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Abstract. In this study, we delve into the versatile application of the Neighborhood M-Polynomial (NM) in predicting a wide array
of material characteristics. Our research investigates the capability of the neighborhood M-polynomial to discern neighborhood
degree sum-based topological indices when analyzing synthetic polymers. These indices serve as pivotal tools, enabling us to
accurately predict the diverse physical, chemical, and biological properties inherent in the materials under scrutiny.
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INTRODUCTION

Topological indices are mathematical metrics that offer insights into the structural characteristics of finite and uncom-
plicated graphs [1]. These indices possess the remarkable property of remaining invariant even when graphs exhibit
identical structural patterns, rendering them invaluable in the domains of Quantitative Structure-Activity Relationship
(QSAR) and Quantitative Structure-Property Relationship (QSPR) research [2, 3, 4]. These structural descriptors,
often referred to as topological indices, find wide-ranging applications in theoretical chemistry, enabling the simula-
tion of diverse properties of chemical compounds. These properties encompass physicochemical, pharmacological,
toxicological, nanoscale, biological attributes, and more [5, 6].

The origin of distance-based topological indices can be traced back to Wiener’s Wiener index, which was initially
employed to characterize the physical properties of a group of alkanes commonly known as paraffin [7, 8].

This article discusses V L status index and several types of composite graphs for the V LS index, such as Cartesian
products, join graphs, and compositions of two linked graphs [9, 10, 11, 12, 13]. In this study, we direct our focus to
a connected graph denoted as G, with its vertex set represented by V (G) and its edge set by E(G). The order of G is
defined as |V (G)|= n, while the size of G is given by |E(G)|= m [14]. An edge connecting two vertices, denoted as
u and v, is typically represented as uv, and the degree of a vertex within G is denoted as ΓG(v).

Definition 1. [9] The status of a vertex v in a graph G is the sum of the distances from v to every other vertex in G
and it is denoted by ξG(v), that is,

ξG(v) = ∑
u∈V (G)

ΓG(u,v)

where, ΓG(u,v) is the distance between u and v in G. The status of a vertex is also called the "transmission" of the
vertex.

Definition 2. [7] The Wiener index W (G) of a connected graph G is defined as the sum of the distances between all
pairs of vertices of G, that is,

W (G) =
1
2 ∑

u,v∈V (G)

ΓG(u,v) =
1
2 ∑

u∈V (G)

ξG(u)

Definition 3. [15] The first Zagreb index is defined as

M1(G) = ∑
u∈V (G)

(ΓG(u))2 = ∑
uv∈E(G)

(ΓG(u)+ΓG(v))
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Definition 4. [15] The second Zagreb index is defined as

M2(G) = ∑
uv∈E(G)

(ΓG(u)ΓG(v))

Definition 5. [16] The V L index is defined as

V L(G) =
1
2 ∑

uv∈E(G)

[ΓG(u)+ΓG(v)+ΓG(u).ΓG(v)].

Inspired by invariants such as the Zagreb indices, Ramane et al. introduced the inaugural status connectivity index,
denoted as S1(G) and the second Status connectivity index, denoted as S2(G), for a connected graph G.

Definition 6. [17] The first status connectivity index is defined as

S1(G) = ∑
uv∈E(G)

(ξG(u)+ξG(v))

Definition 7. [17] The second status connectivity index is defined as

S2(G) = ∑
uv∈E(G)

(ξG(u)ξG(v))

Definition 8. [10] The V L status index is defined as

V LS(G) =
1
2 ∑

uv∈E(G)

[ξG(u)+ξG(v)+ξG(u) ·ξG(v)]

Definition 9. The Cartesian product, G⊗H, of the graphs G and H has the vertex set V (G⊗H) =V (G)×V (H) and
(u,x)(v,y) is an edge of G⊗H if u = v and xy ∈ E(H) or, uv ∈ E(G) and x = y. To each vertex u ∈V (G), there is an
isomorphic copy of H in G⊗H and to each vertex v ∈V (H), there is an isomorphic copy of G in G⊗H.

METHODOLOGY

This study thoroughly investigates the V LS index within composite graphs, including Cartesian products, join graphs
and compositions of two connected graphs. Our method entails defining and computing the V LS index for connected
graphs and extending its application to composite structures, incorporating considerations of distances and degrees.
The findings eloquently demonstrate the effectiveness of the V LS index in understanding the intricacies of connectivity
and transmission within composite graphs, underscoring its potential significance, particularly in the realms of QSAR
and QSPR research.

RESULTS ON CARTESIAN PRODUCTS OF GRAPHS

The Cartesian product of G and H is denoted by G⊗H and it as vertex set V (G⊗H) =V (G)×V (H) and (u,v) and
(u′,v′) ∈ E(G⊗H) if u = u′ and vv′ ∈ E(H) or v = v′ and uu′ ∈ E(G) [18].

Lemma 10. [19][kandan] Let G and H be two connected graph with n1 and n2 vertices, respectively. Then the status
of any vertex xr ∈V (G⊗H) is n2ξG(ur)+n1ξH(vr).

Theorem 11. If G and H are connected graphs with n1, n2 vertices and m1, m2 edges, respectively, then

V LS(G⊗H) =
1
2

[
n2(n2 +2n1W (H))S1(G)+2n2(2m2 +n1S1(H))W (G)

+ n3
2S2(G)+4n1m1W (H)+n2

1(S1(H)+n1S2(H))+n2
1m1

∑
vr∈V (H)

ξ
2
H(vr)+n2

2m2 ∑
ur∈V (G)

ξ
2
G(ur)

]
.
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Proof. From the definition of V LS status index, we have

V LS(G⊗H) =
1
2 ∑

xryr∈E(G⊗H)

ξG⊗H(xr)+ξG⊗H(yr)+ξG⊗H(xr).ξG⊗H(yr)

=
1
2

[
∑

xryr∈E(G⊗H)

ξG⊗H(xr)+ξG⊗H(yr)

+ ∑
xryr∈E(G⊗H)

ξG⊗H(xr).ξG⊗H(yr)

]

=
1
2

[
∑

xr∈V (G⊗H)

d(xr)ξG⊗H(xr)+
n2

∑
k=1

uiu j∈E(H)
vk∈V (H)

(n2ξG(ui)+n1ξH(vk))

(n2ξG(u j)+n1ξH(vk))+
n1

∑
s=1

viv j∈E(H)
us∈V (G)

(n2ξG(us)+n1ξH(vi))

+ (n2ξG(us)+n1ξH(v j))

]
=

1
2
[A1 +A2] (1)

Now,

A1 = ∑
xr∈V (G⊗H)

d(xr)ξG⊗H(xr)

= ∑
ur∈V (G)
vr∈V (H)

(dG(ur)+dH(vr))(n2ξG(ur)+n1ξH(vr))

Since dG⊗H(.) = dG(.)+dH(.) and using lemma 1
= n2 ∑

ur∈V (G)
vr∈V (H)

dG(ur)ξG(ur)+n1 ∑
ur∈V (G)
vr∈V (H)

dG(ur)ξH(vr)

+n2 ∑
ur∈V (G)
vr∈V (H)

dH(vr)ξG(ur)+n1 ∑
ur∈V (G)
vr∈V (H)

dH(vr)ξH(vr)

= n2
2 ∑

ur∈V (G)

dG(ur)ξG(ur)+n1 ∑
ur∈V (G)

dG(ur) ∑
ur∈V (G)

ξH(vr)+n2 ∑
vr∈V (H)

dH(vr)

∑
ur∈V (G)

ξG(ur)+n2
1 ∑

vr∈V (H)

dH(vr)ξH(vr)

= n2
2S1(G)+n1(2m1) ∑

vr∈V (H)

ξH(vr)+n2(2m2) ∑
ur∈V (G)

ξG(ur)+n2
1S1(H)

= n2
2S1(G)+4n1m1W (H)+4n2m2W (G)+n2

1S1(H)
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and

A2 =
n2

∑
k=1

uiu j∈E(H)
vk∈V (H)

(n2ξG(ui)+n1ξH(vk))(n2ξG(u j)+n1ξH(vk))

+
n1

∑
s=1

viv j∈E(H)
us∈V (G)

(n2ξG(us)+n1ξH(vi))+(n2ξG(us)+n1ξH(v j))

]

Since by lemma 1

=
n2

∑
k=1

uiu j∈E(H)
vk∈V (H)

n2
2ξG(ui)ξG(u j)+

n2

∑
k=1

uiu j∈E(H)
vk∈V (H)

n1n2ξG(ui)ξH(vk)

+
n2

∑
k=1

uiu j∈E(H)
vk∈V (H)

n1n2ξG(u j)ξH(vk)+
n2

∑
k=1

uiu j∈E(H)
vk∈V (H)

n2
1ξ

2
H(vk)

+
n1

∑
s=1

viv j∈E(H)
us∈V (G)

n2
1ξH(vi)ξH(v j)+

n1

∑
s=1

viv j∈E(H)
us∈V (G)

n1n2ξG(us)ξH(vi)

+
n1

∑
s=1

viv j∈E(H)
us∈V (G)

n1n2ξG(us)ξH(v j)+
n1

∑
s=1

viv j∈E(H)
us∈V (G)

n2
2ξ

2
G(us)

= n3
2S2(G)+2n1n2S1(G)W (H)+n2

1m1 ∑
vr∈V (H)

ξ
2
H(vr)+n3

1S2(H)

+ 2n1n2S1(H)W (G)+n2
2m2 ∑

ur∈V (G)

ξ
2
G(ur).

Hence, by equation (1), we get

V LS(G⊗H) =
1
2

[
n2

2S1(G)+4n1m1W (H)+4n2m2W (G)+n2
1S1(H)+n3

2S2(G)

+ 2n1n2S1(G)W (H)+n2
1m1 ∑

vr∈V (H)

ξ
2
H(vr)+n3

1S2(H)

+ 2n1n2S1(H)W (G)+n2
2m2 ∑

ur∈V (H)

ξ
2
G(ur)

]
=

1
2

[
n2(n2 +2n1W (H))S1(G)+2n2(2m2 +n1S1(H))W (G)

+ n3
2S2(G)+4n1m1W (H)+n2

1(S1(H)+n1S2(H))+n2
1m1

∑
vr∈V (H)

ξ
2
H(vr)+n2

2m2 ∑
ur∈V (G)

ξ
2
G(ur)

]
.

Theorem 12. [17][Ramane] Let G be a connected graph with n vertices and m edges and diam(G) ≤ 2. Then
S1(G) = 4m(n−1)−M1(G) and S2(G) = 4m(n−1)2 −2(n−1)M1(G)+M2(G).
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The proof of the following corollaries are the direct consequence of Theorem 1 and Theorem 2. Let G and H be a
connected graph on n1 and n2 vertices and m1 and m2 edges respectively. Let diam(G)≤ 2 and diam(H)≤ 2. Then

V LS(G⊗H) =
1
2

[
4m1n2

2(n1 −1)−n2
2M1(G)+4n1m1W (H)+4n2m2W (G)+4

m2n2
1(n2 −1)−n2

1M1(H)+n3
2(4m1(n1 −1)2 +M2(G))+n3

1(4m2

(n2 −1)2 +M2(H))+8n1n2(m1(n1 −1)W (H)+m2(n2 −1)W (G))

+n2
1m1 ∑

vr∈V (H)

ξ
2
H(vr)+n2

2m2 ∑
ur∈V (G)

ξ
2
G(ur)− (2n3

1(n2 −1)+2n1

n2W (G))M1(H)− (2n3
2(n1 −1)+2n1n2W (H))M1(G)

]
.

Let G and H be a connected r − regular graph with n1 and n2 vertices and m1 and m2 edges, respectively. Let
diam(G)≤ 2 and diam(H)≤ 2. Then

V LS(G⊗H) =
1
2

[
2m1n2

2(2(n1 −1)− r1)+4n1m1W (H)+4n2m2W (G)+2m2

n2
1(2(n2 −1)− r2)+n3

2(4m1(n1 −1)2 +m1r2
1)+n3

1(4m2(n2 −1)2

+m2r2
2)+8n1n2(m1(n1 −1)W (H)+m2(n2 −1)W (G))+n2

1m1

∑
vr∈V (H)

ξ
2
H(vr)+n2

2m2 ∑
ur∈V (G)

ξ
2
G(ur)−2(2n3

1(n2 −1)+2n1n2

W (G))m2r2 −2(2n3
2(n1 −1)+2n1n2W (H))m1r1

]
.

RESULTS ON JOIN GRAPHS

The join of two graphs G and H, denoted as G+H, results from the union of G∪H and the inclusion of all edges
connecting the vertices in V (G) with those in V (H). In the structure of G+H, the distance between any two vertices
u and v within the combined graph G+H is given by:

dG+H(u,v) =


o, i f u = v,
1, i f uv ∈ E(G) or uv ∈ E(H) or (u ∈V (G) and v ∈V (H)),

2, otherwise.

Moreover, the degree of a vertex v in V (G+H) is

dG+H(v) =

{
dG(v)+ |V (H)|, i f v ∈V (G),

dH(v)+ |V (G)|, i f v ∈V (H).

Theorem 13. Let G and H be two connected graphs n1, n2 vertices and m1, m2 edges, respectivily. Then

V LS(G+H) =
1
2
[(2m1 +n1n2)(2n1 +n2 −2)−M1(G)−2n1n2m1 +(2m2 +n1n2)

(2n2 +n1 −2)−M1(H)−2n1n2m2 +M2(G)+M2(H)− (2n1 +n2

−2)M1(G)− (2n2 +n1 −2)M1(H)+(2n1 +n2 −2)[(2n1 +n2 −2)
m1 −2n1m2]− (2n2 +n1 −2)[(2n2 +n1 −2)m2 −2n2m1 +n1n2(2
n1 +n2 −2)]+4m1m2]

Proof. Let u be a vertex in V (G). Then from the structure of G+H, we obtain

ξG+H(u) = 2n1 +n2 −2−dG(u).
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Similarly, if v is a vertex of H, then

ξG+H(v) = 2n2 +n1 −2−dG(v).

From the definition of V LS status index, we have

V LS(G+H) =
1
2

[
∑

uv∈EG+H

ξG+H(u)+ξG+H(v)+ξG+H(u) ·ξG+H(v)
]

=
1
2

[
∑

uv∈EG+H

ξG+H(u)+ξG+H(v)+ ∑
uv∈EG+H

ξG+H(u) ·ξG+H(v)
]

=
1
2
[A1 +A2] (2)

Where,

A1 = ∑
uv∈EG+H

ξG+H(u)+ξG+H(v)

= ∑
u∈VG+H

dG+H(u)ξG+H(u)

= ∑
u∈VG

(dG(u)+n2)(2n1 +n2 −2−dG(u))

+ ∑
u∈VH

(dH(u)+n1)(2n2 +n1 −2−dH(u))

= ∑
u∈VG

(
2n1 +n2 −2)dG(u)− (dG(u))2 +n2(2n1 +n2 −2)−n2dG(u)

)
+ ∑

u∈VH

(
2n2 +n1 −2)dH(u)− (dH(u))2 +n1(2n2 +n1 −2)−n1dH(u)

)
= ∑

u∈VG

(2n1 +n2 −2)dG(u)− ∑
u∈VG

(dG(u))2 + ∑
u∈VG

n2(2n1 +n2 −2)−n2

∑
u∈VG

dG(u)+ ∑
u∈VH

(2n2 +n1 −2)dH(u)− ∑
u∈VH

(dH(u))2 + ∑
u∈VH

n1(2n2

+n1 −2)−n1 ∑
u∈VH

dH(u)

= (2m1 +n1n2)(2n1 +n2 −2)−M1(G)−2n1n2m1 +(2m2 +n1n2)(2n2

+n1 −2)−M1(H)−2n1n2m2

The edge set of G+H can be partitioned into three subsets, namely,

E1 = {uv ∈ E(G+H)|uv ∈ E(G)},

E2 = {uv ∈ E(G+H)|uv ∈ E(H)}and

E3 = {uv ∈ E(G+H)|u ∈ v(G),v ∈V (H)}.

The contribution of the edges in E1,

A2 = ∑
uv∈E1

ξG+H(u) ·ξG+H(v)+ ∑
uv∈E2

ξG+H(u) ·ξG+H(v)+

∑
uv∈E3

ξG+H(u) ·ξG+H(v)

= B1 +B2 +B3

Computing VL Status Index of Composite Graphs             37



The contribution of the edges in E1 is given by

B1 = ∑
uv∈E1

ξG+H(u) ·ξG+H(v)

= ∑
uv∈EG

(2n1 +n2 −2−dG(u))(2n1 +n2 −2−dG(v))

= (2n1 +n2 −2)2m1 − (2n1 +n2 −2)M1(G)+M2(G)

The contribution of the edges in E2 is given by

B2 = ∑
uv∈E2

ξG+H(u) ·ξG+H(v)

= ∑
uv∈EH

(2n2 +n1 −2−dG(v))(2n2 +n1 −2−dG(v))

= (2n2 +n1 −2)2m2 − (2n2 +n1 −2)M1(H)+M2(H)

Similarly, the contribution of the edges in E3 is given by

B3 = ∑
uv∈E3

ξG+H(u) ·ξG+H(v)

= ∑
u∈VG

∑
v∈VH

(2n1 +n2 −2−dG(u))(2n2 +n1 −2−dH(v))

= (2n1 +n2 −2)(2n2 +n1 −2)n1n2 −2n1m2(2n1 +n2 −2)−2n2m1(2n2

+n1 −2)+4m1m2

The total contribution of the edges in G+H and its A2 is given by

A2 = M2(G)+M2(H)− (2n1 +n2 −2)M1(G)− (2n2 +n1 −2)M1(H)+(2n1

+n2 −2) [(2n1 +n2 −2)m1 −2n1m2]− (2n2 +n1 −2)[(2n2 +n1 −2)
m2 −2n2m1 +n1n2 (2n1 +n2 −2)]+4m1m2

Put A1 and A2 in (1)

V LS(G+H) =
1
2
[(2m1 +n1n2)(2n1 +n2 −2)−M1(G)−2n1n2m1 +(2m2 +n1

n2)(2n2 +n1 −2)−M1(H)−2n1n2m2 +M2(G)+M2(H)− (2
n1 +n2 −2)M1(G)− (2n2 +n1 −2)M1(H)+(2n1 +n2 −2)[(2
n1 +n2 −2)m1 −2n1m2]− (2n2 +n1 −2)[(2n2 +n1 −2)m2 −
2n2m1 +n1n2(2n1 +n2 −2)]+4m1m2]

COMPOSITION OF GRAPHS

The composition of two graphs, denoted as G[H], is formed as follows: The vertex set of G[H] is the Cartesian product
of the vertex sets of G and H, denoted as V (G)×V (H), and two vertices, (ui,vr) and (uk,vs), in G[H] are adjacent if
and only if either uiuk ∈ E(G) or ui = uk and vrvs ∈ E(H) [20].

38             A.S. Maragadam et al.



Theorem 14. Let G and H be two connected graphs n1, n2 vertices and m1, m2 edges, respectivily. Then

V LS(G[H]) =
1
2

[
n3

2S1(G)+4n2m1W (G)−n1M1(H)+4n2
2m1(n2 −1)+4n1m2

(n2 −1)−4m1m2n2 +n4
2S2(G)+2n2

2(n2(n2 −1)−m2)S1(G)+8
n2m2(n2 −1)W (G)−2n2W (G)M1(H)−2n1(n2 −1)M1(H)+n1

M2(H)+n2
2m2 ∑

ui∈V (G)

(ξG(ui))
2 +4(n2 −1)2(n1m2 +m1n2

2)+4m1

m2(m2 −2n2(n2 −1))
]
.

Proof. For the composition of two graphs, the degree of a vertex (u,v) of G[H] is given by dG[H]((u,v))−n2dG(u)+
dH(v). Moreover, the distance between two vertices (ui,vr) and (uk,vs) of G[H] is

dG[H]((ui,vr),(uk,vs)) =


dG(ui,uk) ui ̸= uk.

2 ui = uk, vrvs /∈ E(H).

1 ui = uk, vrvs ∈ E(H).

Let (ui,vr) be a vertex of G[H]. Then

ξG[H]((ui,vr)) = ∑
(uk,vs)∈V (G[H])

dG[H]((ui,vr),(uk,vs))

= ∑
(uk,vs)∈V (G[H]),ui ̸=uk

dG(ui,vk)

+ ∑
(ui,vs)∈V (G[H])

dG[H]((ui,vr),(ui,vs))

= n2ξG(ui)+dH(vr)+2(n2 −1−dH(vr))

= n2ξG(ui)+2(n2 −1)−dH(vr) (3)

From the definition of V LS status index, we have

V LS(G[H]) =
1
2

[
∑

uv∈EG[H]

ξG[H](u)+ξG[H](v)+ξG[H](u) ·ξG[H](v)
]

=
1
2

[
∑

uv∈EG[H]

ξG[H](u)+ξG[H](v)+ ∑
uv∈EG[H]

ξG[H](u) ·ξG[H](v)
]

=
1
2
[A1 +A2] (4)
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Where,

A1 = ∑
uv∈EG[H]

ξG[H](u)+ξG[H](v)

= ∑
(ui,vr)∈V (G⊗H)

dG[H]((ui,vr))ξG[H]((ui,vr))

= ∑
ui∈V (G)

∑
vr∈V (H)

(n2dG(ui)+dH(vr))(n2ξG(ui)+2(n2 −1)

−dH(vr)) by (1)

= ∑
ui∈V (G)

∑
vr∈V (H)

[n2
2dG(ui)ξG(ui)+2(n2 −1)n2dG(ui)−n2dG(ui)

dH(vr)+n2dH(vr)ξG(ui)+2(n2 −1)dH(vr)− (dH(vr))
2]

= ∑
ui∈V (G)

∑
vr∈V (H)

n2
2dG(ui)ξG(ui)+2(n2 −1)n2 ∑

ui∈V (G)
∑

vr∈V (H)

dG(ui)

−n2 ∑
ui∈V (G)

∑
vr∈V (H)

dG(ui)dH(vr)+n2 ∑
ui∈V (G)

∑
vr∈V (H)

dH(vr)ξG(ui)

+2(n2 −1) ∑
ui∈V (G)

∑
vr∈V (H)

dH(vr)− ∑
ui∈V (G)

∑
vr∈V (H)

(dH(vr))
2

By the definitions of first status connectivity, Wiener index and first Zagreb index, we obtain

A1 = n3
2S1(G)+4n2m1W (G)−n1M1(H)+4n2

2m1(n2 −1)+4n1m2(n2 −1)
−4m1m2n2.

and

A2 = ∑
uv∈EG[H]

ξG[H](u) ·ξG[H](v)

= ∑
ui∈V (G)

∑
vrvs∈E(H)

ξG[H]((ui,vr))ξG[H]((ui,vs))

+ ∑
uiuk∈E(H)

∑
vr∈V (H)

∑
vs∈V (H)

ξG[H]((ui,vr))ξG[H]((ui,vs))

= B1 +B2

Now,

B1 = ∑
ui∈V (G)

∑
vrvs∈E(H)

ξG[H]((ui,vr))ξG[H]((ui,vs))

= ∑
ui∈V (G)

∑
vrvs∈E(H)

(n2ξG(ui)+2(n2 −1)−dH(vr))(n2ξG(ui)+2(n2 −1)

−dH(vs))

= ∑
ui∈V (G)

∑
vrvs∈E(H)

[n2
2(ξG(ui))

2 +2(n2 −1)n2ξG(ui)−n2ξG(ui)dH(vs)+2

(n2 −1)n2ξG(ui)+4(n2 −1)2 −2(n2 −1)dH(vs)−n2ξG(ui)dH(vr)−2
(n2 −1)dH(vr)+dH(vr)dH(vs)]

= ∑
ui∈V (G)

∑
vrvs∈E(H)

[n2
2(ξG(ui))

2 +4(n2 −1)ξG(ui)+4(n2 −1)−n2ξG(ui)

(dH(vr)+dH(vs))−2(n2 −1)(dH(vr)+dH(vs))+dH(vr)dH(vs)]

= n2
2m2 ∑

ui∈V (G)

(ξG(ui))
2 +8n2(n2 −1)m2W (G)+n1M2(H)−2n2W (G)

M1(H)−2(n2 −1)n1M1(H)
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and

B2 = ∑
uiuk∈E(H)

∑
vr∈V (H)

∑
vs∈V (H)

ξG[H]((ui,vr))ξG[H]((ui,vs))

= ∑
uiuk∈E(H)

∑
vr∈V (H)

∑
vs∈V (H)

(n2ξG(ui)+2(n2 −1)−dH(vr))(n2ξG(uk)+2

(n2 −1)−dH(vs))

= ∑
uiuk∈E(H)

∑
vr∈V (H)

∑
vs∈V (H)

[n2
2ξG(ui)ξG(uk)+2(n2 −1)n2(ξG(ui)+ξG(uk))

+4(n2 −1)2 −n2ξG(ui)dH(vs)−n2dH(vr)ξG(uk)−2(n2 −1)(dH(vr)+

dH(vr))+dH(vr)dH(vs)]

= n4
2S2(G)+2n2

2(n2(n2 −1)−m2)S1(G)−8n2m1m2(n2 −1)+4m1m2
2 +4

(n2 −1)2m1n2
2.

Therefore

A2 = n4
2S2(G)+2n2

2(n2(n2 −1)−m2)S1(G)+8n2m2(n2 −1)W (G)−2n2

W (G)M1(H)−2n1(n2 −1)M1(H)+n1M2(H)+n2
2m2 ∑

ui∈V (G)

(ξG(ui))
2

+4(n2 −1)2(n1m2 +m1n2
2)+4m1m2(m2 −2n2(n2 −1)).

Hence,

V LS(G[H]) =
1
2

[
n3

2S1(G)+4n2m1W (G)−n1M1(H)+4n2
2m1(n2 −1)+4n1m2

(n2 −1)−4m1m2n2 +n4
2S2(G)+2n2

2(n2(n2 −1)−m2)S1(G)+8
n2m2(n2 −1)W (G)−2n2W (G)M1(H)−2n1(n2 −1)M1(H)+n1

M2(H)+n2
2m2 ∑

ui∈V (G)

(ξG(ui))
2 +4(n2 −1)2(n1m2 +m1n2

2)+4m1

m2(m2 −2n2(n2 −1))
]
.

CONCLUSION

This inquiry significantly enriches graph theory, spotlighting the versatility and utility of the V LS index as an insightful
structural descriptor. The findings underscore its adaptability, making a valuable contribution and inspiring continued
exploration across a spectrum of scientific domains.
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        The images or other third party material in this chapter are included in the chapter's
Creative Commons license, unless indicated otherwise in a credit line to the material. If material
is not included in the chapter's Creative Commons license and your intended use is not
permitted by statutory regulation or exceeds the permitted use, you will need to obtain
permission directly from the copyright holder.
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