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Abstract. In this study, we delve into the versatile application of the Neighborhood M-Polynomial (NM) in predicting a wide array
of material characteristics. Our research investigates the capability of the neighborhood M-polynomial to discern neighborhood
degree sum-based topological indices when analyzing synthetic polymers. These indices serve as pivotal tools, enabling us to
accurately predict the diverse physical, chemical, and biological properties inherent in the materials under scrutiny.
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INTRODUCTION

Topological indices are mathematical metrics that offer insights into the structural characteristics of finite and uncom-
plicated graphs [1]. These indices possess the remarkable property of remaining invariant even when graphs exhibit
identical structural patterns, rendering them invaluable in the domains of Quantitative Structure-Activity Relationship
(OSAR) and Quantitative Structure-Property Relationship (QSPR) research [2, 3, 4]. These structural descriptors,
often referred to as topological indices, find wide-ranging applications in theoretical chemistry, enabling the simula-
tion of diverse properties of chemical compounds. These properties encompass physicochemical, pharmacological,
toxicological, nanoscale, biological attributes, and more [5, 6].

The origin of distance-based topological indices can be traced back to Wiener’s Wiener index, which was initially
employed to characterize the physical properties of a group of alkanes commonly known as paraffin [7, 8].

This article discusses VL status index and several types of composite graphs for the VLS index, such as Cartesian
products, join graphs, and compositions of two linked graphs [9, 10, 11, 12, 13]. In this study, we direct our focus to
a connected graph denoted as G, with its vertex set represented by V(G) and its edge set by E(G). The order of G is
defined as |V (G)| = n, while the size of G is given by |E(G)| = m [14]. An edge connecting two vertices, denoted as
u and v, is typically represented as uv, and the degree of a vertex within G is denoted as I'(v).

Definition 1. [9] The status of a vertex v in a graph G is the sum of the distances from v to every other vertex in G
and it is denoted by Eg(v), that is,

&)= ), To(uv)

ueV(G)

where, T'(u,v) is the distance between u and v in G. The status of a vertex is also called the "transmission" of the
vertex.

Definition 2. [7] The Wiener index W (G) of a connected graph G is defined as the sum of the distances between all
pairs of vertices of G, that is,

N —

W(G):% Y Towv)== ¥ &l

uveV(G) ucV(G)
Definition 3. [15] The first Zagreb index is defined as

Mi(G)= Y (Tew)*= Y ([T +Ts(v)

ucV(G) uveE(G)
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Definition 4. [15] The second Zagreb index is defined as
M(G)= Y, (Te(Ic(v))

wveE(G)
Definition 5. [16] The VL index is defined as

_1

VL(G) = 5

Y [To()+T6(v) +To(u) To(v)].
uveE(G)

Inspired by invariants such as the Zagreb indices, Ramane et al. introduced the inaugural status connectivity index,
denoted as S (G) and the second Status connectivity index, denoted as S (G), for a connected graph G.

Definition 6. [17] The first status connectivity index is defined as

516 = Y (&cu)+E&(v))

weE(G)
Definition 7. [17] The second status connectivity index is defined as

5(G)= Y (Ewicv)

uveE(G)
Definition 8. [10] The VL status index is defined as
1
VLS(G) = 5 Y [Eo(u) +&6(v) +Ea(u) - E6(v)]

weE(G)

Definition 9. The Cartesian product, G ® H, of the graphs G and H has the vertex set V(GQH) =V (G) x V(H) and
(u,x)(v,y) is an edge of GR H if u =v and xy € E(H) or, uv € E(G) and x = y. To each vertex u € V(G), there is an
isomorphic copy of H in GQ H and to each vertex v € V(H), there is an isomorphic copy of G in GQ H.

METHODOLOGY

This study thoroughly investigates the VLS index within composite graphs, including Cartesian products, join graphs
and compositions of two connected graphs. Our method entails defining and computing the VLS index for connected
graphs and extending its application to composite structures, incorporating considerations of distances and degrees.
The findings eloquently demonstrate the effectiveness of the VLS index in understanding the intricacies of connectivity
and transmission within composite graphs, underscoring its potential significance, particularly in the realms of QSAR
and QSPR research.

RESULTS ON CARTESIAN PRODUCTS OF GRAPHS

The Cartesian product of G and H is denoted by G ® H and it as vertex set V(G® H) = V(G) x V(H) and (u,v) and
(ur,v1) e E(G®H) if u=ur and v/ € E(H) or v = v/ and uw/ € E(G) [18].

Lemma 10. [19][kandan] Let G and H be two connected graph with ny and ny vertices, respectively. Then the status
of any vertex x, € V(GQH) is m&g(uy) +n1 &g (vy).

Theorem 11. If G and H are connected graphs with ny, ny vertices and my, my edges, respectively, then
VLS(G®H) = % ny(ny +2mW(H))S1(G) +2n2(2my +n1S1 (H))W (G)
+ 138,(G) +4nymy W (H) 403 (Sy (H) +n1So(H) ) +n¥my
Y, GiG)tmimy Y, Eau)|.

vreV(H) ureV(G)
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Proof. From the definition of VLS status index, we have

VLS(G®H) = Y Goan () +Eoen () + e (5)-Eoen (vr)

Xy EE(GRH)

N —

:‘£[ Y Eoen(n)+Eeen(y)

x-yrEE(GRH)

+ Y Eeenlx)&oen(y)

Xy €E(GOH)
1 2
5| T atgeent) s ¥ ko) +mént)
€V (GoH) u uke:E(H)
kaEV(H)

(o) &)+ Y (rEel) +miEu(v)
Vi \ffGZEI(H)
us€V(G)

+ (n2&e (ug) +m&u(v)))

fl[A +As]
721 2

Now,

A= Z d(xr)écen (xr)
x€V(G&H)

= Y (do(ur) +du(v)(naéc () +ni&u(vr))

ur€V(G)
vreV(H)
Since dgen (- ) d ( )+dH( ) and using lemma 1
=ny Z dg(u ) +n Z de(ur)En(vy)
ur€V(G) ur€V(G)
vr€V(H) v€V(H)
Y dunéeu)+m Y, du(vi)éu(vy)
u€V(G) ureV(G)
v-EV(H) v€V(H)
=n Y do(u)éc(u)+nm Y, do(w) Y. Ew(v)+nm Y du(v)
ur€V(G) ureV(G) ureV(G) v€V(H)
Z §G<ur>+n% Z dH(Vr)éH(Vr)
u€V(G) vrEV(H)
=n381(G) +ni (2m) Z Eu(vr) +n2(2my) Z Ec(uyr) +niSi(H)

v€V(H) u€V(G)
= 1381 (G) +4nymy W (H) + 4namyW (G) +n3S (H)
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and
ny
Ay= Y (mée(w)+m&n(v))(ne(uj) +m&n(vi))

u,u;ce:El(H)

wEV(H)

n
+ )Y (maus) +mu (i) + (maéa(us) +nigu(v))
vlv,SEZI:‘I(H)

us€V(G)

Since by lemma 1

ny ny
= Y méée)+ Y, mmécu)éu(ve)
u,u;ce:El(H) u,ujkezEl(H)

wEV(H) wEV(H)

ny ny
+ Y mmée)Env)+ Y, mEiw)
u,'ufEZEl(H) u,'ujkEZEl(H)

weV(H) weV(H)

ny ]
+ Y ni&n (vi)En(v;)+ Y mim&e(us)éu(vi)
v,va:El(H) \ffvjezE!(H)

us€V(G) us€V(G)

ny nj
+ Y mm&ew)én(v)+ Y, mEG(uy)
v,v,-jE:El(H) v,'v_fEZEI(H)

us€V(G) us€V(G)
=m3$2(G) +2mmS ()W (H) +nimy Y, EX(ve)+niSa(H)

vV (H)
+ 2n1128) (H)W (G) +ndms Z E&(uy).
urcV(G)

Hence, by equation (1), we get

1
VLS(G®H) = 3 [ngsl (G) +dnymyW (H) + dnymyW (G) +n3S1 (H) 4+ n382(G)

+2mmS1(G)W (H) +nimy Y EZ(vy)+niS2(H)
vV (H)

+ 211281 (H)W (G) + ndmy Z §é(u,)]
ur€V(H)

= % [nz(nz+2n1W(H))Sl(G) +2n2(2m2 +mS (H))W(G)
+m382(G) +4mm W (H) + i (S1(H) +n1 S2(H)) +nimy
Y &o)+mm ¥ 55@,)].

v€V(H) u€V(G)

O

Theorem 12. [17][Ramane] Let G be a connected graph with n vertices and m edges and diam(G) < 2. Then
$1(G) = 4m(n—1) — M1 (G) and S(G) = 4m(n—1)> = 2(n — 1)M; (G) + M (G).
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The proof of the following corollaries are the direct consequence of Theorem 1 and Theorem 2. Let G and H be a
connected graph on n; and n, vertices and m; and my edges respectively. Let diam(G) < 2 and diam(H) < 2. Then

1
VLS(G@H) = 5 dmyn3 (ny — 1) —m3My (G) +dnymW (H) + dnomaW (G) + 4
moni(ny — 1) = niMy (H) 43 (4mi (m — 1)° + Mo (G)) + 3 (4ma

(na — 1)+ Msy(H)) +8nyna(my (ny — YW (H) +ma(ny — 1)W(G))

+n3m Z E(v,) +mdmy Z 512; (uy) — (2m3 (ny — 1) 4 2n;
veV(H) ureV(G)

W (G))M; (H) — (203 () — 1)+ 2nnoW (H) )M, (G) |

Let G and H be a connected r — regular graph with n; and n, vertices and m; and m; edges, respectively. Let
diam(G) <2 and diam(H) < 2. Then

1

VLS(G@H) = 5 2mn3(2(ny — 1) — 1) +4nymy W (H) + dnymyW (G) + 2my
n2(2(ny — 1) — r2) +m3 (4my (ny — 1)2 +myrd) +n3 (dma(ny — 1)?
+mprd) + 8nny(my (ny — W (H) 4+ ma(np — 1)W(G)) +nimy

Z ER(v,) +mdmy Z E2(uy) —2(2n3 (ny — 1) +2mmy
v-€V(H) ureV(G)

W(G))mary 72(2)1%(}11 — 1) +2mmW (H))myry |-

RESULTS ON JOIN GRAPHS

The join of two graphs G and H, denoted as G + H, results from the union of GUH and the inclusion of all edges
connecting the vertices in V(G) with those in V(H). In the structure of G + H, the distance between any two vertices
u and v within the combined graph G + H is given by:

o, if u=v,
deyp(u,v) =<1, if uwweE(G) or uweEH) or (ueV(G) and veV(H)),
2, otherwise.

Moreover, the degree of a vertex vin V(G +H) is

de(v)+|V(H)|, if veV(G),

doru(v) = {dH(V)+|V(G>|’ if veV(H).

Theorem 13. Let G and H be two connected graphs ny, ny vertices and my, my edges, respectivily. Then

1
VLS(G+H) = E[(Zml +mny)(2ny +ny —2) — M (G) — 2nynpmy + (2my +nyny)

(2np+n1 —2) — My (H) —2ninomy + My (G) + Ma(H) — (201 + na
—2)M(G) — (2ny +ny —2)M(H) + (2n1 +ny —2)[(2n +n2 —2)

—2nymy] — (2np +ny —2)[(2n2 +ny —2)my —2nomy +nina(2
ny+ny —2)] + 4mymy|

Proof. Let u be a vertex in V(G). Then from the structure of G + H, we obtain

EGn(u) =2n1+np —2 —dg(u).
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Similarly, if v is a vertex of H, then
Eeru(v) =2m +n =2 —dg(v).

From the definition of VLS status index, we have

Vis(G+) =3[ T Goun)+ o)+ Gornle) Lo

WEEGLH

5| T G ront)t T L) onl)|

weEg 1y weEGp
= A+ ]
Where,
Ar= 6; Ean (1) + Ecm (v)

= uEVZj?Gm(u)écm(u)

= EZV (dg(u) +n2)(2n1 +ny — 2 — dg(u))
+u:Z‘;H(dH(“) +n1)(2ny +ny =2~ dp (u))

= MEXV)G <2n1 +ny —2)dg (u) — (dg () +n2(2ny +mp —2) — nzdg(u)>
+ GZV; <2n2 +ny = 2)dy (u) — (dp ())* + 11 (2n2 + 1y —2) — nldH(u)>

= {;’ (;nl +ny —2)dg(u) — ZV (dg(u))* + ZV ny(2ny +ny—2) —my
uezada(u) + Y @n+m M—EZ(;dH(u) - ):Me(;,,(u) P+ Y m@m
ueV uEVi uEV WV
+np—2)— nIMEZVHdH(u)

= (2my +ninz)(2n1 +ny —2) — M1 (G) — 2nynamy + (2ma +nina) (2n2
+ny —2) =M (H) —2n1namy

The edge set of G+ H can be partitioned into three subsets, namely,

Ei={uw € E(G+H)luv € E(G)},
E» ={uv € E(G+H)|uv € E(H) }and

Es={uecE(G+H)uev(G),veV(H)}.
The contribution of the edges in Ej,
A=Y Eoin(w)-Ean()+ Y. Eern()-Eeru(v) +

uvek; uveky

Z o+r(u)-Eca(v)

uveks

=B +By+B3

37
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The contribution of the edges in E| is given by

Bi=Y &ruu)-&eru(v)

uvek)
= Y @m+m—2—de(u)(2n +n—2—dg(v))

uveEg
=(2n1+ny— 2)2m1 — (2n1 +n2 —2)M,(G) + M2(G)

The contribution of the edges in E; is given by

By=Y &oinu)-Sru(v)

uveky

= Z (2n2 +n—2— dg(v))(an +n—2 —dg(v))
uveEy

= (2ny +ny —2)*my — (2na +ny — 2)M (H) +Ma(H)

Similarly, the contribution of the edges in E3 is given by

By= ; Sa+ (1) - EGn (V)
= Z Z (2}’!1 +np—2 7dg(u))(2n2 +ny— 27(1[-1(\1))
ueVgveVy

(211 +n2 —2)(2ny +ny —2)niny — 2nymy (2ny 4+ ny —2) — 2npm (2ny
+ny —2) +4mimy

The total contribution of the edges in G+ H and its A is given by

Ay = Mz(G) +M2(H) — (2}11 +ny 72)M1 (G) — (2n2 —+ny 72)M| (H) + (2’11
+n,—2)  [(2n1 +np—2)my —2nymy) — (2ny +ny —2)[(2ny +ny —2)
my —2mmy +mny  (2n) +ny —2)] +4mymy

Put A; and A; in (1)

1

VLS(G+H) = E[(zml +n1n2)(2n1 +ny 72) 7M1(G) —2nynpmy + (2m2 +ny
nz)(an +n 72) —M\(H) —2ninomy +M>(G) + My (H) — (2
ny+ny —2)M;(G) — (2np +ny —2)M; (H) + (2n; +n2 —2)[(2
ny +ny —2)my —2nymy] — (2ny +ny —2)[(2n +ny —2)my —
2nomy +n1n2(2n1 +ny 72)] +4m1m2]

COMPOSITION OF GRAPHS

The composition of two graphs, denoted as G[H], is formed as follows: The vertex set of G[H] is the Cartesian product
of the vertex sets of G and H, denoted as V(G) x V(H), and two vertices, (u;,v,) and (u,vs), in G[H| are adjacent if
and only if either ujuy € E(G) or u; = uy and v,vs € E(H) [20].



Computing VL Status Index of Composite Graphs 39

Theorem 14. Let G and H be two connected graphs ny, ny vertices and my, my edges, respectivily. Then

1

VLS(G[H]) = 3 1381 (G) + dnami W (G) — ny My (H) +4n3my (ny — 1) 4+ 4nymy

(ﬂz — l) —dmymony +H3S2(G) +2n%(n2(n2 — 1) —mz)S] (G) +8

nomy (ny — 1)W(G) —2moW (G)M, (H) — 2ny (np — 1)M (H) +my

MZ(H)Jrnzmz Z (&a( ul))2+ (nzfl)z(n1m2+m1n%)+4ml
u;€V(G)

mz(mz 72’12("2 - 1)) .

Proof. For the composition of two graphs, the degree of a vertex (u,v) of G[H] is given by dg((
dp (v). Moreover, the distance between two vertices (u;,v,) and (ug,vs) of G[H] is

de(ui,ue) u; # .
Ao (uisvr), (uk,vs)) = § 2 wi = wy, vevs ¢ E(H).
1 uj=u, vvs€E(H).

Let (u;,v,) be a vertex of G[H|. Then

50[1—1]((14[,\4)) = Z dG[H]((uiavr)v(ukva'))
(ugvs)€V (GIH])

= de(ui,vi)
(ug,vs) €V (GIH]) uiFuy

+ Y dou((ui,vy), (ui,vs))
(ui,vs)€V (G[H])

=& (i) +dp (vy) +2(ny — 1 —dy (v))
=m&a(u) +2(ny — 1) —du(v,)

From the definition of VLS status index, we have

VLS(GH) = 5| L Zoun )+ Eaum(©)-+ o ®)- o )]

ueEgy
1
5| T fom+Eom®+ T Sl Eom)
uweEgy) weEgy
= l[A +A;z]
= B 1 2

u,v)) —nadc(u) +
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Where,
Ar= Y o) + &g (v)

uweEgy)
= Y doumn((wive) o ((uirvr))

(uj,vr)€V(G2H)

= Y ¥ (mdo(w)+du(v,)(mée(u) +2(n—1)
€V (G)vreV(H)

—du(vy)) by (1)

= Y Y [mde(m)Ec(u)+2(n2 — Dnade(us) — nade(us)
u;€V(G)vreV(H)

dpi (vr) + madp (vr) §6 (i) + 2 = 1)dpr (vr) = (dia (v,))7]

= Y ¥ nddew)éc(u)+2(n—ny Y Y do(u)

ui€V(G)v,eV(H) wi€V(G)v,eV(H)
- Y Y de(u)du(vi)+na Y, Y. du(v)é(ui)
ui€V(G)v,eV(H) €V (G)v-eV(H)
f2m-1) Y, ¥ dilv)— Y Y @da(w)’
uieV(G)v,eV(H) u; €V (G)vreV(H)

By the definitions of first status connectivity, Wiener index and first Zagreb index, we obtain

Ay = n381(G) + 4nym W (G) — M, (H) + 4n3my (na — 1) + 4nyma(ny — 1)

74m1mzn2.

and

Ay = Z Eaim (u) - S (v)

Wy

=Yy Y Eau (i ve))Eg ((ui,vs))

eV (G)vyvs€E(H)

+ Y Y Y Eaum(uive) e ((ui,vs))
wit €E(H)v, €V (H)vs€V (H)

=B +B;

Now,
Bi= Y ¥ Eom((wi,ve) o ((uivs)

w;€V(G)vyvs€E(H)

=Y Y (mé(w)+20n—1)—dy(v,))(nm&e(u)+2(na—1)
wEV (G)vyvsE(H)
—dn (V:))

=Y Y (&) +2(m— Dmaée(ui) — maée(ur)dp (vs) +2
wEV (GvyvsE(H)
(n2 — Vma&g(u) +4(na — 1)2 = 2(na — 1)dp (vy) — oo (w)dp (v,) —2
(”2 -1 )dH (W) +dy (Vr)dH(Vs)]

= Y Y [m5(E6)) +4n — D) +4(n2 — 1) — e (i)
w eV (G)vyvs E(H)
(du (vr) +du (vs)) —2(n2 — 1)(du (vi) +du (vs)) +du (v )du (vs)]

=mm; Y. (Ec(ui))® +8na(na — 1)myW (G) + niMy(H) — 2n,W (G)

u€V(G)

My (H) —2(n2 — 1)niM,(H)
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and
B= Y Y X Eaum((wive)dopm((wivs))
ujuy€E(H)v,€V (H)vseV(H)
= Y Y Y (m&w)+2m—1)—du(v,))(méc(m)+2
ujup €E(H)vy€V(H)vseV (H)
(n2 = 1) —du(vy))
= Y Y Y [m&u)Ee(u)+20m— nm(Ea(u) + Eolum))
ujup €E(H)vy€V(H)vs€V(H)
+4(ny — 1)” — ma& (wi)dp (vs) — nadi (v) Ec () — 2(n2 — 1) (di (vr) +
dy(vr)) +dp (vr)du (vs)]
= n382(G) + 213 (na(ny — 1) — m2) S\ (G) — 8mymymy (my — 1) +dmym3 +4
(ny — 1)2myn3.
Therefore
Ay = 1382(G) + 213 (na(ny — 1) —m2)S1(G) + 8ngmy (ny — 1)W(G) — 2ny
W (G)My (H) = 2ny (ny — )My (H) + miMa (H) +n5my Y (E(wi))?
u;€V(G)
+4(n2 — 1)2("1’"2 +Vn1n§) +4mimy(my —2ny(ny — 1)).
Hence,

1
VLS(G[H]) = 3 m381(G) + dnymy W (G) — ni My (H) + 4ndmy (ny — 1) 4 4nymy

(n2 — 1) — dmymony 4 n38:(G) +2n3 (na (n2 — 1) —m2)S1(G) + 8

nomy(ny — )W (G) —2moW (G)M, (H) — 2n; (np — 1)M (H) +ny

My (H) +ndm; Z (E6 (i) +4(ny — 1)*(nymy +myn3) +4m,
u;€V(G)

mz(mz 72’12(”2 - l)) .

CONCLUSION

41

This inquiry significantly enriches graph theory, spotlighting the versatility and utility of the VLS index as an insightful
structural descriptor. The findings underscore its adaptability, making a valuable contribution and inspiring continued

exploration across a spectrum of scientific domains.
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