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Abstract. By a hypergraph G, we mean a generalization of a graph G in which an edge can join any number of vertices. In
an ordinary graph, an edge connects exactly two vertices, but in hypergraph, an edge or hyperedge may connect more than two
vertices. Let G= (V,E ) be a hypergraph, thus V contains a finite set of vertices, and E contains a hyperedge of subset of V . Some
vertices are said to be adjacent if they are elements of a hyperedge. A vertex v is said to be incident to an hyperedge e if v ∈ e.
Similarly, a hyperedge e is said to be incident to vertex v if v ∈ e. Furthermore, a bijection f from V (G) into {1,2,3, . . . , |V |} is
called and (a,d)-hyperedge antimagic labeling of hypergraph G if the hyperedge weights W(e) = ∑v∈e f (v) form an arithmetic
progression starting from a and having common difference d. In this paper, we initiate to study hyperedge antimagic labeling of
certain classes of hypergraphs, including analyze the properties of the antimagicness of any hypergraph.
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INTRODUCTION

A hypergraph is a mathematical structure that generalizes the concept of a graph. In a traditional graph, the basic
building blocks are vertices and edges, where edges connect pairs of verticess. In a hypergraph, edges can connect
more than two vertices. In other words, a hypergraph is defined by a set of vertices and a set of hyperedges. A
hyperedge is a set of vertices, and it can connect any number of vertices (including just one vertex). This generalization
allows for a more flexible representation of relationships between elements. Let G = (V,E ) be a hypergraph, thus V
contains a finite set of vertices, and E contains a hyperedge of subset of V.

Some vertices are said to be adjacent if they are elements of a hyperedge. A vertex v is said to be incident to an
hyperedge e if v ∈ e. Similarly, a hyperedge e is said to be incident to vertex v if v ∈ e, see Figure 1(a). The order of
hypergraph is the number of vertices, and size of hypergraph is number of the hypergraph. A hypergraph e with no
vertex is said to be empty hyperedge. A vertex is said to be an isolated vertex if it is not an element of any hyperedge
e. Singleton is a hyperedge which is incident to exactly one vertex. Pendant vertex is a vertex which is incident
to exactly one hyperedge. Included hyperedge is a hyperedge that is a subset of another hyperedge, while multiple
hyperedge is a hyperedge that has the same set of vertices as another hyperedge. A simple hypergraph is hypergraph
without included or multiple hyperedges.

Figure 1(a) shows that vertex v1 and vertex v7 are adjacent, as well as v2 and v3. The vertices v1,v2,v7 are incident
to hyperedge e1. The order of hypergraph G is |V |= 9 and the size of G is |E |= 7. Hyperedge e7 is empty hyperedge,
e6 is singleton hyperedge, v8 is pendant vertex, and v9 is isolated vertex. Finally, hyperedges e4 and e5 are included
hyperedge or multiple hyperedge. Furthermore, a 2-section graph (or clique graph, representing graph, primal graph,
Gaifman graph) of a hypergraph G is a graph G with the same vertices of the hypergraph, and edges between all pairs
of vertices contained in the same hyperedge, see Figure 1(b).
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There is much more research on (a,d)−antimagic labeling. But it is limited to graphs, and there is still not much re-
search on hypergraphs, especially more on (a,d)−antimagic labeling on hypergraphs. Research on (a,d)−antimagic
labeling has grown rapidly and has been studied frequently between 2009-2016. In 2009, Dafik et al researched
about super (a,d)−edge antimagic total labeling of disconnected graphs [1]. Two years later, Arumugam and Nalliah
conducted research on super (a,d)−edge antimagic total labelings of friendship graphs [2]. In 2014, there was also re-
search on super (a,d)−edge antimagic total labeling of connected Disc Brake graph [3]. In the next year, Arumugam
and Nalliah conducted another study on super (a,d)−edge antimagic total labelings of friendship and generalized
friendship graphs [4]. That year, Dafik et al. did a lot of similar research, namely on super (a,d)−edge antimagic
total labeling of silkworm graph [5], pentagonal chain graph [6], connected lampion graph [7], connected tribune
graph [8], and connected Ferris wheel graph [9]. Dafik et al. continued their research in 2016, there was research on
super (a,d)−Fn−antimagic total labeling for a connected and disconnected amalgamation of fan graphs [10]. In the
same year, Agustin et al. studied the connected and disjoint union of semi Jahangir graphs admitting a cycle-super
(a,d)−antimagic total labeling [11]. In the following years, the research on antimagic labeling did not really develop,
but there was a mutation in the research on antimagic coloring, because the research was limited to graphs. Therefore,
antimagic labeling was developed again, but on hypergraphs.

FIGURE 1. (a) The Illustration of hypergraph of order 9 and size 7, (b) The Illustration of 2-section graph of hypergraph G.

In 2000, several articles discussed hypergraphs, such as classes of hypergraphs with sum number one [11] and sum
labelings of cycle hypergraphs [12]. Two years later, Martin Sonntag published a study entitled antimagic vertex label-
ings of hypergraphs [13]. Much later, in 2011 Toufiq Parag and Ahmed Elgammal redeveloped the hypergraph under
the title of supervised hypergraph labeling [14]. This was followed by the publication of a book on the hypergraph by
Muhammad Javaid in 2013, entitled labeling of graphs and hypergraphs [15]. Then, in 2019, research on hypergraphs
was conducted again, which discussed on cordial labeling of hypertrees [16]. The following year, Swaminathan et al.
did research on the unimodular hypergraph for DNA sequencing [17]. Two years later, Christopher Purcell was re-
searching on exclusive sum labelings of hypergraphs [18]. Then, a book by Qionghai Dai and Yue Gao was published
in 2023 entitled hypergraph computation [19].

The hypergraph has wide-ranging applications in various fields, including biology, machine learning, social network
analysis, transportation, circuit design, and chemistry. In biology, hypergraph is used to model complex interactions
between biomolecules such as proteins, genes, and metabolic pathways, aiding in understanding gene regulation and
diseases [20]. In machine learning, representing data as a hypergraph allows models to comprehend more intricate
relationships between entities, enhancing performance in predicting patterns within data [21]. In social network
analysis, hypergraphs help identify more segmented groups and complex interaction patterns [22]. In transportation,
hypergraph is used to plan optimal routes and optimize resource allocation in complex transportation networks [23].
In circuit design and VLSI manufacturing, hypergraph aids in analyzing and optimizing complex circuit designs
[24]. Finally, in chemistry and materials science, hypergraph is used to represent complex molecular structures and
aids in modeling chemical processes, designing new molecules, and developing innovative materials [25]. Here
are some additional applications of hypergraphs: database design, knowledge representation, bio-informatics, image
processing, constraint satisfaction problems, cryptography, secret sharing, and the other important applications. With
further development, the hypergraph has great potential to become a valuable tool in solving complex problems in
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various fields of science and technology.

METHODS

This research employs deductive analytic methods to obtain the (a,d)-hyperedge antimagic labeling of hypergraphs.
The procedure begins by determining the upper bound of d(G), a critical parameter in understanding the properties
of the hypergraph G. This involves constructing a bijective function combined with an arithmetic sequence. Subse-
quently, the hypergraph G is defined, elucidating its structure and elements. The cardinality of G is then ascertained
by calculating both its order and size, providing insights into the scale and complexity of the hypergraph. Further
characterization of G entails establishing the vertex label function, assigning unique identifiers to each vertex within
the hypergraph. If this labeling is bijective, the edge weight function of G is determined to quantify the significance or
relevance of each hyperedge. Upon identifying that the edge weight set comprises identical elements or consecutive
integers, it is concluded that G exhibits an (a,d)-hyperedge antimagic labeling. This finding is pivotal as it demon-
strates a special property of G, shedding light on its potential applications and theoretical implications. Finally, armed
with the knowledge of the (a,d)-hyperedge antimagic labeling of G, a new theorem can be formulated and its proof
furnished, contributing novel insights to the realm of hypergraph theory.

RESULTS

In this paper, we explore novel findings concerning the (a,d)-hyperedge antimagic labeling of the path hypergraph Pn
and triangular ladder hypergraph T ln, as well as introduce the concept of super (a,d)-hyperedge antimagic labeling.
We demonstrate that both the path hypergraph Pn and triangular ladder hypergraph T ln, with n ≥ 2, can exhibit an
(a,d)-hyperedge antimagic labeling for values of d belonging to the set {0,1,2}.

Theorem 1. If (p,q)-hypergraph is (a,d)-hyperedge antimagic labeling, then

d ≤ pH(pG − pH)

s−1

for pG = |V |,qG = |E |, pH = |V ′|,qH = |E ′|,s = |Hi|.

Proof. If (p,q)-hypergraph has (a,d)-hyperedge antimagic labeling with f (V ) = {1,2,3, ..., pG}, then the weight set
of a hypergraph is {a,a+ d,a+ 2d, ...,a(s− 1)d} where a is the smallest weight. Let A be the weight set, then it
holds:

∑A = ∑
V∈V (A)

f (V ) = {a,a+d,a+2d, ...,a+(s−1)d}

1+2+ ...+ pH ≤ a
pH

2
(1+ pH)≤ a
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While for the largest weight, it holds:

a+(s−1)d ≤ pG + pG −1+ pG −2+ ...+(pG − (pH −1))

=
pH

2
(pG +(pG − (pH −1)))

=
pH

2
(pG + pG − pH +1)

(s−1)d ≤ pH

2
(2pG − pH +1)−a

(s−1)d ≤ pH

2
(2pG − pH +1)−

( pH

2
(1+ pH)

)
=

pH

2
((2pG − pH +1)− (1+ pH))

=
pH

2
(2pG −2pH)

(s−1)d ≤ pH(pG − pH)

d ≤ pH(pG − pH)

s−1

So, for pG = |V |,qG = |E |, pH = |V ′|,qH = |E ′|,s = |Hi|, it concludes that d ≤ pH (pG−pH )
s−1 .

Theorem 2. For m is odd, m ≥ 1, and n ≥ 2, hypergraph Pn admits an (a,0)-hyperedge antimagic labeling.

Proof. Pn is a specific family of hypergraphs with vertex set V = {xi, j;1 ≤ i ≤ n−1,1 ≤ j ≤ m}∪{xi;1 ≤ i ≤ n} and
hyperedge set E = {ei;1 ≤ i ≤ n−1} where ei = {xi,xi, j,xi+1;1 ≤ i ≤ n−1,1 ≤ j ≤ m}. Thus, we have |V (Pn)|=
mn−m+n and |E (Pn)|= n−1. For m is odd, m≥ 1, and n≥ 2, define a bijection f1 from V (G)−→{1,2,3, . . . ,mn−
m+n} as follows:

f1(xi)=

{
i+1

2 , if i ≡ 1 (mod 2),1 ≤ i ≤ n
n
2 +

i
2 , if i ≡ 0 (mod 2),1 ≤ i ≤ n

f1(xi, j)=

{
n j+n− i− j+1, if j ≡ 1 (mod 2),1 ≤ i ≤ n,1 ≤ j ≤ m
n j+ i− j+1, if j ≡ 0 (mod 2),1 ≤ i ≤ n,1 ≤ j ≤ m

Clearly, the labeling f1 from V (G)−→ {1,2,3, . . . ,mn−m+n} is a bijection. The edge weight under the labeling
f1 constitute the sets

W 1
f1(ei) =

m
4
(4n+2mn−2m+2)+

n
2
+2, if n ≡ 1 (mod 2)

W 2
f1(ei) =

m
4
(4n+2mn−2m+2)+

n
2
+3, if n ≡ 0 (mod 2)

The edge weight set W 1
f1 = {m

4 (4n+ 2mn− 2m+ 2)+ n
2 + 2, ..., m

4 (4n+ 2mn− 2m+ 2)+ n
2 + 2} consists of same

elements, it implies that hypergraph Pn admits an (m
4 (4n+2mn−2m+2)+ n

2 +2,0)-hyperedge antimagic labeling
for n is even. And the edge set W 2

f1 = {m
4 (4n+ 2mn− 2m+ 2)+ n

2 + 3, ..., m
4 (4n+ 2mn− 2m+ 2)+ n

2 + 3} consists
of same elements, it implies that hypergraph Pn admits an (m

4 (4n+2mn−2m+2)+ n
2 +3,0)-hyperedge antimagic

labeling for n is odd.

For having more detail illustration of the existence of (4n+2mn−2m,0)-hyperedge antimagic labeling of Pn, we
depict the graph in Figure 2.

Theorem 3. For m is even, m ≥ 2, and n ≥ 2, hypergraph Pn admits an (a,1)-hyperedge antimagic labeling.

Proof. Pn is a specific family of hypergraphs with vertex set V =
{

xi, j;1 ≤ i ≤ n−1,1 ≤ j ≤ m
}
∪{xi;1 ≤ i ≤ n},

and hyperedge set E = {ei;1 ≤ i ≤ n−1} where ei = {xixi, jxi+1;1 ≤ i ≤ n−1,1 ≤ j ≤ m. Thus, we have |V (Pn)|=
mn − m + n and |E (Pn)| = n − 1. For m is even, m ≥ 2, and n ≥ 2, define a bijection f2 from V (G) −→
{1,2,3, . . . ,mn−m+n} as follows:
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FIGURE 2. (84,0)-hyperedge antimagic labeling of P5

f2(xi)=

{
i+1

2 , if i ≡ 1 (mod 2),1 ≤ i ≤ n
n
2 +

i
2 , if i ≡ 0 (mod 2),1 ≤ i ≤ n

f2(xi, j)=

{
n j+n− i− j+1, if j ≡ 1 (mod 2),1 ≤ i ≤ n,1 ≤ j ≤ m
n j+ i− j+1, if j ≡ 0 (mod 2),1 ≤ i ≤ n,1 ≤ j ≤ m

Clearly, the labeling f2 from V (G)−→ {1,2,3, . . . ,mn−m+n} is a bijection. The edge weight under the labeling
f2 constitute the sets

Wf2(ei) =
m
4
(4n+2mn−2m+2)+

⌈n
2

⌉
+ i+1, if 1 ≤ i ≤ n

The edge weight set Wf2 = {m
4 (4n+ 2mn− 2m+ 2)+

⌈
n
2

⌉
+ 2, m

4 (4n+ 2mn− 2m+ 2)+
⌈

n
2

⌉
+ 3, m

4 (4n+ 2mn−

2m+2)+
⌈

n
2

⌉
+4, ...} consists of consecutive integers, it implies that hypergraph Pn admits an (m

4 (4n+2mn−2m+

2)+
⌈

n
2

⌉
+2,1)-hyperedge antimagic labeling.

For having more detail illustration of the existence of (m
4 (4n+ 2mn− 2m+ 2)+

⌈
n
2

⌉
+ 2,1)-hyperedge antimagic

labeling of Pn, we depict the graph in Figure 3.

FIGURE 3. (59,1)-hyperedge antimagic labeling of P5

Theorem 4. For m is odd, m ≥ 1, and n ≥ 2, the hypergraph Pn admits an (a,2)-hyperedge antimagic labeling.

Proof. Pn is a specific family of hypergraphs with vertex set V =
{

xi, j;1 ≤ i ≤ n−1,1 ≤ j ≤ m
}
∪{xi;1 ≤ i ≤ n},

and hyperedge set E = {ei;1 ≤ i ≤ n−1} where ei = {xixi, jxi+1;1 ≤ i ≤ n−1,1 ≤ j ≤ m. Thus, we have |V (Pn)|=
mn−m+n and |E (Pn)|= n−1. For m is odd, m≥ 1, and n≥ 2, define a bijection f3 from V (G)−→{1,2,3, . . . ,mn−
m+n} as follows:

f3(xi)=

{
i+1

2 , if i ≡ 1 (mod 2),1 ≤ i ≤ n
n
2 +

i
2 , if i ≡ 0 (mod 2),1 ≤ i ≤ n

f3(xi, j)=

{
n j+ i− j+1, if j ≡ 1 (mod 2),1 ≤ i ≤ n,1 ≤ j ≤ m
n j+n− i− j+1, if j ≡ 0 (mod 2),1 ≤ i ≤ n,1 ≤ j ≤ m

Clearly, the labeling f3 from V (G)−→ {1,2,3, . . . ,mn−m+n} is a bijection. The edge weight under the labeling
f3 constitute the sets

Wf3(ei) =
m
4
(4n+2mn−2m+2)+

⌈n
2

⌉
+2i, if 1 ≤ i ≤ n
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The edge weight set Wf3 = {m
4 (4n+ 2mn− 2m+ 2)+

⌈
n
2

⌉
+ 2, m

4 (4n+ 2mn− 2m+ 2)+
⌈

n
2

⌉
+ 4, m

4 (4n+ 2mn−

2m+2)+
⌈

n
2

⌉
+6, ...} consists of consecutive integers, it implies that hypergraph Pn admits an (m

4 (4n+2mn−2m+

2)+
⌈

n
2

⌉
+2,2)-hyperedge antimagic labeling.

For having more detail illustration of the existence of (m
4 (4n+ 2mn− 2m+ 2)+

⌈
n
2

⌉
+ 2,2)-hyperedge antimagic

labeling of Pn, we depict the graph in Figure 4.

FIGURE 4. (81,2)-hyperedge antimagic labeling of P5

Theorem 5. For m is odd, m ≥ 1, and n ≥ 2, hypergraph T ln admits an (a,0)-hyperedge antimagic labeling.

Proof. T ln is a specific family of hypergraphs with vertex set V = {xi;1 ≤ i ≤ n}∪ {yi;1 ≤ i ≤ n}∪ {xi, j;1 ≤ i ≤
n− 1,1 ≤ j ≤ m}∪

{
yi, j;1 ≤ i ≤ n−1,1 ≤ j ≤ m

}
∪{pi, j;1 ≤ i ≤ n,1 ≤ j ≤ m}∪

{
qi, j;1 ≤ i ≤ n−1,1 ≤ j ≤ m

}
and hyperedge set E = {e1,i;1 ≤ i ≤ n} ∪ {e2,i;1 ≤ i ≤ n−1} ∪ {e3,i;1 ≤ i ≤ n−1} ∪ {e4,i;1 ≤ i ≤ n−1} where
e1,i = {xi, pi, j,yi;1 ≤ i ≤ n,1 ≤ j ≤ m}∪ e2,i = {xi,xi, j,xi+1;1 ≤ i ≤ n−1,1 ≤ j ≤ m}∪ e3,i = {xi,qi, j,yi+1;1 ≤ i ≤
n− 1,1 ≤ j ≤ m}∪ e4,i = {yi,yi, j,yi+1;1 ≤ i ≤ n− 1,1 ≤ j ≤ m}. Thus, we have |V (T ln)| = 4mn− 3m+ 2n and
|E (T ln)|= 4n−3. For m is odd, m ≥ 1, and n ≥ 2, define a bijection f4 from V (G)−→ {1,2,3, . . . ,4mn−3m+2n}
as follows:
f4(xi) = 2i−1, if 1 ≤ i ≤ n
f4(yi) = 2i, if 1 ≤ i ≤ n

f4(pi, j)=

{
4n j+2n−4i−3 j+4, if j ≡ 1 (mod 2),1 ≤ i ≤ n,1 ≤ j ≤ m
4n j−2n+4i−3 j, if j ≡ 0 (mod 2),1 ≤ i ≤ n,1 ≤ j ≤ m

f4(xi, j)=

{
4n j+2n−4i−3 j+3, if j ≡ 1 (mod 2),1 ≤ i ≤ n,1 ≤ j ≤ m
4n j−2n+4i−3 j+1, if j ≡ 0 (mod 2),1 ≤ i ≤ n,1 ≤ j ≤ m

f4(qi, j)=

{
4n j+2n−4i−3 j+2, if j ≡ 1 (mod 2),1 ≤ i ≤ n,1 ≤ j ≤ m
4n j−2n+4i−3 j+2, if j ≡ 0 (mod 2),1 ≤ i ≤ n,1 ≤ j ≤ m

f4(yi, j)=

{
4n j+2n−4i−3 j+1, if j ≡ 1 (mod 2),1 ≤ i ≤ n,1 ≤ j ≤ m
4n j−2n+4i−3 j+3, if j ≡ 0 (mod 2),1 ≤ i ≤ n,1 ≤ j ≤ m

Clearly, the labeling f4 from V (G) −→ {1,2,3, . . . ,4mn− 3m+ 2n} is a bijection. The edge weight under the
labeling f4 constitute the sets

W 1
f4(epi, j) =

m
2
(4mn−3m+4n+1)+2n+1

W 2
f4(exi, j) =

m
2
(4mn−3m+4n+1)+2n+1

W 3
f4(eqi, j) =

m
2
(4mn−3m+4n+1)+2n+1

W 4
f4(eyi, j) =

m
2
(4mn−3m+4n+1)+2n+1

The edge weight set
⋃4

r=1 W r
f4 = {m

2 (4mn− 3m+ 4n+ 1)+ 2n+ 1, ..., m
2 (4mn− 3m+ 4n+ 1)+ 2n+ 1} consists of

same elements, it implies that hypergraph T ln admits an (m
2 (4mn− 3m+ 4n+ 1)+ 2n+ 1,0)-hyperedge antimagic

labeling.
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For having more detail illustration of the existence of (m
2 (4mn− 3m+ 4n+ 1)+ 2n+ 1,0)-hyperedge antimagic

labeling of T ln, we depict the graph in Figure 5.

FIGURE 5. (119,0)-hyperedge antimagic labeling of T l5

Theorem 6. For m is even, m ≥ 2, and n ≥ 2, hypergraph T ln admits an (a,1)-hyperedge antimagic labeling.

Proof. T ln is a specific family of hypergraphs with vertex set V = {xi;1 ≤ i ≤ n}∪ {yi;1 ≤ i ≤ n}∪ {xi, j;1 ≤ i ≤
n− 1,1 ≤ j ≤ m}∪

{
yi, j;1 ≤ i ≤ n−1,1 ≤ j ≤ m

}
∪{pi, j;1 ≤ i ≤ n,1 ≤ j ≤ m}∪

{
qi, j;1 ≤ i ≤ n−1,1 ≤ j ≤ m

}
and hyperedge set E = {e1,i;1 ≤ i ≤ n} ∪ {e2,i;1 ≤ i ≤ n−1} ∪ {e3,i;1 ≤ i ≤ n−1} ∪ {e4,i;1 ≤ i ≤ n−1} where
e1,i = {xi, pi, j,yi;1 ≤ i ≤ n,1 ≤ j ≤ m}∪ e2,i = {xi,xi, j,xi+1;1 ≤ i ≤ n−1,1 ≤ j ≤ m}∪ e3,i = {xi,qi, j,yi+1;1 ≤ i ≤
n− 1,1 ≤ j ≤ m}∪ e4,i = {yi,yi, j,yi+1;1 ≤ i ≤ n− 1,1 ≤ j ≤ m}. Thus, we have |V (T ln)| = 4mn− 3m+ 2n and
|E (T ln)|= 4n−3. For m is even, m ≥ 2, and n ≥ 2, define a bijection f5 from V (G)−→{1,2,3, . . . ,4mn−3m+2n}
as follows:
f5(xi) = 2i−1, if 1 ≤ i ≤ n
f5(yi) = 2i, if 1 ≤ i ≤ n

f5(pi, j)=

{
4n j+2n−4i−3 j+4, if j ≡ 1 (mod 2),1 ≤ i ≤ n,1 ≤ j ≤ m
4n j−2n+4i−3 j, if j ≡ 0 (mod 2),1 ≤ i ≤ n,1 ≤ j ≤ m

f5(xi, j)=

{
4n j+2n−4i−3 j+3, if j ≡ 1 (mod 2),1 ≤ i ≤ n,1 ≤ j ≤ m
4n j−2n+4i−3 j+1, if j ≡ 0 (mod 2),1 ≤ i ≤ n,1 ≤ j ≤ m

f5(qi, j)=

{
4n j+2n−4i−3 j+2, if j ≡ 1 (mod 2),1 ≤ i ≤ n,1 ≤ j ≤ m
4n j−2n+4i−3 j+2, if j ≡ 0 (mod 2),1 ≤ i ≤ n,1 ≤ j ≤ m

f5(yi, j)=

{
4n j+2n−4i−3 j+1, if j ≡ 1 (mod 2),1 ≤ i ≤ n,1 ≤ j ≤ m
4n j−2n+4i−3 j+3, if j ≡ 0 (mod 2),1 ≤ i ≤ n,1 ≤ j ≤ m

Clearly, the labeling f5 from V (G) −→ {1,2,3, . . . ,4mn− 3m+ 2n} is a bijection. The edge weight under the
labeling f5 constitute the sets

W 1
f5(epi, j) =

m
2
(4mn−3m+4n+1)+4i−1, if 1 ≤ i ≤ n

W 2
f5(exi, j) =

m
2
(4mn−3m+4n+1)+4i, if 1 ≤ i ≤ n

W 3
f5(eqi, j) =

m
2
(4mn−3m+4n+1)+4i+1, if 1 ≤ i ≤ n

W 4
f5(eyi, j) =

m
2
(4mn−3m+4n+1)+4i+2, if 1 ≤ i ≤ n

The edge weight set
⋃4

r=1 W r
f5
= {m

2 (4mn−3m+4n+1)+3, m
2 (4mn−3m+4n+1)+4, m

2 (4mn−3m+4n+1)+
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5, ...} consists of consecutive integers, it implies that hypergraph T ln admits an (m
2 (4mn−3m+4n+1)+4i−1,1)-

hyperedge antimagic labeling.

For having more detail illustration of the existence of (m
2 (4mn− 3m+ 4n+ 1) + 4i− 1,1)-hyperedge antimagic

labeling of T ln, we depict the graph in Figure 6.

FIGURE 6. (181,1)-hyperedge antimagic labeling of T l5

Theorem 7. For m is odd, m ≥ 1, and n ≥ 2, hypergraph T ln admits an (a,2)-hyperedge antimagic labeling.

Proof. T ln is a specific family of hypergraphs with vertex set V = {xi;1 ≤ i ≤ n}∪ {yi;1 ≤ i ≤ n}∪ {xi, j;1 ≤ i ≤
n− 1,1 ≤ j ≤ m}∪

{
yi, j;1 ≤ i ≤ n−1,1 ≤ j ≤ m

}
∪{pi, j;1 ≤ i ≤ n,1 ≤ j ≤ m}∪

{
qi, j;1 ≤ i ≤ n−1,1 ≤ j ≤ m

}
and hyperedge set E = {e1,i;1 ≤ i ≤ n} ∪ {e2,i;1 ≤ i ≤ n−1} ∪ {e3,i;1 ≤ i ≤ n−1} ∪ {e4,i;1 ≤ i ≤ n−1} where
e1,i = {xi, pi, j,yi;1 ≤ i ≤ n,1 ≤ j ≤ m}∪ e2,i = {xi,xi, j,xi+1;1 ≤ i ≤ n−1,1 ≤ j ≤ m}∪ e3,i = {xi,qi, j,yi+1;1 ≤ i ≤
n− 1,1 ≤ j ≤ m}∪ e4,i = {yi,yi, j,yi+1;1 ≤ i ≤ n− 1,1 ≤ j ≤ m}. Thus, we have |V (T ln)| = 4mn− 3m+ 2n and
|E (T ln)|= 4n−3. For m is odd, m ≥ 1, and n ≥ 2, define a bijection f6 from V (G)−→ {1,2,3, . . . ,4mn−3m+2n}
as follows:
f6(xi) = 2i−1, if 1 ≤ i ≤ n
f6(yi) = 2i, if 1 ≤ i ≤ n

f6(pi, j)=

{
4n j−2n+4i−3 j, if j ≡ 1 (mod 2),1 ≤ i ≤ n,1 ≤ j ≤ m
4n j+2n−4i−3 j+4, if j ≡ 0 (mod 2),1 ≤ i ≤ n,1 ≤ j ≤ m

f6(xi, j)=

{
4n j−2n+4i−3 j+1, if j ≡ 1 (mod 2),1 ≤ i ≤ n,1 ≤ j ≤ m
4n j+2n−4i−3 j+3, if j ≡ 0 (mod 2),1 ≤ i ≤ n,1 ≤ j ≤ m

f6(qi, j)=

{
4n j−2n+4i−3 j+2, if j ≡ 1 (mod 2),1 ≤ i ≤ n,1 ≤ j ≤ m
4n j+2n−4i−3 j+2, if j ≡ 0 (mod 2),1 ≤ i ≤ n,1 ≤ j ≤ m

f6(yi, j)=

{
4n j−2n+4i−3 j+3, if j ≡ 1 (mod 2),1 ≤ i ≤ n,1 ≤ j ≤ m
4n j+2n−4i−3 j+1, if j ≡ 0 (mod 2),1 ≤ i ≤ n,1 ≤ j ≤ m

Clearly, the labeling f6 from V (G) −→ {1,2,3, . . . ,4mn− 3m+ 2n} is a bijection. The edge weight under the
labeling f6 constitute the sets

W 1
f6(epi, j) =

m
2
(4mn−3m+4n+1)+8i−2n−3, if 1 ≤ i ≤ n

W 2
f6(exi, j) =

m
2
(4mn−3m+4n+1)+8i−2n−1, if 1 ≤ i ≤ n

W 3
f6(eqi, j) =

m
2
(4mn−3m+4n+1)+8i−2n+1, if 1 ≤ i ≤ n

W 4
f6(eyi, j) =

m
2
(4mn−3m+4n+1)+8i−2n+3, if 1 ≤ i ≤ n
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The edge weight set
⋃4

r=1 W r
f6
= {m

2 (4mn−3m+4n+1)−2n+5, m
2 (4mn−3m+4n+1)−2n+7, m

2 (4mn−3m+

4n+1)−2n+9, ...} consists of consecutive integers, it implies that hypergraph T ln admits an (m
2 (4mn−3m+4n+

1)+8i−2n−3,2)-hyperedge antimagic labeling.

FIGURE 7. (103,2)-hyperedge antimagic labeling of T l5

For having more detail illustration of the existence of (m
2 (4mn−3m+4n+1)+8i−2n−3,2)-hyperedge antimagic

labeling of T ln, we depict the graph in Figure 7.

DISCUSSION

We have studied (a,d)-hyperedge antimagic labeling on path hypergraph Pn and triangular ladder hypergraph T ln.
We found the existence of both graphs on various a and d. Base on this type of antimagic labeling, we can extend for
future study, namely super (a,d)-hyperedge antimagic labeling. The definition of super (a,d)-hyperedge antimagic
labeling of hypergraph can be seen in Defintion 1. To determine the super antimagicness of hypergraph is considered
to be a hard problem, even it will be a NP-Hard problem. Thus, we initiate to give an upper bound of super (a,d)-
hyperedge antimagic labeling to give insight in which specific d the super (a,d)-hyperedge antimagic exists.

Definition 1. Let G = (V,E) be simple connected hypergraph. The hypergraph G is called a super (a,d)-
hyperedge antimagic labeling if G has an antimagic labeling. A vertex label and edge label functions f : V (G) →
{1,2,3, ...,V (G)} and f : E(G) → {V (G) + 1, ...,V (G) + E(G)} and weight w(ei) = ∑ f (ei) +∑ f (Vi, j), where i
is the number of hyperedges, j is the number of vertices in a hyperedge, and ei is a set of vertices and edges on a
hyperedge, there is a distinct w(ei) for each hyperedges.

Theorem 8. If (p,q)-hypergraph is super (a,d)-hyperedge antimagic labeling, then

d ≤ (pG − pH)pH +(qG −qH)qH

s−1

for pG = |V |,qG = |E |, pH = |V ′|,qH = |E ′|,s = |Hi|.
Proof. f (V ′) = {1,2,3, ..., pH} and f (E ′) = {pG + 1, pG + 2, ..., pG + qH}. If (p,q)-hypergraph has super (a,d)-
hyperedge antimagic labeling with f (V ∪E ) = {1,2,3, ..., pG + qG}, then the weight set of a hypergraph is {a,a+
d,a+2d, ...,a(s−1)d} where a is the smallest weight. Let A be the weight set, then it holds:

∑A = ∑
V∈V (A)

f (V )+ ∑
E∈E (A)

f (E ) = {a,a+d,a+2d, ...,a+(s−1)d}

1+2+ ...+ pH +(pG +1)+(pG +2)+ ...+(pG +qH)≤ a
pH

2
(1+ pH)+qH pG +

qH

2
(1+qH) =

pH

2
+

p2
H
2

+qH pG +
qH

2
+

q2
H
2

≤ a
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While for the largest weight, it holds:

a+(s−1)d ≤ pH pG − pH −1
2

(1+(pH −1))+qH pG +qHqG − qH −1
2

(1+(qH −1))

= pH pG − pH −1
2

(pH)+qH pG +qHqG − qH −1
2

(qH)

(s−1)d ≤ pH pG − pH −1
2

pH +qH pG +qHqG − qH −1
2

qH −a

(s−1)d ≤ pH pG − pH −1
2

pH +qH pG +qHqG − qH −1
2

qH −
(

pH

2
+

p2
H
2

+qH pG +
qH

2
+

q2
H
2

)
= pH pG − p2

H
2

+
pH

2
+qH pG +qHqG − q2

H
2

+
qH

2
− pH

2
− p2

H
2

−qH pG − qH

2
− q2

H
2

= pH pG +qHqG − p2
H −q2

H

= pH pG − p2
H +qHqG −q2

H

(s−1)d ≤ (pG − pH)pH +(qG −qH)qH

d ≤ (pG − pH)pH +(qG −qH)qH

s−1

So, for pG = |V |,qG = |E |, pH = |V ′|,qH = |E ′|,s = |Hi|, it concludes d ≤ (pG−pH )pH+(qG−qH )qH
s−1 .

CONCLUSION

In this paper, we have shown eight theorems on antimagicness of hypergraph study. Seven theorems studies for
(a,d)−hyperedge antimagic labeling, namely path hypergraph Pn and triangular ladder hypergraph T ln, and one
theorem for super (a,d)−hyperedge antimagic labeling. For the second type of hypergraph labeling, we just initiate
to give an upper bound of super (a,d)-hyperedge antimagic labeling. Thus, we propose an open problems for future
research. Determine the existence for super (a,d)-hyperedge antimagic labeling of specific families of hypergraph.
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