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Abstract. In order to improve the calculation method of soil pressure on retaining 

walls under earthquake action, a calculation formula for seismic active soil pres-

sure on unsaturated retaining walls under steady-state seepage conditions was 

derived based on the variational method and limit equilibrium method. The ra-

tionality of the formula in this paper was verified by comparing the calculated 

values with existing results. And the influence of fitting parameters and seismic 

coefficients on the active earth pressure coefficient was analyzed through numer-

ical calculations in Matlab. The results showed that the active earth pressure co-

efficient decreased with the decrease of fitting parameter   value and gradually 

approached a fixed value; The increase in both vertical and horizontal seismic 

coefficients will lead to an increase in the active earth pressure coefficient. The 

research results have certain reference value for the development of unsaturated 

seismic active earth pressure. 

Keywords: Active earth pressure; Seismic coefficient; Steady-state flow; Varia-
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As a supporting structure to prevent deformation and destabilization of the soil behind 
the wall, retaining walls are widely used in perimeter slope support projects such as 
housing construction, railroads and highways. In the design of retaining wall, accurate 
calculation of the magnitude of earth pressure is the core factor of retaining wall design, 
and it is also one of the important research topics in the field of geotechnical engineer-
ing. In recent years, domestic and foreign scholars have conducted research on the cal-
culation of saturated soil pressure through different methods. However, in practical en-
gineering, the fill behind retaining walls is usually unsaturated soil located above the 
groundwater level. Therefore, researchers are committed to finding and determining 
more accurate methods for calculating soil pressure. Vahedifard et al.[1] (2015) explored 
the active earth pressure problem of unsaturated soils under steady state seepage con-
ditions, utilizing the effective stress concept proposed by Lu et al. [2] (2006) and com-
bining it with the Gardner equation to simulate one-dimensional steady state seepage, 
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and then deriving the corresponding expression for active earth pressure. In addition, 
the key parameters affecting the active earth pressure are investigated through numeri-
cal analysis. Peng et al. [3] (2023) calculated the active and passive soil pressures of 
unsaturated soil under transient seepage, and conducted numerical analysis on the main 
parameters affecting soil pressure.  

The proposed static method for calculating earth pressures under earthquakes is 
widely used. Zhang[4] (2014) used the rotation angle method to transform the active 
earth pressure calculation under seismic action into the active earth pressure solution 
problem under static conditions, and used the existing static equations to give the dis-
tribution of earth pressure strength and the location of the point of action when the fill 
surface is inclined. Morrison et al. [5] (1995) used the limit equilibrium method to cal-
culate passive earth pressures under seismic action, where the slip surface was assumed 
to be a logarithmic spiral slip surface. The above calculation of soil pressure under 
seismic conditions is only applicable to saturated soils. 

Previous studies on seismic earth pressures in unsaturated soils under steady state 
seepage conditions have been inadequate. In this paper, the logarithmic helix slip sur-
face equation is obtained based on the variational principle, and the limit equilibrium 
equation is constructed, so as to derive the formula for calculating the seismic active 
earth pressure of unsaturated soils under steady state seepage conditions. The calculated 
results were compared with the existing ones, and numerical calculations were carried 
out using Matlab software to explore the effects of fitting parameters and seismic coef-
ficients on the active earth pressure coefficients.  

2 THEORETICAL STUDIES 

Effective stress and shear strength of unsaturated soils: 
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where  total stress;   effective stress; au  pore-air pressure; wu  pore-wa-

ter pressure; ( )a wu u matric suction; and and n  fiting parameter. 

Using the Mohr–Coulomb criterion, the shear strength is expressed as follows: 
 tanc       (4) 

where  shear strength at failure; c  effective cohesion;    Effective internal 

friction angle. 

Gardner’s obtained an analytical solution for solving unsaturated seepage by means 

of soil-water characteristic curves for unsaturated soils: 
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Where sK  saturated hydraulic conductivity; *K  unsaturated hydraulic con-

ductivity; mh  suction head. 

If the boundary conditions are set at the water table it can be obtained that an ana-
lytical solution for the one-dimensional suction can be obtained: 
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where q  Vertical flow rate per unit area; w Unit weight of water; z  Vertical 

height above water surface. 
Substituting Eq. (6) into Eq. (3) yields: 
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Eq. (7) is applied to the formulation of lateral earth pressures incorporating a log 

spiral failure mechanism. s  suction stress 

3 ACTIVE EARTH PRESSURE FORMULATIONS  

The active soil pressure analysis model is shown in Fig. 1, which q  is the uniform 

surcharge (kN/ m), vk is vertical seismic coefficient, hk  is horizontal seismic coeffi-

cient (The direction and sign are specified as [ ]hk  , [ , ]vk     ), H  is the height 

of the wall with an angle   between the wall facing and the vertical axis,   is the 

backfill inclination,   is the soil-facing interface friction angle, aP  is the combined 

force of active earth pressures, ( )y x is slip surface function, 0y  is the depth to the 

water table below the toe of the wall. 0 and 1  are the polar angles of points 0 and 1. 

Similar to the approach taken by Baker and Garber[6] (1978) by using the geometrical 
relations cos /dx dl  ; sin /ydx dl    (Fig. 1) , The equilibrium equations of 

horizontal and vertical forces and moments around the origin can be written as follows: 

Calculation of Unsaturated Seismic Active Earth Pressure             783



x

0 1
1

1
1

exp( tan )

r A  




0

1

0

exp(
tan

)

r
A


 





/ 3H

0y

 

y

x

1 11 ( , )x y

( )y x

q







H

Bq


hk

aP

c c( , )x y

v(1 )k

0 (0,0)



 
Fig. 1. Active earth pressure analysis model 
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(10) 
where 1 (1 tan tan )H H    ; and   unit weight of soi. 

Normally, the pore air pressure is set as 0au  . Using Eq. (8) to define aP while 

considering Eqs. (9) and (10) as constraints, Baker and Garber (1978) showed that this 
problem is equivalent to the minimisation of the auxiliary function F : 
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where 

 0 1[( tan ) ] [ ( tan ) ]s
hL y c y k x H y q                (13) 

 1 1(1 )[ ( tan )] [(1 tan ) ]svL k q x H y y c y                 (14) 

 2

1 1

( tan ) (1 tan ) ( ) ( )

(1 )[ ( tan ) ] [ ( tan )]

s

v h

L y y x y yy x c xy y

k qx x H y x k qH y x H y

    
   
           

        

   
 (15) 

where 1 and 2  Lagrange undetermined multipliers. 

According to the Euler differential equations for function f : 
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Since f  is independent of   , Eq. (16) yields: 

 0
f







 (18) 

substituting Eq. (12) into Eq. (18): 
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where 2 0  . Eq. (19) can be simplified by the following polar coordinate trans-

formation: 
 21 / cosy r     (20) 

 1 2/ sinx r     (21) 

where 1 2/cx    ; 21 /cy   ; ( , )r   coordinates in the polar coordinate 

system. 
The coupled equations (19), (20) and (21) yield: 
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Bringing the coordinates of points 0 and 1 into equations (20) and (21) yields: 
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where 1A  is the constant of integration associated with the position of the pole

( , )c cx y .  

Baker and Garber (1978) proved that the minimisation of the auxiliary function F  
is equivalent to a moment balance equation for the poles. The moment balance equation 
around the pole can be written as follows: 
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The balanced equation (24) can be rewritten in the polar coordinate system as fol-

lows: 
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According to the classical earth pressure expression, the active earth pressure aP can 

be expressed as: 

 21

2a aP K H  (26) 

where aK  active earth pressure coefficient; aP  active earth pressure. 
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4 COMPARISON AGAINST EXISTING ANALYTICAL 
SOLUTIONS 

To ensure the correctness of the calculations in this paper, the results will be analysed 
in comparison with the results of the Vahedifard et al. (2015) study. The parameters are 

selected as: 4 mH  , 79 10 m/ssK
  , 0  , 0v hk k  , 0q  , 0   , 

30   , -10.05 kPa  , 1.7 kPac  , * 83.14*10  m/sBq
  , 320 kN/m  , 

the results are shown in Fig. 2 Typical hydrological parameters in reference to Table 1. 
(Quoted from Unsaturated Soil Mechanics textbook pages 198) 

Table 1. Typical hydrological parameters of sandy and clayey soils 

Type of soil n (dimensionless) -1(kPa )  (m/s)sK  

Sand 

Silt 

4~8.5 

2~4 

0.1~0.5 

0.01~0.1 

10-2~10-5 

10-6~10-9 

Clay 1.1~2.5 0.001~0.01 10-8~10-13 

Fig. 2 shows the relationship curve between pore size distribution parameters n  and 
active earth pressure coefficients in silt. As can be seen from Fig. 2, the calculations in 
this paper show a high degree of agreement with the results of Vahedifard et al.(2015) 
study. In addition, as n  increases, the active soil pressure coefficient gradually in-
creases, which is attributed to an increase in the proportion of larger pores in the soil, a 
decrease in the indirect contact surface of particles, and a decrease in shear strength. 

 
Fig. 2. Relationship between n  and active earth pressure coefficient 
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5 PARAMETRIC STUDY 

In the van Genuchten model, the parameters n  and   are the key fitting parameters 
describing the soil-water characteristic curve. Fig. 3 shows the curve of active earth 

pressure coefficient versus n . The parameters are chosen as follows: * 0Bq  , 0q  , 

/ 0.05c H  , 0   , 0v hk k  ， 0   . 

 
(a) 

 
(b) 

Fig. 3. Relationship between active earth pressure coefficient and n  

(a) 1 mH  ; (b) 4 mH   

As can be seen in Fig. 3(a), the active earth pressure coefficient decreases with de-
creasing   value and tends to a fixed value for different n  values. This indicates that 
the effect of substrate suction on the active earth pressure coefficient is no longer sig-
nificant. Comparing Fig. 3(a) and 3(b) reveals that taller walls require a lower   value 
for the active earth pressure coefficient to approach a constant value. This suggests that 
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changes in matrix suction have a small effect on the active earth pressure coefficient at 
low   values. 

In order to analyse the effect of seismic coefficients on active earth pressure, sandy 
soil is selected as the soil material and the corresponding parameters and the sign of 

seismic coefficients are specified as: [ , ] [ , ]h vk k     、 , 30    , 
-10.1 kPa  , 0 kN/mq  , 320 kN/m  , * 83.14 10 m/sBq

   , 0 kPac  , 

/ 0    , 5n  , 0  , 53 10 m/ssK   , 10   . 

Fig. 4(a) shows the trend between the vertical seismic coefficient and the active earth 
pressure coefficient. When the horizontal seismic coefficient is 0, the active earth pres-
sure coefficient increases with the increment of the vertical seismic coefficient, thus for 
safety, the vertically downward seismic coefficient should be considered in the calcu-
lation of active earth pressure. When the wall height is 6m and the vertical seismic 
coefficient is increased from 0 to 0.1, the increase in the active earth pressure coefficient 
is 2.88%. Under seismic activity, the active earth pressure on the lower part of a retain-
ing wall increases significantly, which causes the point of application of the resultant 
earth pressure to move downward. Consequently, in the seismic design of retaining 
walls, consideration should be given to increasing the cross-sectional size of the lower 
part of the wall to enhance structural stability and safety.  

Fig. 4(b) shows the trend between horizontal seismic coefficients and active earth 
pressure coefficients. When the vertical seismic coefficient is 0.1, the active earth pres-
sure coefficient rises with an increase in the horizontal seismic coefficient. When the 
wall height is 6m and the horizontal seismic coefficient is increased from 0 to 0.1, the 
increase in the active earth pressure coefficient is 11.21%. Comparing Fig. 4(a) and 
4(b), the influence of the horizontal seismic coefficient on the active earth pressure is 
greater than that of the vertical seismic coefficient, due to the direct generation of hor-
izontal acceleration in the soil by the horizontal seismic action, which increases the 
soil's horizontal thrust against the retaining wall. In summary, adopting a horizontal 
seismic coefficient directed towards the retaining wall is prudent for safety in design 
and calculation. 
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(b) 

Fig. 4. Relationship between seismic coefficients and active earth pressure coefficients 

(a) 0hk  ; (b) 0.1vk   

6 CONCLUSIONS 

The formula for calculating the active earth pressure of unsaturated earth quake under 
steady state seepage condition is derived by the variational method combined with the 
limit equilibrium method. The main parameters are analyzed by numerical analysis 
and the results are as follows: 

(1) The active earth pressure coefficient decreases with the reduction of   value 
and gradually tends towards a constant value. However, higher walls require a smaller 
  value for the active earth pressure coefficient to approximate a fixed number.  

(2) Take sandy soil in the seismic intensity zone of 7 degrees for example, the active 
earth pressure coefficient increases with the increase of vertical and horizontal seismic 
coefficients. In practical engineering design, to ensure safety, it is advisable to adopt a 
vertically downward seismic coefficient and a horizontal seismic coefficient directed 
towards the retaining wall. In addition, the horizontal seismic coefficient has a more 
significant impact on active soil pressure. 

(3) Overall, the study of soil pressure in this article has significant value in improving 
the safety of retaining structures, improving engineering design, and promoting theo-
retical development. 
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