn(u )du

Jj=1 Ty i1

I(s,x) _|_7 / HA 1—s;+u,x)Gn(u )du (2.17)

—o) I
:I(S7X)+I(1_Sax)7

where the second equality follows from a change of variable v — —wu in the first integral above.
Upon expanding A(s; + u),1 < ¢ < n into convergent Dirichlet series, we have

1 0 X(4;)  (|Dk|N(m))®Fs)/20 (s + u) du
0=g: [| X Myt T Gl
(c) 0#£Aq,, A, COk j=1 j

! E | I j (|Dg|N(m))E=5+W/2D(1 — s + u)
I(I_S’X):7/ 1j + 1 J
sjtu .
271 & 0#Ay, A, COK j= 1 (27‘[’)( tu)

Gn(u)—.
(%

Applying these expressions and dividing through H;;l(|DK|N(m))SJ'/2 (2m)~%T'(s;) on both
sides of (2.17), we obtain

n

H L(Sj7X)

j=1
1 B X(A)  ([Dk|N(m)"/2T(s; + u) du
=omi Co(w) 2
2m( ) \0#AL X;‘HC@KE N(A;)sity (2m)“T(s5) U

! a‘) (IDg [N (m)) =292 (1 — 55 + u) du

271 Z H 1 sj+u (277)(172sj+u)1'\(sj) Gn(u) .

(c) 0#A1, , AnCOKk j= 1

Recalling that Dg = —4, we then deduce from the above by setting s; = %—i—aj, X = X(144)5d
for d odd and square-free that

HL(% Jraj’X)

Jj=1

- Aoy (A) N(A)
_o;é;@( Ny Ve (N(d)n/?)
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S X(A)T_(a,)(A) N(A)
+N(d) =% [[Ta, Y = —Vo(a, (n>
j=1 0£ACOK N(A)1/2 N(d) 2

where I, is defined in (1.9), V(,,,) is defined in (2.6) and

Tany(A) = Y.  N(A)™

H}L=1 A=A

As X(14i)5a(A) # 0 only when (A,2) = 1, in which case we may replace A by its primary
generator. We thus deduce from the above discussions the following approximate functional
equation for products of quadratic Hecke L-functions.

Lemma 2.7 (Approximate functional equation). Let G;(s),1 < j < 3 be entire, even functions
with rapid decay in the strip [R(s)| < 10 such that G;(0) = 1,1 < j < 3. For X (14454 as above,
we have

J

H L(5 + aj, X(140)5a)

=1

X(d(M)a, 0, (7) N(n)
= X L G2 (N(d)jﬂ) 21

n=1 mod (1+i)3

v . X(1+i)5d(n)0¥a1,--~ ,—ay (n) N(n)
FN(d)"Z= Ty g, Votan | o ) s
1 n=1 m§(1+1’)3 N(n)% ) N(d)j/2

j
where Ty, ... o H ) and 0q, ... o;(n) is defined in (1.5).

2.8 Analytical behaviors of certain Dirichlet series

In this section, we discuss the analytical behaviors of certain Dirichlet series that are needed in
our proofs. The first result concerns the analytical behaviors of A, g(I) and A, g~(I) given in
Theorem 1.2.

Lemma 2.9. Letl = l1ly and let Ay 5(l), Aa,p (1) be as in Theorem 1.2. Then both A, g(l) and

Aq () have meromorphic continuations to R(a), R(B), RN(vy) > —%, In fact, for any positive

integer M > 2 there exist integers dgp,dapc (p0ssibly negative or zero) such that

Aap(l) =Cap) []  Cxla+b+2aa+2b8)%

1<a+b<M -1
a,b,c>0
An g (1) =Ca g~ (1) 11 Cx(a+b+c+ 2a0 + 203 + 2¢y)tave,

1<a+b+ce<M-1
a,b,c>0

(2.19)

where for any >0, Cap(l),Cap~(l) are given by absolutely convergent Euler products in the
region R(c), R(B), R(y) > L5 + 6. Moreover, in this region Co (1), Ca,p, (1) satisfy the bound

Q

a8(0); Capr(l) < VNN
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The proof of the above lemma is similar to that of [17, Lemma 4.1] and [13, Lemma 4.1], so
we shall omit it here. We only note here that when a +b =1 or a + b+ ¢ = 1 then we have
da,p = dap,c = 1 and this readily implies the analytical behaviors of B, (1) and B, g (1) defined
n (1.6).

To facilitate our treatments in the proof of Theorem 1.2, we shall make the following remark
similar to [17, Remark 2.2] and [18, Remark 2.2].

Remark 2.10. We choose Gy so that Gi(+a) = Gi(3 + ) = 0. We choose G;(s),j = 2,3
to vanish at the poles of all the (i ’s which occur in (2.19) as numerators (i.e., with dgp > 0
or dgpe > 0) in the corresponding factorization of Agts g+s OT Aats p+s~+s, and also to be
divisible by all the (k’s which occur in (2.19) as denominators (i.e., with dgp < 0 or dgpc <
0) in the corresponding factorization of Aats pt+s 07 Aavts,gtsy+s for M large enough so that
Acts Btss Aats,p+s,y+s have meromorphic continuations to R(s) > —% +¢ for a givene > 0. We
also assume that G;(s) is symmetric under any permutation of {«,8,~}, and under switching
any «, B,y with its negative, and under switching s with —s.

Let g(k,n) be defined as in (2.3). We now fix a generator for every prime ideal (w) €
Ok together with 1 as the generator for the ring Z[i] itself and extend to any ideal of O
multiplicatively. We denote the set of such generators by G. Let k1 € Ok be square-free
and (l,a) = 1 for a primary element | € Ok. For fixed integer j > 1 and complex numbers
a;,1 <14 < j, we define Jy, ;(v,w;l,a) as

. Uoéh' YOy n) (klkgvln)
Jejwwila)= Y >N NG N () (2.20)
n=1mod (1+i)> k270
(n,a)=1 k2€OK

where we use the convention throughout the paper that all sums over ks are restricted to ky € G.
Our next lemma gives the analytic properties of Jy, ;(v,w;l, a).

Lemma 2.11. Suppose thatl is primary such that (I,2a) = 1, k1 is square-free, and Ji, j(v, w;!, a)
is given by (2.20) for R(v) > 2 and N(w) > 2. Then Jy, ;(v,w;l,a) has a meromorphic contin-
uation to N(v) > 2 and R(w) > & for any § > 0, provided that a;,1 < i < j are small enough
compared to §. Moreover, in this region we have

Ik (v, w3l a) = HL2al + W+ Qs Xiky )iy, (0, 0),

where Iy, ;j(v,w) is analytic in this region and satisfies the bound

_1,
I, j(v,w) <5 N(1)"27".

The proof of the above lemma is similar to that of [17, Lemma 5.1], [18, Lemma 5.2] and
[13, Lemma 4.3], so we omit it here.

3 Proof of Theorem 1.2

3.1 Initial Treatment

We fix oy = o, 9 = 3,3 = ~y throughout and we identify M,,)(l) with M,(1), My g(l) and
M, p.~(1) with j = 1,2, 3, respectively. This applies to similar notations such as 9(a;)s O(ay)s Viay)
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as well. We apply the approximate functional equation (2.18) for a fixed 1 < j < 3 to write
M(Oéj)(l) = Ml((aj)a l) + M—l((aj)v l)7 where

* 144)5 (TLZ)J(Q)(H) N(n)
M) = Y F(N@) Y ARy (et )
(d,2)=1 n=1 mod (1+14)3 N(n) 2 (N(d) /2>

Moa((a)) = Ty 7 N@ Srpv(y Y Ao e)(®)

(d,2)=1 n=1mod (144)* N(n)2

We shall make the convention that we may often drop the dependence on (¢;) and ! to simply
write My, My and other expressions when there is no risk of confusion. We shall also mainly
focus on evaluating M7 as the evaluation of My can be done by noticing the following remark:

Remark 3.2. To derive an expression for My via a corresponding term from My involves swap-
ping a; and —a;, 1 <1 < 3, replacing F(x) by F_(q,)(z) = 2~ Yici % F(x), and multiplying by
L'(a;), in that order.

We now apply the Mobius inversion to remove the square-free condition over d in M; and
M;. Let pp; be the Mobius function in Ok, we have

M, = Z i (@) Z F(N(da?)) Z X(1+i)5d(nl)f(aj)(n)v(aj) <NN(n))

5 21\7/2
a=1 mod (1+4)3 (d,2)=1 n=1 mod (14i)* N(TL) 2 (CL d)
(a,20)=1 (n,2a)=1

Now we separate the terms with N(a) <Y and with N(a) > Y (Y a parameter to be chosen
later), writing My = My + Mg, respectively. We similarly write M_; = M_y + M_g.
3.3 Estimating Mp: applying the recursion

We now make a change of variable by letting d — b?d with the new d being square-free to see
that

Mp= Y @ Y Y F(N(d(ab)?))

a=1 mod (1+4)3 b=1 mod (1+i)%(d,2)=1
(a,21)=1 (6,21)=1
N(a)>Y

X(1+i)5d(nl)(7(aj)(n) N(n)
Sy NE e N
n=1 mod (1+14)3
(n,2ab)=1

We further let ¢ = ab to obtain

Mg = Z Z pi (@) Z* F (N(dCQ))

¢=1 mod (1+4)% a=1 mod (144)> (d,2)=1
(¢,20)=1 alc
N(a)>Y
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X(+i2a()0(ay) (1) N(n)
X Z I Viey) 27)i/2 |
n=1 mod (1+i)> N(n)2 N(C d)j

(n,2¢)=1

Using the definition of V(,,) as an integral representation given in (2.6), we see that the inner
sum over n above is

X(1+iysa(nl)o o (n) 1 Gi(s N(c2d)7s/2
3 ( >N(n)%( ;) 27m‘/ JS( )g(a]_)(s) (N(n))s s
n=1 mod (1+14)3 (2)
(n,2ab)=1

We move the sum over n inside the integral to get

Mp= >, S wa@ Y] xauesaDF (N(de?))

¢=1 mod (1+i)% a=1 mod (1+1)> (d,2)=1
(¢,20)=1 alc
N(a)>Y
1 N 2d js/2 2 L 1
X 5 (N(c*d)) 21:[1 (3 + i + 8, X(1+4i)5d)
(3+)
J
_ _ Xatiza(@y) )Gj(s)
H 11 s <1 N(w;)A/2+ats) ) s 9(ay) (8)ds.
i=1 ;=1 mod (1+4)

wjle

We now move the line of integration to € without crossing any poles in this process by Remark

. X+iyod(@;) .
2.10. Th d (1 _ —) btain that
€1 expanding . Hg (1+i)3 N(Wj>(1/2+a+s) we obtaln a
@jle
Mg
:U/[z] Tz
= X ORI S | v
c=1 mod (1+4)> a=1 mod (1+4)3 r;=1 mod (144)3 i=1 N( ) ‘
(e,20)=1 ale 1<4<3
N(a)>Y rilc
N(c2 S
/ Z X(1+Z)5d ZHTZ ) H L + a; + 8 X(1+’L)5d) ‘78( )g(aj)(s)ds’
i=1

(5 (@2)=1
(3.1)

where F,.,(z) = (zy)” F(zy) and € < (log X) 7.

Note that the inner sum over d above is of the form M, (l ]—L 173), but with a new
weight function with smaller support (N(d) < X/N(c)?). Now we truncate the integral in (3.1)
so that |3(s)| < (log(X/N(c?))2. When N(c)? < X'~¢, the exponential decay of the integrand
implies that the error introduced by this truncation is negligible. While when N(c)? > X17¢
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the sum over d is almost bounded so that the convexity bound L(1/2 + a + s, x(144)54) <

((1 + |s])2N(d))*/*+¢ implies that the error introduced is of size O(X%J“E). We can then apply
Theorem 1.2 to the truncated integral, and the same argument as above allows us to extend the
integral back to the whole vertical line, without introducing a new error. In this way, we can
express Mg as the sum of 27 main terms plus an error of size

ri)l RE T
<Xy SRS S ZH (i)

c¢=1 mod (14i)® a=1 mod (1+4)3 r;=1 mod (144)3 i=1 N( )
(c,21)=1 ale 1<i<3
N(a)>Y Tile
Xf+6 1/2+
=il /2te,

For the main terms, by a direct application of Theorem 1.2, we see that

Mpg(er, -+ ,€5)

D> ) SRTICD S | e ! 1

Sty 2 2
c¢=1 mod (14i)® a=1 mod (1+4)3 r;=1mod (14i)2 t=1 N(Tl) PR ((l H, 1 7"1) ) <K72( )
(¢,20)=1 alc 1<i<3
N(a)>Y rile
01, ,0;5 =
1 Fa +s e +5Fjs/2'N(c2)(w) G(S)
X o= [ Ady(arts) oo+ (L] [ 1) — — " 0(ay)(5)ds,
27rz(€) e Zl_ll N( i 173)°
where we denote w =1 —61(a1 + ) —--- — (e + ).
Now we apply the relation
~ o0 j s dx X, he
F]‘S/Q;N(c2)(u) = / (IN(Cz))%F(N(CQ)I)IU? = N(c)72“F(% +u)
0
to see that
MR(Elv e 76j)
T 1 1 Ey ) G;(s)
—_ ; - F 1, 1035 ]7
2 r2(2) Z _N(c)2w Z ‘ ppi (@) o / oty ots g 9(a;)(8)
’ c¢=1 mod (1+44) a=1 mod (1+4i)3 (e)
(¢,2l)=1 alc
N(a)>Y
= js T g (ra) 1
XF(7+U)) Z H l+ n Ael(a1+s ,ej(ozj+€) ZHTz
rs=1 mod (14i)3 =1 N(TZ) PRE ((l Hz 1 T’L) )
1<i<3
ri\c

(3.2)
We summarize our discussions above in the following result.

Lemma 3.4. If Theorem 1.2 holds with a parameter f > 1/2 when j = 1,2 and f > 3/4 when
j =3, then

M= Y Maler )+ O/NW ) + O(X24),

€1, €{£1}

where Mg(e1,--- ,€;) is defined in (3.2).
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3.5 Estimating Mp: further simplifications

In this section, we show that some of the main terms appearing in Lemma 3.4 can be treated as
error terms as well by establishing

Lemma 3.6. If at least two of the €;’s are —1, then for a special choice of G;(s) described in
Remark 2.10, we have

Mg(e1,e2) K YXY2(N()X), Mpg(er, e, e3) < YX¥HN()X)®, (3.3)

and furthermore,

Mg(—1,-1,-1) < X3/*(N()X)*. (3.4)

Proof. Since the proofs are similar, we prove (3.3) only for Mg(—1,—1,1) here. We extend the
sum over a to all primary integers in K, and subtract the contribution from N(a) <Y, getting
Mg(-1,-1,1) = M'(-1,-1,1) — M"(-1,—1,1), respectively. To treat M'(—1,—1,1), we note
that the sum over a becomes Z pi)(a), which is not 0 only when ¢ = 1. This implies

a=1 mod (1+4)3
alc
that ¢ = r1 = r9 = r3 = 1 so that

, oo 1 Gs(s) = sy A—a—s,—p—sy+s(l)
M'(-1,-1,1) = 2era(2) 2 /F(H_SFM_S . Gapy(8)F(1—a—p—3) N ds.
(e)

In view of Lemma 2.9 and our choice of G3(s) described in Remark 2.10, we can move the
contour of integration to R(s) = 1 — §. Using the bound

Fl—a-f-3) <Xx'72,
we see that 1 1
M(-1,-1,1) < N(ll)_iN(ll>§+EN(l)5X1*1/4+E.
As for M"(—1,—1,1), we write ¢ = ab and note that the condition ry,ry, r3|ab is equivalent

to [r1,72,73]/(a, [r1,r2,73])[b. We can then write b = kry,rq,r3]/(a,[r1,72,73]) with k being
primary and (k,2l) = 1. On summing over k first, we obtain that

M"(-1,-1,1)
. piiy (@) 1 G3(s) ~ s
"Xa® 2 NP T | Terelans T gana()F0—a=f-3)
’ a=1 mod (1+14)3 (e)
(a,2l)=1
N(a)<Y
y Z : ppa (1) ) (1r2)u[i] (rs3) 1 (N((a, [r1,72,73])) > 2—20—28—4s
rara =1 mod (14i)* N(Tl)§+a+sN(r2)§+ﬁ+sN(r3)§+'y+s N([T‘l, T2, 7"3])

(r1rars,2l)=1

)A*a*sﬁﬁfs,“wsu?"lrﬂ?»)

X Cro1(2—2a =20 —4s N((Iryrars)*)

Again we move the contour of integration to R(s) = % — ¢ and bound everything trivially to
see that

M"(~1,-1,1)
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N (lrirars)®|wr (r a(r a(r
< X3/4+5/2 Z N(a)“ Z (lrirers) |M[z]( 1)H1[z_]fS 2)/1[1]( 3)]
_ 3 _ 3 N(T1T2T3)
a=1 mod (1+%) r1,r2,r3=1 mod (1+4%)
(a,20)=1 (rirars,20)=1
N(a)<Y

y (N((a, [n,wgm)““
N([r1,72,73]) .
We apply the bound N((a,[r1,72,73])) < N(a) and note that the sums over 71, rs,73 converge
absolutely for any § > 0 by taking € small enough compared to J to see that
M"(=1,-1,1) K YX3*(N(1)X)=.
Lastly, we bound Mgr(—1,—1,—1) by writing ¢ = ab again to see that
MR(_]-v _]-7 _1)

— 1 1 Gs(s) R ..
_m Z M) (Cl) /Fa+8,ﬂ+8,’7+5 Tga’ﬁ,y(S)F(l a—fB—7 )

2mi

2
a=1 mod (14i)3
(a,2l)(:1+ ) ©
N(a)>Y
1 piy (1) gy (r2) gy (r3)
X Z N(ab)Q(l—a—ﬁ—’Y—35) Z

b=1 mod (1+i)>

1 1 1
r1,72,73=1 mod (l—i-i)3 N(Tl) 2+a+sN(T2) 2+5+SN(T3) 2+’Y+S
(b,2l)=1

r1,72,r3]ab
A—a—s,— —s,—'y—s(lrlr2r3)
. N((l’l“ﬂ“g?“g)*)
in (3.4) by noting that the sums over a and b converge absolutely. O

We now move the contour of integration to $(s) = % — 6. This leads to the desired bound given
Combining Lemma 3.4 and Lemma 3.6, we deduce that

Lemma 3.7. If Theorem 1.2 holds with a parameter f > 1/2 when j = 1,2 and f > 3/4 when
7 =3, then
X /fte

Mg(a,l) =Mg(1) + Mr(=1) + O(V' N () 357=7)

O(X1/2+E),

f+e
Mi(eB,1) =Mr(1,1) + Ma(1,~1) + Ma(~1,1) + O(/K () sog75) + O XVA(N()X)°),

X fte
Mg(a, 8,7,1) = Mg(1,1,1) + Mg(1,1,-1) + Mp(1,-1,1) + Mr(-1,1,1) + O( N(l)m)

+O(Y XPY(N(1)X)®).

3.8 Computing My: applying Poisson summation
We recall that

Ve Y e T (“Zf’s)o;fﬁ(n) d%:_1<d>q) (N(da2)>

a=1 mod (14i)3 n=1 mod (1+4)3
(a,2l)=1 (n,2a)=1
N(a)<Y
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Voo (i)

We now apply the Poisson summation formula given in Lemma 2.3 to see that

3 (i) e (757 oo (sin) = awtom (1) 2 0"t

(d,2)=1

where F), ;(¢) is given in (2.7). We then deduce that

_X pi (@) T (ay) (M g(k,ln) — N(k)X
Myv=3 2 N(a)? 2 Z DY iy N(In) Fn, ( 2N(a2n1)>'

1
a=1 mod (14i)3 n=1 mod (1+4)3 N(n) 2 kezi
(a,2l)=1 (n,2a)=1
N(a)<Y

Now we write My = My(k = 0) + My (k # 0), where My (k = 0) corresponds to the term
with £ = 0.
3.9 Computing My: the term My(k = 0)

Note that by Lemma 2.2 we have g(0,In) = ¢[;)(In) if In = O (i.e. n = [10), and 0 otherwise.
Thus we get

My (k=0) == 3 ’ 3 ; : o 0).
2 =
? a=1mod (1+i)® Na) n=1mod (1+4) N(lin?)z N(in)
(a,20)=1 (n,2a)=1
N(a)<Y

We then apply (2.11) to deduce that

My (k = 0) :g ) i (a) 1 /g(aj)(s)ﬁ(l N jj)DN(k o S)Gj(s)ds7

,N(a)?  2mi 2 .
a=1 mod (1+4)3 (2)
(a,20)=1
N(a)<Y
where o
;i n i l
Datk=05)= 3 X H(ln®) piy(in)

=1 mod (11)° N(lan)%-i-s N(ln)
(n,a)=1

Lemma 3.10. For special choices of Gj(s),1 < j < 3 described in Remark 2.10, we have for
j =1, 1 primary and square-free,

My (k = 0) + Mg(1) =

sy G1(s)
2,2 (2 F%Z/ Fa+5)=

For j = 2,3 and a general primary [,

9o (8)Aars(l)ds. (3.5)

F(1)

Mi(k =0) + Mr(L,--- 1) = Ao, o0, (D0 s

+OXU=DTEN@)).  (3.6)
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Proof. The expression given in (3.5) can be established by proceeding similarly to the treatment
in Section 6.2 of [17]. To prove (3.6), we use the expression (3.2) by writing ¢ = ab there to see
that

7 i (@) 1 / ~ 3s G,(s)ds
Mg(1 1)=—= — aro o (S)F(1+ —)Dg(1,--- ,1; ,
R( ) ) ) 2 Z N(a)2 X o Gay -, ](8) ( + 2) R( 8) s
a=1 mod (144)3 (2)
(a,20)=1
N(a)>Y
where
1 1 T g (r)
Drgr(1,--- ’1;8):@(2(2) Z N (b)2 Z H%
’ b=1 mod (14i)? ri=1mod (144)? i=1 N (r;)2 7™
(b,21)=1 1§z‘|§3
rile

Oq ,~~»,aj((ll_[f: Ti)*nQ) 11—
X Z ]\lf l J *12 i+s H (1+N(w) 1) 1'
n=1 mod (14i)3 (( Hi:l Ti) n )2 w=1 mod (1+1)>
(n,2)=1 w|nl ngl i

Now the arguments given in [17, Section 6.2], [18, Section 6.1] and the proof of [13, Lemma
4.4] carry over to our case with simple modifications to show that we have

DN(]C = 0; S) = DR(l, e ,1;8).
We then conclude that

My (k=0)+ Mg(1,---,1)

g Z tp (a) L /gaw o, (5)F(1+ jj)DN(k _0;5) Gj(s)ds.
2)

. 2 S
a=1 mod (141i)3 (
(a,2l)=1
—1/2 + ¢ to cross a pole at s = 0 only in the process. The residue at s = 0 gives the desired

mait tialowindrohe beromeehd snehRgnestinditlthabwoaherdesrddiasigontour of integration g

3.11 Computing My: the term My(k # 0)
Using the expression given in (2.10) for IERVJ, we see that
My (k #0)

:g Z 'u[i](a) Jalv'“»a]‘(n) (_1)N(k)g(k’ln)ﬁv < 2N(k)X )

2 N7y Fni 5
a=1 mod (144)3 N(a) N(In) N(a?nl)
(a,2)=1 k0

N(a)<Y

—(js—2u) .
_T .u[z](a) 1 ~ 1 F(M)
5 Y e ) 0o <”< 2N(a21)>> e==n)

a=1 mod (1+3)3 e, P
e (cu) (es)
N(a)<Y
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X Z Z _1)N(k) Jo‘iv“‘ QU (n) 1 — g(k‘, In) dqu(s)ds’
n=1 mod (1+44)3 k€Z[i] N(n)§+(1*j/2)s+u N(k)]s “ N(ln) S
(n,a)=1 k#0

where we set ¢, = ¢, > 3 satisfying ¢ — ¢, > 2.

Now, we let f(k) = g(k,n)/N(k)* and we write k = k1k3 with k; square-free and ks € G,
where we recall here that G is the set of generators of all ideals in Ok defined in Section 2.8.
We break the sum over k; into two sums, depending on (k1,1 +4) = 1 or not, to get

3 (~)N® £ (k) Z me S S T (0)NER) f(kik3)

kEeZ]i] k1 k2
k#£0 (k1,1+z)7£ (k1,1+4)=1
- T S ¥ <azf<zklks>zf<klks>),
k1 ko ko
(kl 1+1)?§1 (k1,1+i):1

where we note that (1+1) is the only prime ideal in O that lies above the integral ideal (2) € Z.
Note that when (n,1 +14) = 1, g(k,n) = ¢g(2k,n) by Lemma 2.2. It follows that we have
f(2k1k2) = 475 f(k1k3) so that

D (CDVOfh) = 217 - Z Zf (kik3) + Z 2 fhak).
kEZ[i] ko
k#0 (k1,1+z) (k1,1+z)7$1

We apply the above expression to recast My (k # 0) as

71' * 1 * 1
Mpy(k#0)=— _— k1,1 _ ki,1
N(k #0) 5 kz N(kl)JS/Q*“Ml(S’u’ 1,0+ kz N(kl)JS/Q*uMQ(S’u’ RE
(k1 ti)=1 (kv 1hi)#1
where
(js—2u)
p(a) 1 / ~ 2N (a?l)
k l == F 1 O, O -
M](S,U7 1 ) Z N(a)2 (271_2)2 ( +u)g 1500 J(S) T
a=1 mod (1+i)3 (cu) (cs)
(a,2l)=1
N(a)<Y
_o(js/2—u I (52 _ 1 J G,(s)ds
x (2! 2(ys/2-u) _ 1)1“(§7§+27>‘)Jk1’j(]s — 2u, 3 +(1- §)s+u;l,a)du%,
(3.7)

and Ji, j(v,w;l, a) is defined in (2.20). The formula for Ms(s,u, k1,1) is identical to (3.7) except
that the factor 2120s/2=%) _ 1 is omitted.

We move the contours to ¢; = % + ¢ and ¢, = % — 1 retaining the relation jc; — 2u > 2. In
view of Lemma 2.11, Ji, ; remains analytic in the process. Again it follows from Lemma 2.11
and Remark 2.10 that we cross poles of the Hecke L-functions at u = —(1— %)s —a;,1 <7< jfor
k1 = %i only. For each a;,1 <1 < j, we denote My (k1 = £i,;),1 <14 < 3 for the contribution
to My (k1 # 0) from the sums of the two residues corresponding to k1 = +i. Note further that

by Lemma 2.2 and (2.20) that we have J; j(v,w;l,a) = J_; ;(v,w;l,a) so that we shall denote
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J;(v,w;l,a) for J; j(v,w;l,a) or J_; j(v,w;l,a) from now on. Using this notation, we have

Mn (k1 = £, ;)

(a R a2 2(s+a;)
= Z /]L\y(]c(z) % / Fl-(1- f)s — ®i)Gay a0 (8) <2N(l)>
cs)

a=1 mod (1+4)3 i (38)
(a,20)=1
N(a)<Y
(s + oy (s)d
x (217 2(sHai) _ 1)MRG%—(1 J;i (25 + 20, w; 1, a) G (j) s,

On the new lines of integration, we argue as in Section 5.3 of [18] using the following analogue
estimation of [4, (4.1)] for the second moment such that when |R(a)| < (log X)~!

* 2
S Laa(d + anxqeiea)|” < Nad)® (X(1+ [()])+

(d,2)=1

N(d)<X
to see that the sum over k; converges absolutely on these lines of integration and that with our
choices of ¢, and cg, the contribution to My from these error terms is

< Y N(a)>N(la 2)Lbe N (1)~ XI/1E  N(1)V/2HeY X/,
N(a)<Y
We then conclude from the above that
j .
My(k #0) =Y My(ky = %i,0;) + O(XI/ Y N (1)1/2F2), (3.9)
i=1

3.12 Computing My: gathering terms

In this section we show that for any fixed 4, the term My (k1 = %i, o;) combines naturally with
the term My (e, - ,¢€;), where we have ¢; = —1 and ¢, = 1 for all k # i. As a preparation, we
first establish an Archimedean-type identity.

Lemma 3.13. Let u be a complex number. Then

u 7.(.2 u/2
(2t~ — 1)CK(u)L_2) = % () Iy/2Ck,2(1 —u)

where Ty, is defined by (1.9).

Proof. We use the functional equation (2.18) for (x(u) to see that

—(1 u) F( )

T (ke (u) = )

CK(l — u)

Next, we apply the formula (see [7, Formula 3, Section 8.335]):

(Y = Vor)
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to see that

P(1—u) (%)  21-r(i5Y)
T(w) T(-%) 2 (&Y

Note also that

(2" = )¢k (1 —u) =2""Cx (1 — u).
From this we obtain that

(& 2(1-u) P(1zu

as desired. ]

Now we are ready to prove the next result.
Lemma 3.14. For special choices of Gj(s),1 < j < 3 described in Remark 2.10, we have

TF(1)

My(k=0)+ M_y(ky = %i,a) + Mp(—1) + M_g(1) = 20k 2(2)

N()™YV24,(1),  (3.10)

My (ky = +i, ) + Mp(—=1,1) + M_n(k1 = i, 8) + M_g(-1,1)

=mAas Ul e N

F(1-a)
20k 2(2)/N (i)
The relations given in (3.11) and (3.12) are valid similarly if one replaces a by B or by v (when
j=3).

Proof. We begin our proof in general by applying Lemma 3.13 with v = 2(s 4+ «;) to (3.8), thus
obtaining

My (k1 = £1, o)

—2(s+ay)
0 ,u[z] 1 m
S — (1—2)5 — ) gay o (5) [ —=
2 2 / ) al)gal; 7/(8) (\/g)
cs)

My (ky = +i,a) + Mp(—1,1,1) = 1A_4 5, ()T + O(X3/4EN(1)7). (3.12)

a=1 mod (1+i)3

(a,20)=1
N(a)<Y
_ 4J;(2s + 20, w; 1, a) G;(s)ds
2N (1a°)* T T g1, Cr,2(1 — 205 — 25)R; : L
x 2N (la’) shalical o = 2) Fu=g-a wCr (25 + 2a;) s
Recall that ¢ = § + ¢ and the residue of (x(s) at s = 1 equals 7/4. We replace the residue
of 2.J;(2s + 2a,w) at w = % — a; by the value of J;(2s + 2a;,w)/(k (3 +w+ o) at w =1 —
to see that
m pij(a) 1 / 5 j Gj(s)
ki = +i, ;) =— — [ FO—(1-L)s—a)gas . o
My(k=%ia) =3 N(a)? 2mi (1= (1= 5)8 = @), ()=
a=1 mod (14i)3 (cs)
(a,2l)=1

N(a)<Y
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X Dgra, N(a)**T?* Dy (k) = 41, o 8)ds,
where
J;(2s + 204, w)
Cre (28 +204)Cre (5 +w + @) lw=g —ai’

Dy (kl +i, 458 ) = 2N(l)s+a'iCK’2(1 — 204 — 28)

Next, by writing ¢ = ab and setting ¢; = —1 and ¢, = 1 for all k # i in (3.2), we deduce that

Mp(er,-+ ,¢;) :g 3 piij (@) n / Gji(s)g%%aj ()F(1—(1— l)s ~ )

- N(a)? 2mi s 2
a=1 mod (1+1)> (g)
(a,2l)=1
N(a)>Y
X Do, 45N (a)** > Dgler, - €55 5)ds,

where

1 1
Dr(—1,1,1; 5 S —
" - Cr2(2) b=1 m§(1+i)3 Nz

(b, 2l)*1
1 J
X Z H +o¢ s - Ael(a1+s),---,ej(ocj+s) (ZHTZ)
ri=1 mod (1+1)3 i=1 N( N((l Hg:l T’L)*) i=1
1<i<3

r:|ab

Using arguments similar to those used in the proof of [18, Lemma 6.2], we see that
Dn(k1 = +ti,04;8) = Dgler, - €55 8).

It follows from this that we have

. i \a 1 G
My (k1 = £i,0;) + Mg(ex, -+, €5) % ) il j / J;S)gal,m,aj(é’)

a=1 mod (1+2 3
(a,2l)i1 ) ©

x F(1—(1— %)s — @), +sN (@) 2+ 2 Dper, - €51 8)ds.
Grouping ab into a variable and applying the Md&bius formula implies that only ab = 1 survives,
which implies that r; = ro = r3 = 1. Thus

MN(k'l = :I:i,ozi) + MR(El,' . ,Gj)
Gj(s)

= J
oy ($)F(1—(1— 5)5 = @i)la; 5 Aci (ar+s), e (a+5) (D)ds.

" 2k(2)/N(ly) 27 g
(3.13)

When j = 3, we can move the contour of integration to —1/2 + ¢, crossing a pole at s = 0
only, in view of Lemma 2.9 and Remark 2.10. The residue at s = 0 gives the main term in (3.12),
and the error term is easily seen to be of the desired size.

For j = 1,2, we further obtain an expression for M_n (k1 = £i, ;) + M_g(e1,--- ,€;) from
the above expression using Remark 3.2, where €1, - - ,¢; are the same as those in (3.13). Using
the relation that Ff(a\j) (w) = F(w — 1, i), we see that

—N(k'l = ﬂ:i,Oéi) + M_R(él, e ,Gj)
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o 1 /Gji(s)g_awy_aj(s)ﬁ(1 —(1- %)s +oa; — ;ai)

FoaitsD () Aer(—ar+s), s (—ay+s) (1)ds.
We apply a change of variable s — —s to recast the above as

M_n(ki = %i,05) + M_g(e1,--- ,€5)

i L[ Gys) - j ;
-t e (=) PO+ (1= Ds+ 0 = S i) —ay—sT(a.
] N(llm(/) g e ()P + (1= 1) g 1

Acy(—ar—s), o ej(—ay—s) (D)ds.
We now deduce from the identity
g-a(=8)T—a—sl'a = ga(s)
and the identity ', = T'" that

(3.13) and (??) (with a; replaced 2}f_a' it1) aye negative to ea(ih dther, hence the sum of the two
integrals equals to the fedittieats :‘%Fo"fqt‘h_eS niPedrandin (3913), thus proving (3.11). Applying
the above discussions similarly to the case j = 1 by taking note of (3.5) allows us to establish
(3‘1&(1&%%11; 2, the above allows us to see that the two integrands on the right-hand sides ¢f

3.15 Completion of the proof
We are now able to complete the proof of Theorem 1.2. We first consider the case j = 1. In this
case, we note that it follows from Remark 3.2 that we also have

~

7F(1—a)

Mok = 0) 4+ My(ky = i, ) + Ma(=1) + Ma(1) =Taz =0 s

Ao().  (3.14)

Combining Lemma 3.7, (3.9) and taking note of Remark 3.2, we get

Mo (1)

:MN(]{? = 0) + MfN(k‘ = O) + MN(kl = j:i,a) + MfN(kl = j:i,a) + MR(l) + MR(—l)
X fte
yaf-1

+M_p(1)+M_g(-1)+0 < N()Y2He 4 XYy N(1)/2+e 4 X1/2+€> :

(3.15)

Now applying (3.10) and (3.14) in the above expression and setting Y = X3 in (3.15) allows us
to see that the statement of Theorem 1.2 is valid for j = 1.
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For the case j = 2, we combine Lemma 3.7 and (3.9) and Remark 3.2 to obtain

Myg(l)=My(k=0)+Mgr(1,1)+ M_n(k=0)+ M_g(1,1) + M_n(k=0)
+ MN(kl = ii,a) + MR(_17 1) + M—N(kl = il,ﬁ) + M_R<—1, 1)

+ MN(kl = :|:Z7ﬁ) + MR(]., —1) + M,N(kl = :l:i,a) + M,R(l, —1) (316)
X/te 1/2+¢ 1/2+¢ 1/2+¢
0 (5 N3 4+ XY N Q) .

Now applying (3.6) and (3.11) in the above expression as well as Remark 3.2 and setting Y =

X7 in (3.16) allows us to see that the statement of Theorem 1.2 is valid for j = 2.
For the case j = 3, we combine Lemma 3.7 and (3.9) to see that

My =My (k =0) + My (ky = +i,a) + My (ky = +i, 8) + My (k1 = %i,7)
+ MR(la 17 1) + MR(la la _1) + MR(la _17 1) + MR(_la 17 1)
Xf+€ 1/24¢ 3/4+e 1/2+¢
+ O WN(Z) + X Y N(I) .
We now apply (3.6) and (3.12) to recast the above as

~

F(1) F(l—a)
22 (2) JV(h)'+7“4’“B”(DF“2<K2(2) N

(1-5)
(

?9Ck2(2) /N ()

f+e
Lo (X N2+ +X3/4+EYN(Z)1/2+E) .

M1 :ﬂAa’ﬁﬁ(Z)
Py (3.17)
T2k 2(2)/N(ly)

)

A0 g (T A p (T

y2f-1

We then obtain an asymptotic for M_; using Remark 3.2, which gives the remaining four

main terms in (1.12) plus the same error as given in (3.17). We now readily deduce the assertion
3

f77
of Theorem 1.2 for j = 3 by setting ¥ = X727 . This completes the proof of Theorem 1.2.

4 Proof of Theorem 1.4

We consider the following mollifier

M(d) = Yo AMDVNDOxatipalD): (4.1)
I=1 mod (1+i)3
N()<M

Our goal is to choose A(l) optimally such that the following mollified first and second moments
(corresponding to j = 1,2, respectively) are comparable:

4 ; 1 4 - N(d
S(L(3: X(tiysa) M(d); @) = X Z Mﬁ](d)L(%vX(1+i)5d)]M(d)J(I)(7)(())'
(2%
d,2)=1

Here we set M = (v/X)? for some 6 < 1 — ¢ and ® is given in Theorem 1.1 such that we take ®
to be an approximation to the characteristic function of (1,2) so that ®(1) ~ 1. To specify A(1),
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we first make a linear change of variables to define for primary -,

_ Aay) N(a)dp(a)
€= 2 R en@

a=1 mod (1+4)3

Note here that we can recover X from £ by the following relation:

D) = 3 pip (@) N(G)d[i](@)g(la). (4.2)

a=1 mod (1+4)3 h(a) U (a)
Thus, in order to determine A(l), it suffices to define £(y). We shall assume that £(v) is
supported on primary square-free elements v satisfying N(y) < M. We then note that (4.2)
implies that A(1) is also supported on primary square-free elements v satisfying N(v) < M.
We shall further require that

'5”)':zwlog2M 11 (”O(N(lw)))- (43)

w=1 mod (14i)3
@y

It is then easy to deduce from this and (4.2) that A(I) < N(I)~1*=.

4.1 First mollified moment

Our evaluation of the first mollified moment requires us to evaluate My(1) explicitly, where My(1)
is defined in (1.2). This can be done directly from Theorem 1.3 by considering the limit as o — 0
of the asymptotic expression given in (1.10) for M, (!) (with f = 1/2 there). In this way, we
obtain the following result analogue to [14, Proposition 1.2]:

Theorem 4.2. Let ® be given in Theorem 1.1. For any primary square-free | € Ok and any
e >0, we have

Z* L(3, X(14i)5a)® (J\[)((d)) X(1+4)5d(l)

(d,2)=1
T emX O | VX Cs () log N(w) 12te y b e
R YPONIOr 1 BN +Cy + > N =) + O(N(1) Xzte),

w=1 mod (14i)>
wl|l

where

¢= é II (1 - N<w><N1<w> + 1>> ’

w=1 mod (1+1)

o= I (W) (1_N(w)(1v1(w)+1>>'

w=1 mod (14i)3
wl|l

Moreover, Cy is a constant depending only on ® and Cy(w) < 1 for all w.
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We then apply (4.1) and Theorem 4.2 to see that

S(L(3, X(1+iy5a) M (d); ®)

72 CD(1) A(D) VX Cy(w) .
T S 20 > 2 +O(X7°).

0g —— + Cy + 1 S S
N N(w)log N
1=1 mod (1+4) g(l) (l) w=1 mod (14i)3 (w) og (w)
N)<M ol

We now define a multiplicative function g;(7y) on primary, square-free v such that for any
primary prime w, we have
1 2N (w)
g9(@)  h(@)(N(w)+1)

We note that g1(w) = —1+ O(1/N(w)). Using (4.2) to write A in terms of £, we derive that

vy A VX s o feewENy ro Y @),

I=1 mod (1+1)> 9(0) N ~=1 mod (144i)3 w=1 mod (1+1)> N(=)
N)<M w|y

= Y a0 (esVENG)) 10 ().

log X
~=1 mod (144)3 8

where the last estimation above follows from (4.3).
Similar arguments imply that

(D) Co(w) 1
DR NN < :
1=1 mod (1+44)3 q w=1 mod (14i)3 N(w)log N(w) log X
N)<M w|!

We then conclude from the above discussions that the first mollified moment is

’/T2 )
S(L(3, X(riysa) M (d); @) = T gj((;)) DGO (1og (\/)?N(v))) +0 (10; X> .
~=1 mod (1+i)3

(4.4)

4.3 Second mollified moment

To evaluate the second mollified moment, we shall not apply an approach similar to our treatment
for the first mollified moment since the error term in the asymptotic expression for M, g(I) given
in Theorem 1.3 is too large in the [ aspect (of size N(I)'/2%¢). This would not allow us to take
6 to be close to 1. Rather, we follow the approach of Soundararajan in [14] here.

Let Y be a parameter and we write /14[22'] (d) = My (d) + Ry (d) where

My(d)= > pg) and Ry(d)= > py).
1%)d 1%|d
N()<Y N()>Y
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‘We then have
S(L(%, X(l+i)5d)2M(d)2; ‘I’) = SM(L(%y X(1+i)5d)2M(d)2§ ‘I’) + SR(L(%7 X(1+i)5d)2M(d>2; (P)u

where

1 - . N(d
Su(L(3, X(14iy5a)° M (d)*; ®) =X Z MY(d)L(%aX(1+i)5d)]M(d)]‘I’(%)7
deOk
(d2)=1
1 . . N(d
Sr(L(h X M@ D) =% Y Ry (@)L} Xariral M@y o (),
(a2
d,2)=1

Similar to [14, Proposition 1.1], we can show that when N (1) < N(1)71*¢,

Xe Mi/2
Sr(L(3, X(14i)50)> M (d)*; @) < — +

Y W. (4.5)

To evaluate Syr(L(3, X(14454)>M (d)?; @), we introduce a few notations now. For n € Ok,
we let dj;)(n) and op;1(n) denote the analogues of the usual divisor function and sigma function in
Z. In particular, we note that when n is primary, dj;(n) = 0_1,0(n), where 0,01 ¢ are defined
in (1.5). Explicitly, for a primary n, we have

dj(n) = > 1, opn) = > N(d).
d=1 mod (1+3)> d=1 mod (1+1)*
d|n d|n

We also denote for any integer j > 0,

®(;) = max /|<1>(i>(t)|dt.

0<i<y
R

Moreover, for all integers j > 0, we define A;(n) to be the function defined on integral ideals of
K which equals the coefficient of N(n)~* in the Dirichlet series expansion of (—1)j§§g)(s)/(}< ().
In particular, A;(n) is the usual von Mangoldt function A(n) on K. We note that A;(n) is
supported on elements n in O such that ((n)) has at most j distinct prime ideal factors, and
Aj(n) <; (log N(n)).

Now, we are ready to state our result on Sar(L(%,X(11i)54)> M (d)?; ®). We omit its proof
here since it is similar to that of [14, Proposition 1.2]. We only point out here the that triple
pole of (x (1 +2s)® at s = 0 contributes a factor of (7/4)3. One can also derive the main term
given in (4.6) below from M, g(I) defined in (1.2) using Lemma 2.3 in [13].

Theorem 4.4. Let ® be given in Theorem 1.1. For any primary | € Ok such that | = [113 such
that 11 is primary and square-free, we have for any € > 0,

Su(L(, X(14054)> M (d)*; @)

= DO(1) dy(h)  N(h) (1og? X 3

=1 360k (2) /N QD) o (R N N (@) °

log? N () log % + 0(1))

w=1 mod (1+i)>
w\ll

1
N@OZFYFE  N()FXT | N()FX°
i+ NIy — (N@)X)U+ |

+ O @(2)@?3)
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where h is the multiplicative function defined on primary prime powers by

1 1 4
"= = §) T e Ne@ ey B
and
1 1
D=_ H 1— —— | h(w).
8 w=1 mod (1+1)> ( N(w)>
Also,
3
om=>3 X S N i P slor gy
J,k=0m=1 n:;ﬁl(uiﬁ n=1 mslclil(1+i)3
(1)

—-3(A+B=—) Z log® N(w).
CI)(l) w=1 mod (14i)3

w|l

where A and B are absolute constants and D(m,n) < 1 uniformly for all m and n. The
Qj.1 are polynomials of degree < 2 whose coefficients involve only absolute constants and linear
‘/I;(j)(l) 3

3Q) for1<j<3.

combinations of

Combining (4.5) and (4.6) and setting Y = X*, we see that

S(L<%7 X(1+i)5d)2M<d)2§ ‘I))

7t D)) VN dig(h) N(l)
T3 360k (2) 2. 2 Mr)Ms) h(l) /N(ly)) o (h)

I=1 mod (1+i)® | r,s=1 mod (144)3
rs=l

N O | o).

X
x | log® —— —3 Z log® N (w) log
N(ll) w=1 mod (144)3

w\ll

We write r = aa and s = ba where a and b are co-prime primary elements. As X is assumed
to be supported on square-free elements, we deduce that o = Il and [y = ab. Thus we obtain
from the above that

S(L(%a X(1+i)5d)2M(d)2§ ‘I’)

7 Da(1) N(a) Maa) A(ba) adjiy(a) bdjiy(a)
T 43 36(x(2) 2. 2 s hla) h(b) opa) op(b)

a=1mod (1+4)3 a,b=1 mod (1+1)
(a,b)=1

s X
x | log® -3 log? N (w) log
N{ab) w=1 m%i:(1+i)3
w|ab

X 2 —€
N{ab) + O(a”ab) | + O(X79).
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Using the Mobius function to remove the condition that (a,b) = 1, we see that
S(L(%a X(1+i)5d)2M(d)2§ ®)
_7L4 D®(1) Z N(a) Z i) (B) 52d[i] (B)?
VE 2 ) 2
4 36<K(2) a=1 mod (1+4)* h(OZ) B=1mod (1+i)> h(ﬁ) ey (ﬁ)
Y Maap) A(ba) adpj(a) bdjiy(a)
, . 4.7
a,b=1 mod (1+4)* hia) — h(b)  ola) op(d) (47)
x | log® _x 3 Z log® N (w)log X + O(a?B%ab) | + O(X ™)
N(abs?) N(abf?) '
w=1 mod (14i)3
w|abB

We further define a multiplicative function H(n) on primary, square-free n such that for any
primary prime o,
4N (w) 1
Hw)=1- =14+0(——).
S T IIC R ()

By setting v = a8 in (4.7) and proceeding similarly to the arguments in Section 6.2 of [14],
we deduce that the second mollified moment is

S(L(%, X(14i)54)> M (d)*; @)
' Da(1) N(7)H(7) Aay) A(by) adp (a) b (a)
T 43 36¢k(2) 2 h(7) 2

~=1 mod (1+1)3 a,b=1 mod (1+i)3 h(a) h(b) o.[l](a,) ) (b)
(a,b)=1

(4.8)
x(log?’ﬁ—Mog%ab)( Z log” N(w) + Z

w=1 mod (144)3 w=1 mod (1+1)>
wla wlb
1

logX)'

log? N(w)))

+0(

4.5 Optimizing the mollified moments
It follows from (4.8) that the second mollified moment looks like

™ D®(1 N()H ,
43364,5(2))1%3)( > WE(V) : (4.9)

v=1 mod (1+i)3

As the above is a diagonal quadratic form of £(y), we see that in order to choose a mollifier
to minimize (4.9) for fixed (4.4), we need to choose £(7) so that it is proportional to

h(v)g1(7)
Ny H () 2V

We shall here follow the choice made in [14, (6.8)] to choose for primary square-free v < M
such that

. C  h)al)
&y) = Dlog® M N3 H () log(VX7).
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We notice that the above choice of ¢ does satisfy the condition (4.3).
Similar to [14, (6.8)], we see have that (keeping in mind that the residue of (x(s) at s =1 is

w/4)

3
DlOg M v=1 mod (144)3
N(v)<z

T C? w)g1(w)? .

w=1 mod (144)3
4
—(log(X) 4+ O(1)).

_T
49
We apply (4.10) to (4.4) via partial summation to see that the first mollified moment is

S(L(5: X+iy5a) M(d); @) N% DCre(2)log® M N(v)H(7)

=1 mod (1+i)>
N(v)<M

2 3 s
(e )

Now, we proceed to evaluate the second mollified moment for the chosen £. For this, we
define for rational integers j > 0,

s= X 30

a=1 mod (144)3

(4.11)

—
)

2
[SH

[4] (a)
4] (a

(log N(a))’.

~

Q

Similar to [14, (6.11a)-(6.11c)], we see that for primary square-free element 7 satisfying
N(y) < M, we have

_ ¢ a0) . M M
mW—m@mempmmwmﬁMmH@(w
+0(logM1+ > W)),
q=1 m;)|d’y(1+i)3
__C a0 (2 M 2, 8 M
62(7) = D10g3 M N(’Y)H(’Y) (log N(’y) log(ﬁN(y)) + 31 g3 (7)

—|—O<log2 Mi+ Y loi,](v(f))),
q=1 moii (1+4)3 9
q|y



Moments and non-vanishing of central values of quadratic Hecke 181

£5(7) <<|h(7)91(7)| - 3 log N(q)

N(v)H(v) y=t o (1i)® N(q)

qly

We now expand log®(X /N (ab)) in terms of log X, log N'(a) and log N (b) to recast

©t D(1) NO)H () Aaa) Aba) adgj (@) bdgy(a) | 5 X
43 36¢K (2) — n§(1+i)3 h(¥) et %(1“)3 h(a) h(b) opj(a) op(b) 0g N (ab)
(a,b)=1
(4.12)
as a linear combination of terms
! Do(1) N()H() l
473 36<K (2) Z Wf] (’7)&6 (7) IOg X,

~=1 mod (1+i)3

where j+k+1=3.
We can evaluate these terms using the expressions for &;(y),1 <4 < 3. Then applying (4.10)
and partial summation, we see that

(4.13)

7r>4 ( 2 28 11 70 16 4 ) 27d(1)

4.12) ~ [ — — .
( ) (4 81 + 13560 + 1862 + 8163 + 2764 + 27605 ) 3(k(2)

This treats one of the terms given in (4.8). To treat the other terms, we proceed similarly to
the treatments done on [14, p. 485] to see that for primary, square-free v such that N(v) < M,

Aaa) adig ) v
Z h(a) O'[z](a) (m_l m§(1+i)31 g N( ))
- wla

=— , <log2 N]\é) log(VXN(v)) + glog?’ % + O(log? X)) ,

and that

Z Aaa) adp)(a) logN(a)< Z log? N(W))

a=1 mod (14i)3 hia) L) (a) w=1 mod (14i)3
wl|a

< |h(y)g1(7)] (1 n 3 log N(q) )

N(’Y)H(’Y) g=1 mod (1+1)3 N(Q)

alvy

As consequences, we see that

_(m\* DB(1) N(y)H(y) Aa) A(ba) adpj(a) bdyiy(a)
(4> 36Ck (2) W_hnozc;(lﬂ)g a7b_1§(1+i)3 h(a) h(b) opj(a) op(b)

(a,b)=1
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x log Nézb) ( Z log? N(w) + Z log? N(w))

w=1 mod (1+i)> w=1 mod (1+14)>
wla wlb

(3)4 2,04 7T 2 27d (1) X
4) \81 " 450 ' 5462 " 27603 ) 3(k(2)

Combining the above with (4.13), we find that the second mollified moment is

™ 4 8 20 76 16 4 )27@(1) (4.14)

4
~ (1) (81 t o6 " 2702 T R10% T 2707 T 2765 ) 3ek(2)

Applying Cauchy-Schwarz inequality together with the first mollified moment (4.11) and the
second mollified moment (4.14), we have

N(d S(L(3, X(144)7a) M (d); ®)?
Z i) (d)2 > Z M[i](d)Q‘I)( )(()) > XS(L(f : +,) )2M2(d); ®)
X<N@D<2X (d.2)=1 33 X(144)%d )
(d,2)=1

1
L(5:X(144)52)70
1 2°X(1+i)°d
L(§7X(1+i)5d)750

- (1 I : 1)3) 34?(2))( - (; N 0(1)> o, Pl

<N(d)<2X
(d,2)=1
(4.15)
since we have that (see [5, Section 3.1])
27
X<N(d)<2X K
(d,2)=1

We now set § = 1 —¢ in (4.15) to see that the assertion of Theorem 1.4 follows by summing over
X = x/27 for j > 1 and this completes the proof.

Acknowledgments. P. G. is supported in part by NSFC grant 11871082.

References

[1] B. C. Berndt, R. J. Evans, and K. S. Williams, Gauss and Jacobi sums, Canadian Mathematical
Society Series of Monographs and Advanced Texts, John Wiley & Sons, New York, 1998.

[2] J. B. Conrey, D. W. Farmer, J. P. Keating, M. O. Rubinstein, and N. C. Snaith, Integral moments
of L-functions, Proc. London Math. Soc. (3) 91 (2005), no. 1, 33-104.

[3] H. Davenport, Multiplicative Number Theory, Third edition, Graduate Texts in Mathematics, vol. 74,
Springer-Verlag, Berlin, etc., 2000.

[4] P. Gao and L. Zhao, Moments of quadratic Hecke L-functions of imaginary quadratic number fields,
J. Number Theory 209 (2020), 359-377.

[5]

, One level density of low-lying zeros of quadratic and quartic Hecke L-functions, Canad. J.
Math. 72 (2020), no. 2, 427-454.

[6] D. Goldfeld and J. Hoffstein, Eisenstein series of %-mtegml weight and the mean value of real
Dirichlet L-series, Invent. Math. 80 (1985), no. 2, 185-208.



[7]
8]

[9]
(10]

[11]
[12]
[13]
[14]
[15]

(16]

(17]

(18]

Moments and non-vanishing of central values of quadratic Hecke 183

1. S. Gradshteyn and I. M Ryzhik, Table of Integrals, Series and Products, Sixth Edition, Academic
Press, San Diego, 2000.

H. Iwaniec and E. Kowalski, Analytic Number Theory, American Mathematical Society Colloquium
Publications, vol. 53, American Mathematical Society, Providence, 2004.

M. Jutila, On the mean value of L(1/2,x) for real characters, Analysis 1 (1981), no. 2, 149-161.

R. Munshi, The level of distribution of the special values of L-functions, Acta Arith. 138 (2009),
no. 3, 239-257.

1. Petrow, Moments of L'(%) in the family of quadratic twists, Int. Math. Res. Not. IMRN 6 (2014),
1576-1612.

Q. Shen, The fourth moment of quadratic Dirichlet L-functions, Math. Z. 298 (2021), no. 1-2, 713—
745.

K. Sono, The second moment of quadratic Dirichlet L-functions, J. Number Theory 206 (2020),
194-230.

K. Soundararajan, Nonvanishing of quadratic Dirichlet L-functions at s = %, Ann. of Math. (2)
152 (2000), no. 2, 447-488.

K. Soundararajan and M. P. Young, The second moment of quadratic twists of modular L-functions,
J. Eur. Math. Soc. (JEMS) 12 (2010), no. 5, 1097-1116.

A. I. Vinogradov and L. A. Takhtadzhyan, Analogues of the Vinogradov-Gauss formula on the
critical line, Zap. Nauchn. Sem. Leningrad. Otdel. Mat. Inst. Steklov. (LOMI) 109 (1981), 41-82,
180-181, 182-183.

M. P. Young, The first moment of quadratic Dirichlet L-functions, Acta Arith. 138 (2009), no. 1,
73-99.

, The third moment of quadratic Dirichlet L-functions, Selecta Math. (N.S.) 19 (2013), no. 2,
509-543.

Open Access This chapter is licensed under the terms of the Creative Commons Attribution-
NonCommercial 4.0 International License (http://creativecommons.org/licenses/by-nc/4.0/),
which permits any noncommercial use, sharing, adaptation, distribution and reproduction in any
medium or format, as long as you give appropriate credit to the original author(s) and the source,
provide a link to the Creative Commons license and indicate if changes were made.

The images or other third party material in this chapter are included in the chapter’s Creative

Commons license, unless indicated otherwise in a credit line to the material. If material is not
included in the chapter’s Creative Commons license and your intended use is not permitted by
statutory regulation or exceeds the permitted use, you will need to obtain permission directly from
the copyright holder.



	Moments and non-vanishing of central values of quadraticHecke L-functions in the Gaussian field



