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1. INTRODUCTION

Fractional calculus has been effectively used in recent years to study many complex nonlinear phenomena. A natural phenomenon may
depend not only on the instantaneous time but also on the past history of time. Such a phenomenon can be successfully modeled by the theory
of differential equations involving derivatives and integrals of arbitrary order. With the virtue of nonlocal property of fractional derivatives,
the fractional differential equations (FDEs) have been used to describe such scenarios precisely in the area of science and engineering such
as viscoelasticity [3], hydrodynamics [64], quantum mechanics [36] and so on [16,24-26,32,42,63].

The derivation of the exact solution of the differential equation is important because the geometrical and physical meaning of the problem
can be easily obtained. In literature, no well-defined analytic methods exist for deriving the exact solutions of fractional ordinary differential
equations (FODEs). However, the derivation of the exact solution of FDEs is not an easy task since the properties of a fractional derivative
are harder than the classical derivative. Recently, several research groups have been developed to derive the exact and numerical solutions of

FDEs such as invariant subspace method [11,21,39,51-53,57,58,71], variational iteration method [44], homotopy perturbation method [45],
operational matrix method [55], collocation method [40] and so on [14,23,68,69].

Among those methods, the Lie symmetry analysis method is an algorithmic approach that provides an efficient tool to construct an exact
solution of FDEs in a systematic way. Initially, this method was proposed by Norwegian mathematician Sophus Lie during the 19th century
and was further developed by Ovsianikov [49] and others [5,10,27,31,34,38,46-48,56,62]. The Lie symmetry analysis method is to find
continuous transformations of one or more parameters leaving the differential equation invariant in the new coordinate system wherein
the resulting differential equation is easier to solve. Gazizov et al. [18] extended the Lie symmetry analysis of differential equations to FDEs.
Recently, many mathematicians and physicists have investigated and developed the theory of Lie symmetry analysis for FODEs and fractional
partial differential equations (FPDEs) [4,6,7,9,15,18-20,29,30,37,54,59-61,70].

We would like to mention that only a very few applications of Lie point symmetries of scalar and coupled FODEs have been investigated. To
the best of our knowledge, no one has extended the Lie symmetry analysis to n-coupled FODEs. The main aim of this article is to demonstrate
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how the Lie symmetry approach provides an efficient tool to derive exact solutions of scalar and coupled nonlinear FODEs. More precisely,
Lie symmetries of fractional Thomas-Fermi equation, Bagley-Torvik equation, two-coupled system of fractional quartic oscillator, fractional
type coupled equation of motion and fractional Lotka-Volterra ABC system are derived. Using the obtained symmetries, we explicitly derived
the exact solution of the above-mentioned FODEs wherever possible. In addition, the dimensions of the symmetry algebras for the Bagley-
Torvik equation and its various cases are greater than 2 and for this reason, we construct the optimal system of one-dimensional subalgebras.

The article is organized as follows: For the sake of completeness, in section 2, we recall certain basic definitions pertaining to the fractional
calculus. The Lie symmetry analysis of the coupled system of FODEs is presented. The applicability and effectiveness of this method
have been illustrated through the above mentioned FODEs in section 3. In section 4, we summarize our results as concluding remarks of
this paper.

2. PRELIMINARIES

In this section, we present some basic concepts and results of the fractional calculus. We also present brief details of symmetry analysis for
scalar and coupled system of FODEs.

Definition 2.1. [50] Let x(t) € L'[a,b] and @ € R*. Then the Riemann-Liouville (R-L) fractional differential operator of order o > 0 is
defined by

t
1 d" n—o—1 .
x| T g | €~ KO, e -t neN

(2.1)
X (1), ife =neN
fort > a.
Note that L![a, b] denotes the space of absolutely integrable functions on [a, b].
Note 1. [32,50] The R-L fractional derivative of order « for x(t) = t# is as follows:
r 1
it = LOED e gy s,
FTB—a+1l)
Note 2. The Leibniz formula for the R-L fractional derivative is of the following form:
o0
(o4 —
DY (1 (Dx2(8) = ) ( k)aD‘Z‘ *x1(ODfxy (1), o > 0, (2.2)
k=0
| o r'a+ow
where = .
k MNoa—-—k+1DI(k+1)
Note 3. [50] Letax € (n — 1,n], n € N. Then the Laplace transformation of R-L derivative (2.1) is given by
n—1
L{oD{x(0)} = s"x(s) — Y _ D" Fx(®) 1=,  N(s) > 0, (2.3)
k=0
oo
where x(s) = L{x(t)} = / e x(t)dt.
0
Definition 2.2. [43] The generalized Mittag-Leffler function with three parameters is defined as
o (e
E’ = —_—, O s C, N 0, N 0, 2.4
e ; Tk Y €C e) > 0, %G > (2.4)
r k
where (Y )k = (I‘J/(i-i-)) and (y)o = 1 for R(y) > 0.
14

Note 4. The Laplace transformation of the Mittag-Leffler functions are given by [6]

sPY—H ‘ / 1
T ifu # py, Ns) > |al?,
(i) L{t"'E} (Fat)} = 0

1
mx ifu=py, REs) > lalr.
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) - oI
(i) L{t" "By (Fat’)} = Lp j:a;t]'

00 §—1
p—3 —_ o= wrgr+l PPN (N R
(lll) L {t rgo( a) t Ep p+(p—p)r— 5+1( bt )} - |:Sp + ash + b’t] .

2.1. Symmetry Analysis for FODE
Consider the following generalized FODE of the form
aD‘t’"”kx =G (t, x, o DY x, aD‘t""'lx, .. .,aD‘;H'k_lx), aecRY >0, ke NU{0}, (2.5)

where t and x are independent and dependent variables respectively. Assume that equation (2.5) is invariant under the following one
parameter (€) Lie group of continuous point transformations [6,18,19,29,54]

t> t+et(t,x) + O(€?),
%> x + € (tx) + O2),
0 s x® per® 4 0?), keN,
DX > oDix + €@ + 0(e?), (2.6)

DY x> (DIRx 4@ 1 O(e?), ke N

We apply the transformations (2.6) in (2.5) and omit the higher powers of €. Then by comparing the coefficients of € on both the sides of the
resulting equation we obtain

k
oG 8G
(atk)y 7Y (a+r—1) (r) _
|:; T at ;§ 3, DoH—r 1 Z 8x(r):| ' Heo =0,

x — G, k € NU {0}, which is the invariant equation for (2.5). Therefore, the infinitesimal generator becomes

where H = uD‘tH'k

= t(t, x) —|— ¢(t, x)

where
(x) dt
»X) =
de

dx
C(t’ x) - % L:OI

>

e=0

Therefore, the prolongation formula for (2.5) can be written as

k 9G k G
(a+k) _ (a+k) _ (a+r—1) (r) _
Pr X(H) - |:§ XG Z(){ auD(tx-H'—lx Z(){ 8x(r):| ' _0>
r=| r= H=
where H = uD‘t”kx — G, k € NU {0} and the infinitesimals are calculated as follows [6,18,19,29,54]
¢® = p* Dy - x®p(r) = DF (; — rx(l)) + D) keN, (2.7)
g.(a-kk) — Da+k(§ o rx(l)) 47 Da+k—1x
a+k\ [(n—(a+k
= D) + Z ( ) (PS4 )i, s @9

Note 5. The lower limit of the R-L fractional derwatwe (2.1) is fixed. Therefore, it should be invariant at t = a, under the given transformation
2.6). Thus, we obtain the invariant condition as

(a,x) = a. (2.9)
Definition 2.3. A function F(x, t) is an invariant of FODE (2.5) if F(x, t) is an invariant surface, that is XF = 0 which implies the following
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Note 6. [28] The Lie bracket [ X1, X;] of operators

Xi=nltal ad Xo=no 4ol
1—T18t §1ax an z—fzat §2ax
is given by
d 0
(X1, X2] = X1 (X2) — X5 (X1) = (X1 (12) — X2 (71)) 3 + X1 (62) — X2 (81)) Py (2.10)

Definition 2.4. [28] A Lie algebra is a real linear space L together with a binary operation [-,-] : L x L — L satisfying the following properties:

(i) [X,Y]=—[Y,X],
(ii) [aX + bY,Z] = a[X,Z] + b[Y, Z],
(iii) [[X,Y],Z] +[[Y,Z],X] + [[Z,X],Y] =0,

forX,Y,Z € L and a,b € R. The binary operation [-,-] is known as Lie bracket defined in equation (2.10).

2.2. Symmetry Analysis for Coupled System of FODEs

Let us first present the Lie symmetry analysis for the two-coupled system of FODE:s in the sense of R-L fractional derivative. Then we shall
extend this method for the n-coupled system of FODEs.

2.2.1. Symmetry analysis for two-coupled system of FODEs

Consider the following two-coupled system of FODE in the sense of R-L fractional derivative

DY x1(t) = fi(t, x1,%2),
aDix1(t) = fi(t, x1,x2) (2.11)
aDix () = fo(t, x1, %), o >0,

d“xi

Oy () —
where ,Df x;(t) = I

(¢) Lie group of continuous point transformations

for i = 1,2 and f1, f, are arbitrary functions. Here we assume that system (2.11) is invariant under one-parameter

T t+et(tx1,x) + O(?),
X1 X1+ €8y (X1,%2) + O(€),
Xy > X+ €4y, (5X1,%2) + O(€?), (2.12)
D23y > DYxy + €0 (hx1,x2) + O(e?),
oD%y > aDfxs + €6 (1,3x1,3) + O(D),

where {,Sf‘) and ;,Ej‘ ) are ath extended infinitesimals that are derived in the following theorem.

Theorem 2.1. The ath (@ € RT) extended infinitesimals for the two-coupled system of FODEs in the sense of R-L fractional derivative are
given by

& = aDf (¢ = o) + 7 aDi (),

N (2.13)
¢\ = DY (; — 7} ) + 7 .D¥ (xy).
Proof. The Leibniz rule for fractional derivative is given by
o0
o
DY (POY®) =) (n) DETeOY B, @ >0, (2.14)
n=0

r(1+a)

INCETES Yy By substituting ¢(#) = 1 and ¥ (f) = x;(¥) in Leibniz rule given by

where the binomial coefficient is given by (z) =
equation (2.14) we obtain

Df (1 (®) =) (Z) %;;1)’51 " ). (2.15)

n=0
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Similarly, we obtain

o0

®) Z (=™ g 216)
x = 7x . .
D (%2 —\n 'h—a+1) 2
By the definition of extended «th infinitesimals, we have
@ _ 4 [ DY (%1 (%) ] (2.17)
(0 = L0 (D), -
d -
£ = ¢ [P (20)]. - (2.18)
Substituting equation (2.15) in (2.17), we obtain
d | (e (F—a)t™ _
@ — ——— 5" : 2.19
& T de |:Z<n>I‘(n—ot+1)x2 ® 219)
n=0 e=0
After the use of infinitesimal transformation given by equation (2.12) and simplification, the above equation (2.19) becomes
@ _ i a\ (t —a)i—oc®™ . i t(n—a)(t —a)" k" (1) (2.20)
1 n) T(n—a+1) 'h—a+1) ' ’
n=0 n=0
Substituting equation (2.7) in the above equation (2.20), we obtain
n— n )
;(a) . i o (t—a)* "D (C —TX (t)) N i T(t — a)n—angH-l)(t)
n ''h—a+1) 'm—a+1)
n=0 n=0
t(n—a)(t — a)" 1" (1)
. 2.21
+ Z ( ) 'n—a+1) (2.21)

In the first term of the above equation (2.21) we apply (2.15). Then replacing n by n — 1 in the second term and substituting # = 0 in the
third term of the above equation (2.21) we obtain

. ) ) it —a) () et —a) " lx(t)
& = aDf C_rxll)JrZ(n—l) F(I’I—Ol)l )

t(n—a)(t —a)" " (1)
+Z<) e ) (2.22)

The above equation (2.22) can be further simplified by using the relation (,* ) + (%) = (*) to get

n

(9 = D¢ — o)+ Z (a + 1) (t —l«j)(n ‘ a‘) iy (2.23)
Applying (2.15) in (2.23) we obtain,
¢ = D (; rx§1)) 4T DY (xy). (2.24)
In a similar manner, we obtain
f(“) = .Df ({ ‘L'xgl)) + raD‘t"'H(xz). (2.25)

Remark 1. Applying the generalized Leibniz rule (2.2) in the extended infinitesimals given by equations (2.24) and (2.25) we obtain

£l = oD% (6x,) — aDy(1)aDY (x1) + Z( ) (nli[) DY) D (),

é—(Ot) _ Da(;xz) _ OlDt(‘L')aDO‘(xz) + <Ol> (f’l —CY) aDa_n(XZ)Dn+1(T)~
t t ; n n+1 t t
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2.2.2. Symmetry analysis for n-coupled system of FODEs

In this subsection, we consider the n-coupled system of FODEs in the sense of R-L fractional derivative, having the form

Dix1 = filtbx1,%2,...,%n),
aDixy = folt,x1,%2,.. ., %),

(2.26)
aD(tXxn = falt,x1,%2, ..., %),

d“x;
where ;Dfx; = d—t“l’ fori = 1,2,...,n,a > 0and f,f2,...,fs are arbitrary functions. Assuming that system (2.26) is invariant under

one-parameter (¢) Lie group of continuous point transformations, we obtain
Fr> tet(txn, ..o x) + 0€),
X1 > X1+ €8y (X1, X2, .. .5 %) + O(ez),

Xo > Xo 4 €8y, (X1, X2, .. .5 Xn) + O(e?),

Xn > Xp 4+ €8x, (L X1,X2, . .5 Xp) + O(ez), (2.27)
oD R > oDy + €6 (621,22, o) + O(€7),

aD‘—;‘)_cz — oDfx; + eg‘g‘)(t, X1, X2, .- > Xn) + O(€),

oD %n > oDy + €60 (631,32, ., 2) + O(€?),

where {,Sf‘) ,i=1,2,...,nare infinitesimals that can be obtained in the following form
2 (a\ (n—a
- - 1
W = DY (&) — aDy(1)aD (xi) + ; <n> (ﬁ) DY () D (D), (2.28)

i=1,2,...,n Making use of transformation (2.27) in (2.26) and equating the coefficients € and omitting the terms of higher powers of ¢,
we obtain the invariant equations for (2.26) as follows

af; af; af;
() _ L L cLl
(Cx" ot fa 0x1 S dxy

d%xy d%xy
—=f =f2,

dr? T e dr?

d%xp
=Jn

Therefore, the infinitesimal generator X reads

0 0
X=1(t,x1,%2, ..., %) — + (X1, X2, . o5 Xp) —
ot 0x1
5 . (2.29)
+ ;xz(t)xl’xZV . .,Xn)— + -+ an(t,xl,xz,. . ~)xn)_>
0x2 0xy,
where
dt
t(t)xlyx2)~~~)xi’l) = 5 >
de | _,
dx;
O (bXx1 X050 0sxp) = —|  , i=12,...,n
de o

Therefore, the obtained prolongation formula for (2.26) is as follows
Pr9X(H) . 0, whereH = ,Dfx; —fi, i=12,...,n,

which can be written as

ngq)_Xfl.:o, i=12,...,n,

where the infinitesimals ;)gx) are given in (2.28).
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3. SYMMETRIES AND EXACT SOLUTIONS FOR SCALAR AND COUPLED FODEs

3.1. Fractional Thomas-Fermi Equation
Consider the fractional Thomas-Fermi equation [12,17] of the form
oDy =1"5x2, ae(0,1), t>0. (3.1)

Note that, when o = 1, the above equation is the well-known classical Thomas-Fermi equation that describes the charge distribution of a
neutral atom which is a function of radius ¢. The analytical and numerical solutions of the classical Thomas-Fermi equation were discussed
in [1,72].

3.1.1. Lie point symmetries

We assume that the Thomas-Fermi equation (3.1) is invariant under one-parameter Lie group of infinitesimal point transformations given
in (2.6). Hence, we obtain the following invariant equation

3 o o o
et _ Ex%t_fg“(t,x) + EX% =27 (t,x) = 0. (3.2)

Substituting the expression for the infinitesimal ¢ (a+1) given in (2.8) into the above equation (3.2), we obtain

o ad o+ 1 n—o—1 Lt l—n "
th-H (;-)—f-nzz()( " )(ﬁ)ol)t—kl (x)Dt"‘1 (1)

3 o o o
_EX% 1 2¢(tx) + Ex%t_f_lf (t,x) = 0. (3.3)

The above equation (3.3) is not solvable for the arbitrary infinitesimals (¢, x) and ¢ (¢, x) in general. In order to find the infinitesimals in
equation (3.3), we assume

T=1(t), ¢=a()x+a(),

where a; (f) and a,(t) are the unknown functions to be determined. Using the above expressions in (3.3), we obtain

—a 3 o
a1 (0)oDf x4 0D Flax(t) — (@ + DIFID(r) - SxH7E (@ (0x + aa(0)

S (3.4)
o 3 e a+ 1\ [d"a(t) n—a—1\ a+1—n
— zt 2 D D == 0
+2x T-f-;( " )|: ai + P i (1) | oDy (%)
Making use of fractional Thomas-Fermi equation (3.1) in (3.4), we obtain
o0
o+ 1\ [ d'a1(t) n—o—1 11 +1—
Z ( n ) |: dr" + n+1 DIt @] oD@
n=1 (35)
= _a QO _a_y 3 3 _ a1 o1
+ _Et 2 a1(t) — (¢ + 1)t 2Dy(7) + Et 270 [ x2 — Et 2x2ay(t) + oD ax(t) =0
which reduces to the following overdetermined system of equations
d"ai(t) n—a—1
il G I DItl(z) =0, (3.6)
1 o o o
—Eal(t)t_f — (@ + Dt 2Di(7) + %t_f_lt =0, (3.7)
a(t) = 0. (3.8)

Solving the above equations (3.6)-(3.8) subject to T(0) = 0, we obtain the explicit form of infinitesimals as
() =cat, ¢tx)=—(@+2)x, c €R.
Thus, the fractional Thomas-Fermi equation (3.1) is invariant under the following one-parameter Lie group transformation
t=t+ecqt,

x=x—¢€ci(@d+2)x

0 0
with the infinitesimal operator X = ¢;X;, where X; = tﬁ —(x+2) F
x
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3.1.2. Construction of exact solution

T(t) = c1t,

In this subsection, we explain how to construct an exact solution for equation (3.1). The obtained infinitesimals of (3.1) are
C(t,x) = —c1(a + 2)x.
Let us assume that F(x, t) is an invariant of fractional Thomas-Fermi equation (3.1), that is

XiF=t (o +2) oF 0

=1— — ( X— =0,
ST ox
which gives the characteristic equation as

dt

dx
t T —(x+2)x
On solving the above equation, we obtain the invariant function

F(x,t) = k = xt©@t?),
Hence this yields an invariant solution as

keR.

x(t) = kt~@+2),
Substituting the above invariant solution in equation (3.1), we have k = (
equation (3.1) as

(3.9)
I'(—(a+1)
T(—2(a+1))

2
) . Hence, we obtain an exact solution of Thomas-Fermi

o = ( F(—(@+1)

2
@+ e (0,1).
(=2 + 1))) ©D
The gamma coefficient (

g((:;&ilf;) in the above equation (3.30) becomes zero when «

(3.10)
_1
solution x(f) = 0. The exact solution (3.30) of fractional Thomas-Fermi equation (3.1) for different values of « is shown in Figure 1.

2

3.2. Bagley-Torvik Equation

and hence the equation (3.1) has a trivial

Let us consider the Bagley-Torvik equation [3]

3
AX(t) + B oD} x(t) + Cx(t) =f, t>0,

where A # 0, B, C are arbitrary constants and f is a function of t. It describes the motion of a rigid plate immersed in a Newtonian fluid [3].
The analytical and approximate solutions of the Bagley-Torvik equation were discussed through various methods [14,50,66].

(3.11)
40 — T T — Y
[ 1 5
\ 5
\ 5
\
L ‘ .
30+ 1
\ "
\ 5
\
\ ] ———-- a=0.1
20+ K ]
" \ ] a=0.4
\ .
7 \ ’x\ a=0.7
L \ RN
. " B [— a=0.9
Se S T
~ ~ R
~ - -
07‘ ; : _ﬁ-—___—-——ﬂ
0 1 2 3

Figure 1 = Graphical representation of solutions of fractional Thomas-Fermi equation (3.1) for various values of or.
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3.2.1. Lie point symmetries

Here, we assume that the Bagley-Torvik equation (3.11) is invariant under the one-parameter Lie group of continuous point transformations
(2.6). Thus, the obtained invariant equation is of the form

AC@ 1+ BeG) 4 ¢ = <f.. (3.12)
Substituting o = % in (2.8), we obtain the expression for ¢ € which in turn can be used in the above equation (3.12) to obtain

A [;tt + 28t — ) X + (Gax — 2T1x) it — fxxjc3 + (&x — 27 — 3x7x) x]
(3) — (3 n—3 n
+B|:0Dt (C)‘f‘nZ:O(Z)(n_i_l)D—HTODt (x):|_fft+C§:0-

The above equation (3.13) is unsolvable for the arbitrary infinitesimals 7 (¢, x) and ¢ (¢, x). In order to find the infinitesimals in equation (3.13),
we assume

(3.13)

T =1(t), { =ai(Hx+ ax(),

where a;(t) and a,(f) are the unknown arbitrary functions to be determined. Substituting the above expressions along with

3 >, /3 d"a;(t) 3_n
oD} <m(t)x)=§(;> A2 oDf "

and substituting equation (3.11) in (3.13) and then rearranging term by term, we have

1 . da1 . d2
—EArtx(t) + <2A— — Arﬁ> x(t) + ( + crt> x(t)

d dr
2 (3 | d"a n— 3
AE Q[ ()]s
n=1 +
d*a 3 3
+AdTZZ + (al(t) - Eft)f(t) + B oDfax(t) =0
which reduces to the following overdetermined system
d*a 3 3
Cary(t) —tfi + A—- 7 2 ai(t) — Ert f(t) + B oD/ ay(t) =0, (3.14)
ar n— 3 41
— D} R .1
dtnal()—i— +1 it =0 (3.15)
d’a
Ad—zl +icn =o, (3.16)
d
ZA% — Aty =0, (3.17)
At; = 0. (3.18)

On solving the last three equations with A # 0 and using t(0) = 0, we obtain
() =0, a1(t) =k, and <¢(t,x) =kix+ax), ki, k; eR. (3.19)

Substituting (3.19) in (3.14), we obtain

Aay(t) + B()Dt% ar(t) + k]f(t) + Cay(t) = 0. (3.20)

Making use of Laplace transformation on both sides of the equation (3.20) and regrouping the terms, we obtain the following equation

ax(s) = (5) () (5) 200 D3 a,(0)
@ E @6 T @[ oo
sD2ay(0) (£) kif ()

B
Fr@erE)
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whose inverse Laplace transformation along convolution is

kyt? (A rt‘%’Er+1 Ct%
+ 4 Z _E 31(3—;’) _E (3.22)

s 22
00 r

1 A 1 C 3

-5 _ — >R+l _ 3

et 3 (=5) e (5

1 t % 00 A —%r 1 C %
—k (g)/of(t—é)é ;<—§>é Y (—Eg )dg,

where the constants k; = a,(0), ks = a,(0), kg = D3 a(0) and ks = D_%az (0). Thus, the Bagley-Torvik equation (3.11) is invariant under
t=t,
x=x+¢€(kix+ ax(®)),

where a,(¢) is given in (3.22). The infinitesimal operator takes the following form
5
X =Y kX (3.23)
i=1

where

A & A\" 1 C 3 d
X, = )2 _ t_frEr-H ) —_,
? (B) ( B) 330-n " B ax
[ /A
B

r=0
o r
1 A 1 C s 0
X3 = t2 —=) 2] =) | —,
3 > (-5) o (57) |55
© .
1 A 1 C s 0
Xy = |t2 —Z) r2'E] —Z2 )| —,
=2 (5) e (50) |

— 00 ,
_ -1 A —Lrprl C: d
XS = |t 2 ZO (-E) t 2 E%,%(l—r) —Etz a

Note that when A # 0, B # 0, C # 0 and f(¢) # 0, the infinitesimal generator cannot be written as a linear combination of the space
coordinate and the time coordinate. For this reason, the invariant and exact solutions of (3.11) cannot be obtained.

3.2.2. One-dimensional optimal system

In this subsection, we construct a one-dimensional optimal system for the symmetry algebra generated by X, X, X3, X4 and Xs. In order
to obtain the optimal system, we follow the algorithm provided by Olver [48] and Ibragimov [28]. The commutator table for the symmetry
generators X;, i = 1,2,...,5is given in Table 1.

Table1 Commutator table for infinitesimal generators of equation (3.11)

[xi ;] X, X X3 X4 Xs
X1 0 —X3 —X3 —X4 —X5
X2 X 0 0 0 0
X3 X3 0 0 0 0
Xy Xy 0 0 0 0
X5 X5 0 0 0 0
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Table 2 Adjoint representation for infinitesimal generators of equation (3.11)

Ad (exp(eX;)) X; X1 X, X3 X4 X5
X1 X1 e X, e X3 e Xy e X5
X2 X1 —€Xp X2 X3 X4 X5
X3 X1 —€X3 X2 X3 X4 X5
X4 X1 —€Xy X2 X3 X4 X5
X5 X1 —€X5 X2 X3 Xq X5

From the table we observe that the symmetry generators of Bagley-Torvik equation (3.11) form a closed Lie algebra £ of dimension five.
Now we determine optimal system of one-dimensional subalgebras for (3.11). The adjoint representation of the infinitesimal generators is
obtained using the following series

1
Ad (exp(eX)) X; = Xj — € [ X1, Xj] + 562 (X [ X X]] =+ (3.24)
Hence we obtain the adjoint representation of form given in Table 2.

Theorem 3.1. The one-dimensional optimal system of Lie algebra L for the Bagley-Torvik equation (3.11) is X;.

Proof. Define the maps Ff : L — Las Ff (X) = Ad (exp(eX,-)) X,forX € Landi = 1,2,...,5. Let X € L be arbitrary. Then
X= Zis=1 a;X;. The composition of maps on X takes the form

5
FfoFsoFsoFfoFs (X)=aXi + Y (ai — are) X (3.25)
i=2

If a; # 0, then by taking € = Z—{ foreachi=1,2,...,5, the arbitrary vector X is the scaling of X;. This completes the proof. O
3.2.3. Special cases
The special cases for Bagley-Torvik equation (3.11) are discussed below.
Case 1: Let B= 0 and f(t) = 0, t > 0. Then the equation (3.11) reads

Ax(t) + Cx(t) =0 (3.26)
which can be written as

x(t) + kx(t) =0, (3.27)

where k = %. For k > 1, the above equation (3.27) models the motion of a simple harmonic oscillator [67]. Let (3.27) be invariant under

the Lie group of transformation (2.6). Then the invariant equation is
Stt + Uex — T + 3kTox(t)x + (Gxx — 2700)% — Taxk® — kgxx(t) + 2kex(t) + k¢ = 0. (3.28)
Proceeding in the above similar manner, the above equation (3.26) is invariant under
t=t+et(t,x),
x =x+ €¢(t,x),
where

ks sin(2+/kt) _ ke cos(2v/kt) .
2k 2Vk
(t,x) = [—k3«/Esin(«/%t) + k4«/%cos(\/lzt)] 2+ % [k5 cos(Z\/l;t) + k¢ sin(Z\/l;t)] X

k7,

T(t,x) = [k3 cos(«/%t) + ky sin(«/%t)] x+

+kgx + k1 cos(\/l;t) + k; sin(\/lzt),

ki, i=1,2,3,...,8are constants of integration and k = %, A # 0. Hence the infinitesimal operator reads

8
X= Z kiX;,
i=1



230 K. Sethukumarasamy et al. / Journal of Nonlinear Mathematical Physics 28(2) 219-241

Table 3 Commutator table for infinitesimal generators of equation (3.27)

[xi ;] X3 X X3 X4 Xs X X7 Xs
X 0 0 17— viXe  VE(Xs + 3%s) 1x 1x, VEX, X
X 0 0 VkXs — 3Xg 1X7 + VkXe -1x 1x —Vkx Xz
X3 VkXs - 3X7 3Xs — VkXs 0 0 X 35Xy VkXy —X3
X —Vk (X5 + 32X —(1x7 + VEX -1 i —Vk -

4 5+ 5Xg X7 + 6 0 0 7X4 7X3 X3 Xy
X5 -1x 1% -1x3 1X4 0 217)@ 2/kXg 0
Xe -1x -1x —1%4 -1x3 ﬁ)@ 0 —2VkXs 0
X7 —VkX, VX1 —VkXy4 VX3 —2VkXg 2VkXs 0 0
X3 —-X1 E2.9) X3 Xy 0 0 0 0

where
ad
X = cos(«/Et)—,
dx
. ad
X, = s1n(\/%t)—,
0x

ad ad
X3 =x cos(\/Et) — —x*Vk sin(\/Et) —,
dat dx

ad ad
Xy =x sin(«/Et) — + 2k cos(\/Et) P
x

2 L
X5 = sin(2vkt) i +3 S(Zx/%t)ai,
X

C2Jk ot
cos(2«/_t) d 1 (2\/_1‘)—

X = =
¥ C2Jk ot o
0 0
X; = —and Xg = x—.
at ox
The commutator table for the infinitesimal generators X;, for i = 1,2,...,8, is given in Table 3. By taking k = 1, the linear combinations

X5 — X3, X + X5, Xq + Xy, X — X4, X7, X, 2X5 and —2X¢ coincide w1th the operators obtained for one-dimensional harmonic oscillator
equation in [67]. Also, as discussed in [67] the combinations X, — X3, X; + X4 and X7 form a compact subalgebra. The Lie symmetries of
the second order ODEs are discussed in [2,8,27,49,67].

Construction of exact solution

Consider the infinitesimal generator X = X7 + X; + X5. Let us assume that F(x, t) is an invariant of equation (3.27), that is

XF = 2)7 + [cos(VRD) + sin(\/Et)] o=
which gives the characteristic equation as

atr dx

1 cos(\/Et) + sin(«/Et).

On solving the above equation, we obtain the invariant function

Fl,t) =c =x— 7 (sm(«/—t) - cos(«/—t)) aq eR.

Hence this yields an invariant solution as

x(t) = (sin(\/lzt) - cos(\/l;t)) + a1 (3.29)

1
vk
Substituting the above invariant solution (3.29) in equation (“ 7), we have ¢c; = 0. Hence, we obtain an exact solution of equation (3.27) as

x(t) = (sm(\/—t) - cos(\/—t)) (3.30)
Vk
Case 2: For C=0and f(¢) = 0, t > 0, the equation (3.11) takes the form

A%(t) + B th% x(1) = 0. (3.31)
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The above equation (3.31) is invariant under

where

o=

B 1 B B B 1 B B
az(t):sz%,l —Ktz +k3tE%)2 —th + K k4tE%’2 —Ktz + Z kStE%’l —Zt

ky = a3(0), k3 = a,(0), kg = D? a>(0) and ks = D_%az(O). Hence the infinitesimal operator reads

5
X= Z kiX;,
i=1

)

where

The Lie brackets for the above case are X}, X;] = —X; forj = 2,3,4,5, [X;, X;] = 0fori,j = 2,3,4,5...,and [X},X;] = 0. In this case the
commutator table and adjoint representation are same as that of Tables 1 and 2 respectively.

Note 7. Since the adjoint representation of the infinitesimal operators are same as that of Bagley-Torvik equation (3.11), the one-dimensional
optimal system of Lie algebra is X.

3r,._1
Case3:LetC=0,f(t) = 2 [At I 4 Bﬁ] Then (3.11) becomes

AR(t) + BoDE x(t) = [At—% + Bﬁ] (3.32)

=W

which is invariant under

1
Il

t)
x = x+ e(kix + ax(t)),

B B B B 1
—+ Z k4tE%’2 _Zt + Z kStE%)l _th
B 1 3B 5 B 1
E%% <_Zt2> + <H> ki/mt E%)3 <_Zt2>’

where ky = a5(0), ks = a,(0), k4 = D%az(O) and ks = D_%az(O). Hence the infinitesimal operator reads

5
X= Z kiX;,
i=1

where

=
o=

B 1 B
(12(t)=k2E%’1 —th +k3tE%)2 _Zt

™

qone

where

i
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| — |
=
+
N
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1L
s
[SI[9;)
|
> | =
T
N—
_|_
N
N
N
N———"
§
P"l\-)
s
o
|
|
T
N——"
| I
DO
><v| ®

a
[
t



232 K. Sethukumarasamy et al. / Journal of Nonlinear Mathematical Physics 28(2) 219-241

X3 = (E B
3 = L, A
Xy

B B 1\ 0
Xs=—)E1 | —t72 ) —.
A 2 A dx

The commutator table and the adjoint representation of the equation (3.32) take the form same as that of Tables 1 and 2 respectively and
hence the one-dimensional optimal system of Lie algebra is X;.

Il
N
| W
N———"

~
Nlm
)

|
| o

~

|

=
N——"
2

o

=

o,

Note 8. We would like to point out that in the above case 2 and case 3, the infinitesimal generator cannot be written as a linear combination of
the space coordinate and the time coordinate. For this reason, the invariant and exact solutions of (3.31) and (3.32) cannot be obtained.

3.3. Two-Coupled System of Fractional Quartic Oscillator
Consider the two-coupled system of fractional quartic oscillator as follows
oD xy =dksxi + 2ksxy 13,
0Dy =4k + 2ksxdxa, @ € (0,1), t> 0. (339

Note that, when ¢ = 1, k3 = 1, k4 = 8 and ks = 6, the above system (3.33) is known as classical quartic oscillator. The integrability of the
classical system was discussed in [35]. It is noteworthy to mention that when @ = 1, k3 = —B, ky = —1, ks = —A, the above system (3.33)
becomes the equations of motion for quartic potential and its detailed discussion can be found in [33].

3.3.1. Lie point symmetries

If the system given by equation (3.33) is invariant under one-parameter Lie group of transformation as given in (2.27), then the invariant
equations are as follows

CD = 12k3x7 8y + 2ks X358y, + 4ksxi %o, (3.34)
D = 12k L, + 2ksX] Sy + 4ksX1 X0 L, (3.35)

212c

The above invariant system (3.34)-(3.35) is not solvable for arbitrary infinitesimals 7 (¢, x) and ¢ (¢, x). Thus, we assume the infinitesimals of
the form &, = a(t)x; + b(t)x2 + c(t) and &y, = p(t)x1 + q(t)x2 + r(t). Hence, the equation (3.34) can be written as

D = DAFY(g) — (@ + DD (0)a DI (x1)

S o+ 1 n—a—1
+ Z ( " ) (ﬁ) aD?+1_n(x1)D?+l(T)~

n=1

(3.36)

Substituting the expression for the infinitesimal {,gﬂ'l) in the above equation, we obtain

oD (@(t)x1 + b(t)xz + () — (& + 1)De(v)o DY T (a(B)x1 + b(H)xz + c(t))

2 la +1 n—a—1
" +1- +1
+ Z ( " ) <n7—|—1> oD T (x)DI T (1)

n=1

= 2k; (a()x1 + b(t)x + (1)) + 12ksxi (a(t)x; + b(D)xz + (1))

(3.37)

+ 2ksx3 (a(t)x1 + b(Dxz + c(1)) + 4ksx1x2 (p(t)x1 + q(B)xz + (D).

We recall that

oo
o+ 1\ d* _
oD¥ a(h)x = Z( i >ﬁa(t)0D‘;+1 1 (3.38)

n=0
> (a4 1\ d"
oDf M b(t)xy =) ( . >ﬁb(t)0D‘t"+l_"x2. (3.39)

n=0
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Using equations (3.38) and (3.39) in equation (3.37), we obtain
n

00
a+1\d _
a(t) 0D?+IX1 + ; ( " ) a a(t) OD?H_1 "x1 + b(l’)oD‘tx-sz

2 (a4 1\ d"
+> ( . )ﬁb(t) oD¥ Ty + oD¥ T e(t) — 2k1 (@ + 1)Ds(T)x;
n=1

— 4ks(a + 1)Dy(t)x; — 2ks (o + 1)Dy()x1 X3

. (a +1 n—o—1
v +1— +1
+ Z ( " ) (ﬁ) oD T (x1) DT (1)

n=1
= 2kja(t)x; + 2k b(H)xy + 2kic(t) + 12kza(H)x
+ 12k3b(t)x%x2 + 12k3c(t)x% + 2k5a(t)x%x1 + 2k5b(t)x§ + 2ksc(t)x%
+ 4k5p(t)xfx2 + 4k5q(t)x1x% + 4ksr(t)x1x;.
Making use of fractional quartic oscillator equation (3.33) in the above equation (3.40), we obtain
— [8ksa(t) + 4ks (e + 1)Dy(T)1x] + [2kab(t) — 2k1b(D)]1x2
+ [4kyb(t) — 2ksb(t)]x; + [2ksb(t) — 12k3b(t) — 4ksp()]xix
— [2k1(e + DDy(0)]x1 — [2ks (e + DDy (7) + 4ksq(D)]x1x3
— 12ksc(D)x} — 2ksc(t)xs — 4ksr(Dx1x;

o0
+1 d" n—a—1 _
) [ (e

n=1
oo
a+1\d* _
+ D‘t"+1c(t) — 2kic(t) + Z ( y )ﬁb(t) oD?"H ey = 0.
n=1

In a similar manner, equation (3.35) can be reduced to
[2kip(t) — 2kap(t)x1 + [4ksp(t) — 2ksp(D)]x] + [2ksp(t) — 12kgp(t) — 4ksb(t)]x1 %5
+ [4kaq(t) — 4ky(o 4+ 1)Dy(t) — 12ksq(D)105 — 2ka (@ + 1)Dy(7)x2
— [2ks(a + 1)Dy(t) + 4ksa(t)]xix) — 12kgr (D)3 — 2ksr(t)x] + oD¥ 1 r(t)

> (o +1\ d" wtlon
— 2kyr(t) — 4ksc(H)x1x2 + Z " ﬁp(t) th X1
n=1

> fa+1 dar n—a—1
e (“0) |G+ (S ) e oo =

n=1
Equations (3.41) and (3.42) reduces to the following overdetermined system of equations

dar n—oa—1 ]
a0 (ﬁ)w @ =0 mek

%q(t) + (%) D*(r) =0, neN,
ksb(t) — 6k3b(t) — 2ksp(t) = 0,
ksp(t) — 6kyp(t) — 2ksb(t) = 0,
ks(ee + 1)Dy(7) + 2ksq(t) = 0,
ks(oe + 1)Dy(t) + 2ksa(t) = 0,
2kza(t) + ks(a + 1)Dy(t) = 0,
2k4q(t) + ka(a + 1)Dy(t) = 0,

b(t) = c(t) =0,
p) =r() =0.
Equation (3.43) subjected to the condition 7(0) = 0 gives

(a4 Da

T(t) = cit, a(t) = 5

233

(3.40)

(3.41)

(3.42)

(3.43)

(3.44)

(3.45)
(3.46)
(3.47)
(3.48)
(3.49)
(3.50)
(3.51)
(3.52)
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where ¢ is an arbitrary constant. Hence we obtain infinitesimal

(@ + Deyxy
lyy =————F—.
2
Similarly, from equation (3.44) we obtain
(@ + Deyxp
Cx, = s
Thus, the two-coupled system of fractional quartic oscillator (3.33) is invariant under
t=t+eqt,
_ e(a + 1)cix
Xl =x -0},
2
_ ela+ 1)cix;
B=m s

with infinitesimal generator as

d 1 d 1 d
Nmepd @tDa 0 @tba o

at 2 Yo, 2 tax,

3.3.2. Construction of exact solution

Let F(t, x) be an invariant of equation (3.33). Then
taF (¢+1) OF (¢ +1) OF

XF = 11— — X)—.
ot 2 0X1 2 0x,
The characteristic equation of the above equation becomes
dt _ dxy _ dx;
t  —@+D  —(@+D
X1 X2
2 2
First we consider
dt _ dx;
t  —(+1) °
—
2

—(a+1)

which gives the invariant solution x; (f) = kt— 2, where k is the constant of integration and is given by

1
poa| ! <4k3k4 - 2k3k5) rza—-w) |°
T4 \ 4k —R )T (-la+3w) |
Hence, we obtain the exact solution of the coupled system of fractional quartic oscillator equations (3.33) as

1
1 (4k3k4 - 2k3k5> r(ia-w) :|2 et
T

xi(t) =+ [—

ks \ 4ksks — k2 (=31 +3w)

and by proceeding in the similar manner, we obtain

8kaks — 2k2

1
2k; — ria- CR
xz(t)=:|:[< ks — ks )F (G0 -) } 9 kkoks € R, a e (0,1).

(=301 + 3a))

2 272

(3.53)

Fora = %, the system (3.33) has a trivial solution x; = 0 for i = 1,2 because of singularity of Gamma function at nonpositive integers.
The graphical representations of solutions of fractional system of two-coupled quartic oscillator equation (3.33) for various values of o with

ks =1, ky = 8 and ks = —5 are shown in Figure 2.

3.4. Fractional Type Coupled Equation of Motion

Consider the following fractional type coupled equation of motion having the form

OD‘;"Hxl = —2Bxjx; — 3fo,
o+1 2 2 (3.54)
ODt Xy = —3x2 — Bxl, a€(0,1),
where B, C are constants. Note that, when o = 1, the system (3.54) is referred to as equations of motion for a cubic potential and its

integrability is discussed in [33].
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Figure 2 = Graphical representations of solutions of fractional system of two-coupled quartic oscillator equation (3.33) for various values of «

3.4.1. Lie point symmetries

Assume that the fractional type coupled equation of motion (3.54) is invariant under one-parameter Lie group of transformation (2.27)
Then, we obtain the invariant system as

£ = —2Bx ¢y, — 2BxaGy, — 6Cx18x,
(+1) __

(3.55)
P = —6x28x, — 2Bx18y,-
The above system (3.55) is not solvable for T and ¢y, i = 1,2, 3 in general. Then by using the following assumptions for ¢y, &, and gy,
$x = a1(Ox1 + a2(H)x2 + a3(1),
L, = bi(W)x1 + ba(H)x2 + b3(2)

and also by using the series representation given in (2.28), we obtain the following overdetermined system

n

d
Dn-H
—dtnal()+< 1) (r) =0, neN,

_ Dn+1 _ ,
dtnbz()+( +1> (r) =0, neN

ai(t) + (@ + 1)Dy(t) = 0, (3.56)
by () + (@ + 1D (7) =0,
—by(t) + (o + 1)Ds(7) + 2a1(t) =0,
ax(t) = az(t) =0,
bi1(t) = bs(t) = 0.
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Solving the above system (3.56) with 7(0) = 0, we obtain the infinitesimals as
T=ct, & =—(e+Decxi, & =—(o+ Dex.
Thus, the fractional type coupled equation of motion (3.54) is invariant under one-parameter Lie group of transformations
t=t+ect
X1 = x1 — €(a + Dcxq,
Xy = xp —€(a + 1exp

with infinitesimal generator
X =t (@+1) ! (@+1) ’
=c— —(« cxp— — (o Xy —,
ot "ox, 2 9x

which can be written as X = cXj, where

3.4.2. Construction of exact solution

The invariant function F(x, t) of (3.54) reads
oF oF oF
XiF=t——(@+D|x1—+x—)=0,
at x

which gives as follows

dt dxy dx

t —(@+Dx;  —(e+Dxy
Thus, we obtain an exact solution of the fractional type coupled equation of motion (3.54) as follows

9C + \/81C2 — (16B° — 24B?) LG4

=@t | —(at1)
x1(t) = t >
1(8) 15
(3.57)
2 2 _ 3 _ 2y_ (=)
N +3C,/81C2 — (1653 — 24B%) - LG4 M) | e
2 2B 4B2 T(—Qa + 1)) ’

where @ € (0,1) and 81C*I'(— (2 + 1)) > (16B> — 24B?*)I"(—«) must hold for the existence of real solutions to the system (3.54). In
the Figure 3, the geometrical representations of solutions of fractional type coupled equation of motion for various values of « are given, in
which the constants are assumed to be B= 2 and C = 8.

3.5. Fractional Lotka-Volterra ABC System

Consider the following fractional form of Lotka-Volterra ABC system [65]
oD¥x1 = x1(Cxz + x3),
oD¥xz = x2(x1 + Axz), (3.58)
oD} x3 = x3(Bx; +x2), «a € (0,1),

where A, B, C are constants, x1, x2 and x3 are functions of t. The approximate analytic solution of fractional two-dimensional Lotka-Volterra
system was investigated in [13]. Note that, when o = 1, the system (3.58) is referred to as the classical Lotka-Volterra system or the Lotka-
Volterra ABC system. The integrability of (3.58) with & = 1 was discussed in [22,35,41].

3.5.1. Lie point symmetries

Assuming that the system (3.58) is invariant under Lie group transformations given in equation (2.27), we get
C,Sft) = Cly,x1 + Clx X2 + a3 X1 + $xy X35
) = G x + GoX + Al Xa + Al s,
G = Blyxs + BLuXi + Lo X3 + Lu o,
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Figure 3 Graphical representations of solutions of fractional type coupled equation of motion for various values of «.

Let us assume that the infinitesimals ¢, , {x, and ¢y, are of the form
Ly = ar(®)x1 + ax(H)x2 + az(Hx3 + as(?),
Ly, = bi(t)x1 + ba()x2 + b3(H)x3 + ba(t),
lxy; = c1(Dx1 + c2(BDx2 + c3(B)xz + ca(t).

Cxy = —QCX,  §xy = —0CX3.

Proceeding in the above similar manner, we obtain
T =ct, &y = —wcxy,

Hence, the fractional Lotka-Volterra ABC system (3.58) is invariant under
t=t+ cet,
J_Cl = X1 — €0cxy,

9_62 = Xy — €0CXy,
X3 = X3 — €0.CX3.

d d d d
X=ct— —ocx] — — acxy)— — acx3 —.
3)62 3)63

Hence, the infinitesimal generator is
Jat 0x1

dt dxy dxy
o —0oX] o —0X) o —(¥X3.

3.5.2. Construction of exact solution
The invariant function F of system (3.58) satisfies the equation XF = 0. Hence its characteristic equation becomes
dX3
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On solving the above characteristic equation, we obtain an exact solution of fractional Lotka-Volterra ABC system (3.58) as

) |:<AC—A+ 1) ra-o7 .«

ABC+1 ) T(1—2a)]

o) [(AB—B—i—l) ra-ol,

ABC+1 ) T —20) ]

) — |:<BC— C+ 1) ra-o ..

ABC+1 ) T(-2a)|

(3.59)

where o € (0, 1). Note that for « = %, the solutions of the system (3.58) takes the form x; (f) = x2(f) = x3(tf) = 0 which is trivial. In the
Figure 4, for A = 2, B = 1and C = —1 the geometrical representations of solutions of the fractional Lotka-Volterra system (3.58) for various

values of « are given.
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Figure 4 Graphical representation of solutions of fractional Lotka-Volterra ABC system (3.58) for various values of c.
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Note 9. Observe that the obtained invariant solutions of the form x(t) o t~ holds only for the R-L fractional derivative because

d“ 'l—o
@ (t_a) = ﬁt_za, a € (O, 1), t> 0.

These type of solutions are not available in the sense of Caputo fractional derivative [32,52].

4. CONCLUDING REMARKS AND DISCUSSION

In this article, we have shown how we can extend the Lie symmetry analysis method for n-coupled system of FODEs with R-L fractional
derivative. Also, we systematically presented how to derive the Lie point symmetries of scalar and coupled FODEs namely (i) fractional
Thomas-Fermi equation (3.1), (ii) Bagley-Torvik equation (3.12), (iii) two-coupled system of fractional quartic oscillator (3.33), (iv) frac-
tional type coupled equation of motion (3.54) and (v) fractional Lotka-Volterra ABC system (3.58). Furthermore, we explicitly derived
the exact solutions of the above mentioned FODEs wherever possible using the obtained Lie point symmetries. The numerical solutions
of fractional Thomas-Fermi equation with Caputo derivative was discussed in [12]. In the presented work, we derived the invariant
solution of Thomas-Fermi equation (3.1) in the sense of R-L fractional derivative of the form x(t) o« t~**2). Since the dimensions of the
symmetry algebras for Bagley-Torvik equation and its various cases are greater than 2, we constructed the optimal system of one-dimensional
subalgebras. We know that the maximal dimension of symmetry algebra for second-order classical ODE is eight. For the second-order
Bagley-Torvik equation (3.11), the dimension of symmetry algebra is five due to the presence of R-L fractional derivative of order % We also
systematically found the optimal system of Lie algebra for (3.11) with various cases.

We not only extended the Lie symmetry analysis method for n-coupled system of FODEs with R-L fractional derivative but also established

the efficiency of the method by solving the two-coupled system of fractional quartic oscillator (3.33), fractional type coupled equation of
(@4D)
motion (3.54) and fractional Lotka-Volterra ABC system (3.58). For the system (3.33) the invariant solution x; o t~ > fori = 1,2. The

fractional type coupled equation of motion (3.54) admits the invariant solution of the form x; @D for j = 1,2. Similarly, we observe
that the invariant solution of the fractional Lotka-Volterra ABC system (3.58) is of singular type and is of the form x; o< t~% fori = 1,2, 3.
These type of obtained exact solutions are possible in R-L fractional derivative but not in Caputo sense [32,52]. The exact solutions of the
given scalar and coupled FODEs were graphically shown for various values of «.
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