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1. Introduction

The classical Laplace invariants [10] were introduced in the context of second-order, linear
hyperbolic systems of the form
Zypy + 02 + b2,y +cz =0, (1.1)

where a, b and ¢ are given functions and z = z(z, y) is an unspecified solution of this partial
differential equation.

The form of Eq. (1.1) is unchanged under a general transformation z — g(x,y)z where
g(z,y) is a sufficiently differentiable, but otherwise arbitrary, function. In fact the coeffi-
cients of the equation are simply mapped into new functions,

a—ad =a+g gy,
b=V =b+g 9., (1.2)

cd=ctglag,+9 b,y + 9 Gy
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and it is easily seen that the following two functions are invariant under such a
transformation:

h=a, +ab—c, (1.3)
k =b,,+ab—c. (1.4)

More than this, the pair {h,k} is a complete set of invariants in that two equations of
the form (1.1) having exactly the same invariants, as functions of x and y, must necessarily
be related by a gauge transformation of the sort described. The family of equations is thus
partitioned into equivalence classes labeled by these pairs of functions. These functions are
called Laplace invariants by many researchers in integrability theory (see e.g. [5, 6, 8, 14,
16, 17, 19]).

Such invariants have played an important role in recent work on the geometrical theory
of integrable systems and soliton equations. It is not our purpose to rehearse these connec-
tions here and we refer the interested reader to Refs. [11, 20] where much of the material is
reviewed. However, it is important to point out that a valuable role is played by the Laplace
map, a differential map between equations of the form (1.1) which acts on the equivalence
classes according to the equations of the two-dimensional Toda lattice [12, 18]. The gener-
alization of the Laplace map to higher dimension and higher rank linear systems is of great
importance [1, 20]. This paper should be regarded as a prolegomenon to a general theory
of such transformations.

There are generalizations of the classical Laplace invariants already in existence. They
are mainly developed to answer questions about factorizability and integrability of partial
differential equations.

Thus in the work of [8, 14, 17] Laplace invariants are constructed for scalar linear
partial differential operators of order greater than two. The accompanying calculations are
computationally demanding and attempts have been made to put the construction into a
more abstract, systematic framework [10, 13].

Another important direction of generalization is to nonlinear systems. In [4] are defined
invariants for Toda lattices via a hyperbolic linearization and in [7] a geometric view is
taken via exterior differential algebra. Here the invariants are defined via localization and
this may be related to the approach of the previous paragraph.

Laplace invariants arise naturally in the theory of the Toda Lattice and in integrable
equations of hydrodynamic type [3, 15].

There is a large body of work on the definition and application of such invariants and
there is no space to be comprehensive here. Further work is cited in the references given.

In Sec. 2 we develop a complete theory of generalized Laplace invariants for n-
dimensional, linear hyperbolic systems. In particular we describe a minimal, complete set
of invariants labeling gauge-equivalence classes. The implementation of Laplace maps on
such invariants will form the subject of another study.

In Sec. 3 we consider the case of an n-dimensional matrix system with fewer than n
independent variables. In this case the scalar coefficients of the first section are effectively
replaced by matrix-valued objects. We are able to give a general prescription for constructing
matrix-valued, generalized Laplace covariants generalizing that of, say, [9]. Invariants in
such circumstances would arise from traces of suitable polynomials in the covariants. We
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do not discuss completeness in this case and again we do not here treat the corresponding
generalized Laplace maps.

Before proceeding let us note that the form (1.1), though symmetric, has a degree of
redundancy about it. We may choose to transform it using a gauge transformation z — gz
where g satisfies g,, = —a(x,y)g. In this case the transformed equation is

2oy + </{k - h}dy) 2y —hz =0, (1.5)
and the dependence on the equivalence class is explicit. An equation of this reduced form,
Zypy + 02,y +c2 =0, (1.6)

still retains a gauge covariance, namely z +— g(z)z, the gauge function depending upon x
alone and it is naturally written as a system in z and z,,:

Oy —Pc\ [(—Bzy\ _
(s ) (27) =0 0
where 3,, = 3b.

Of course, we might equally consider reduced forms
Zypy + 02, +cz =0, (1.8)

with y dependent gauge transformations, but what we cannot do in general is reduce to the
form

Zyay +cz =0, (1.9)

as this requires that the special relationship h = k, Vx,y should hold.
Equally we could start with a general system form

Or + h11 h12 > <Z1)
=0 1.10
< ha1 Oy + haz ) \ 22 (1.10)

as is done in [1]. Gauge transformations preserving this form of system are 2 x 2 diagonal
matrices acting on the two component vector of the z;. The gauge invariants are

(12) = highor, (1.11)

1. (h
[12] = hityy — oz + I (2 )y (1.12)

However the redundancy is also present here and we can use the gauge transformation
to kill the diagonal terms h1; and hgo. This leaves us with the canonical form

O h12> <Zl>
=0, 1.13
<h21 8y z9 ( )

and residual gauge transformations
(-6 L))
29 0 gaz)) \ 2
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with invariants

(12) = highoi, (1.15)
2] = %m(%),w. (1.16)

21

It is not difficult to verify that these invariants are a complete set for the canonical
form (1.13).

In what follows we shall consider n x n systems and discuss the completeness of the
sets of invariants constructed in a similar manner to those presented in this introduction.
We shall also relate them to second-order, matriz equations, i.e. those of the type (1.1) but
having a, b and ¢ as square matrices rather than simple functions.

We use the word dimension to denote the number of independent variables which we shall
henceforth write as x1, xo, ..., x,. By rank we shall understand the number of components
in the solution vector z: z1, zo,..., 2.

2. Invariants for General Hyperbolic Systems

Definition 2.1. Let L be an n x n matrix differential operator

o1 + hin h12 e hin
hoy Oy +hog - hon
L = . . . . 5
hnl hn2 o 871 + hnn
where 0; stands for 0/0z; and the h;; are functions of 1, x9,...,z,. If g is a diagonal n x n
matrix such that ¢g~! exists, then H = H (hij) is invariant under the gauge transformation
L' =g 'Ly,

so long as H(hj;) = H(hi;).

2.1. The case where rank and dimension are equal

In this case we deal with matrix differential operators

o 0 - 0 hin hiz -+ hag
e I O (2.)
S B A
and gauge transformations
L—L =g 'Lg (2.2)
of the form
g 0 0
g= O " O . (2.3)
oo

1250024-4 394



Laplace Invariants for General Hyperbolic Systems

The h;; and g; here are functions of all variables x1,z2,...,x, but we may choose the
reduced (canonical) form in which the diagonal entries hii, hoo, ..., h,, are gauged away
by solving the n equations: g;,; + hyug; = 0,1 =1,2,... n.

61 0 e 0 0 h12 e hln
0 82 0 h21 0 h2n

The residual gauge freedom is

91(571) OA 0
g= 0 (%) § 0 (2.5)

where hatted variables are deleted from the list of arguments in each g¢;. Under such
transformations

hij & gi(£:) " g;(&5)hy (2.6)

and it is easily seen that the following objects are all invariant: Choose from the n labels
{1,2,...,n} a subset of p distinct ones, {i1,42,...,%,}, and define the symbol:

(i1i - dp) = NiyiyNigis = Piyiy - (2.7)

We say the symbol (iyig - - -ip) has length p. Thus in the case of the symbols of lengths
2 and 3 we have (Z]) = hijhji and (ij) = hijhjkhki-

Because of the cyclic symmetry in these products there will be Mn"—_!p)! symbols of length
p. The symbols of length p are permuted under the action of 5,,, the symmetric group on
n labels.

In addition there are %n(n — 1) invariants denoted by square bracket symbols thus:
. .. 1 P
[i7] = —[ji] = 5010]' ln<h—;]> (2.8)

We call the invariants (2.7) and (2.8) simple. All functions of these symbols are them-
selves invariant but we will now show that within the set of simple invariants there are a
complete subset i.e. a set the knowledge of which is enough to determine the operator L
completely up to gauge transformations.

Lemma 2.2. The functions [ij] and (iyiz---ip) are invariants.

Proof. We consider the n x n differential operator matrix L

O hia - hiy
hor 02 -+ hoy

L = . . . . ’
hnl hn2 T 8n
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where h;; are functions of x1,

Then g 'Lg = L/ gives us

Now

which gives

since

Z2,...,Tn. We find the invariants of L. by using the gauge
transformation, g~ 'Lg = I/, where g is a n x n diagonal matrix

g 0 - 0
0 go -+ 0
9= . . : .
0 0 - gy
0= (lngi),ia

hi; =g; 'gihi, (i # 7).

Grr = 0>

where r = 4, j. This gives us the antisymmetric invariants

L[ hy
jl==(ln—2L) .
[ 2(%-)@

Finally we consider the following relations

Then we obtain

R

1112

h. .. hi

121371314

to give the p-index invariants:

(1913 -

g g h
hilig - gi1 nghth?
hiQig - gi2 g’L3h’LQ’L37

! -1 _ 7
hi3i4 =9y iy h1314’

! —a ' g h
ip—1%p _gipflglp ip—1ip

! -1 _ 7
hipil =9, 9in thzl-

R

Tp—10p' Viptl

ip) = By Nigighigiy -+ b

)

/
hi iy = iyigNigigigiy -

ip—lip

h

where the i, are a choice of p distinct integers in {1,2,...,n}.

1250024-6

’ hipflip hipil

ipl1

(2.9)

(2.10)

(2.11)

(2.12)

(2.13)
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By recalling (2.12) and (2.13) we now collect all the invariants of L as follows:

S 1 Ty

(irdods - ip) = NiyigPigisPigis -+ Ry _yiy Rii - O
Definition 2.3. The functions [#] and (i1i2i3 - - -4,) are called the simple invariants of L.

Theorem 2.4. The simple invariants form a complete set for the equivalence class of 1L
under gauge transformations, where L is defined by (2.4).

Proof. The proof depends on showing that one can construct a suitable gauge matrix g.
In other words we need to show that
e
L =g 'L @{ o wr=tal }
g g (19213 - "Zp)/ = (dyioiz- "Zp) ’

where {i1,12,13,...,ip} C{1,2,...,n}.

We already know that “=" is true. We only need to prove the “<” part. Assume the
RHS is true i.e.

] = [if],

(iyigig -~ ip) = (i1d2i3 - ip),

for all subsets {i1,42,...,ip} € {1,2,...,n}. Let us choose an n x n diagonal matrix f such
that
fi 0 -~ 0
S |
0 0 - f
where

f1 = highashss - - - hy—1p,
f2 = hishashsa - hp—1n,
f3 = highbshsa - hp_1n,

ARNARY /
fn—l = h12h23h34 ce hn—Qn—lhn—lm

NN AN ! /
fn - 12h23h34 s hn—2n—1hn—1n'

Then we obtain

o + 511 7112~ e f:lln
FLf = hot  Ox+hoy -+ hop
Enl ian T 8n + Bnn
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where
sz—f‘_lfjhi] (27&])7
hi = (Infi); (=12,...,n).
Thus we need to show
hi = hy (i # j).
We easily prove (2.14) as follows:
hig = £ fihyg (i # ).
Let 2 < 5. Then
fi = Rights - hi_ 1¢hz'z'+1 e hjighgipn s hnein,
fi = Pightg -~ hi_yihiey - yhjien - Pnin.
Thus
71 f] h h§i+1h;+1i+2 e ;'—1]' o
TR T huihitise b1y
_ Wi Mirizo - W1 jh hyi he
Riiv1hivrivo - hj—ijhs bl K
i+ 1i 2 ')'.@ hi;
i+ 1i+2---7) h;.i h’ij
v
I
— h.
since (5 +1i+2---§) = (i + 1i +2---5) and (i) = (%).
Similarly
7 i hiiv1hivriv2 - hj—1j
hji = 2ih;; = h
" fi " h;z+1h;+1z+2 h; 15 s
B (ii+1i+2-- i)y
(i +1i+2---5) 7
Hence for i # j we obtain
1250024-8 398
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So we have
01 + h1 Ry T hiy,
g e )
hizl h',;z2 ' O + I
where
hii = (In f;) ;. (2.15)

We now need to seek a single function 6 so that
O~ (f L) =1 .
This requires that 6 satisfy the following equations:
0710+ hyi =0

ie.
0 ; = —hi.
The above equations are consistent < (6;) ; = (6 ;) i, which gives
hiij = hjji. (2.16)
Recalling (2.15) we write

Eu‘ = (hlfi),z‘,
hj; = (I f3) 4,

and if we substitute these into Eq. (2.16) we obtain

[5] = [i]
since
<£)2 _ g P
fi hyi i’
where
fi _hy D
fi Ry hy

So the equality of invariants guarantees that the Frobenius integrability condition is
satisfied: there exists a function @ such that 61 (f~1Lf)§ =L/, i.e.

g 'Lg=L/,

where g = 0 f. Hence the given invariants of L are a complete set. O
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It should be noted that the simple invariants are not algebraically independent. For
instance,

(igk ) (ikj) = (if) (jk) (k) (2.17)

so that there must be a smallest set of simple invariants which is still complete. A minimal
complete set is given in the following result.

Theorem 2.5. The simple invariants (11), [ij] and (1ij) form a minimal complete set.

First we prove some lemmas.
Lemma 2.6. We consider a simple invariant of length m
(19243 = * im—1%m) = RiyisPigisPigis =+ N1 i - (2.18)

Let m be a positive integer such that m > 4. Then

o ) ) (119293 - - = tm—1) (11m—1%m)
(i142i3 - - im—11m) = — : (2.19)
(lem—l)
Proof.
119213 ** * tn—1) (11 %m—1%m
RHS = ( — I )
(lem—l)
Pivio P« Piyy iy Pyt~ Pigig 1 Py M
hilim—lhim—lil
- h1112 h1213 e him—Qim—lhim—limhimil

= (iyigig - im—1im) = LHS.

Hence we can replace simple invariants of length m > 4 with invariants of length m — 1
up to multiples of invariants of lengths 2 and 3. ]

Lemma 2.7. Let i,j, k be three positive integers such that i # j # k. Then

o (Lgg)(Ljd)
(i) = a0 (2.20)
(Lig)(17k)(1kd)

(igk) = (2.21)

(
(14)(15)(1k)

Proof.

(145)(1ji) _ hiihighjt - hijhjiha
(14)(15) hiihit - hajhj
= hijhji = (Zj) = LHS.
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Similarly
(Lig)(Ljk)(1ki) _ haihihjy - haghirhen - haghiihia
(14)(15)(1k) hiihit - hijhjt - haghia
= i T
= (yk) = LHS. O

Lemma 2.8. The invariants (lij) are irreducible (i.e. they cannot be written purely in
terms of invariants with length 2).

Proof. We will prove this by contradiction. So assume (14j) is reducible. Thus (14j) can
be expressed in terms of the invariants (1¢), (1j) and (ij). So let

(1) = F[(12), (17), (i)]- (2.22)

If we differentiate Eq. (2.22) with respect to hji, hi; and hj; respectively we obtain the
following partial differential equations:

o(1i) oF
= = -h 7y
0= (i) !
_0(ly)  OF '
0= ohy;  0(17) hit,
a(lij)  OF
’ ohs o)
since (14j) = hi;hsjh 1 is independent of h;1, hyj and hjj.
Thus, we find
OF
o(1i) 0
OF
— =0,
a(15)
OF
— =0
a(ij)

since hli 75 O, hjl 75 0 and hij 75 0.
This shows that (14j) = constant. This is a contradiction. Therefore the invariant (14j)
is irreducible. O

Proof of Theorem 2.5. We have considered the following simple invariants of length m:
(119283 -+ Im—19m) = NiyisNigisPigis =+ Piy_yi Py -

First we have shown (Lemma 2.6) that these invariants can be reduced up to length 3 and
then we have shown (Lemma 2.7) that the invariant (ij) can be written in terms of the
simple invariants (17) and (17j) and we have also proved that the simple invariant (ijk) can
be expressed in terms of the invariants (17) and (14j). Finally, we have proved (Lemma 2.8)
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that the invariant (14j) is not reducible, in other words, it cannot be reduced to the invariant
of length 2.

Hence the proof of the theorem is complete and the result follows: Any invariant of
length m can be written in terms of the minimal invariants (17) and (14j) where these
minimal invariants together with [ij] form a complete set. O

3. Matrix Covariants for General Hyperbolic Systems
3.1. Matrix covariants

Let us consider the system
Lz = (0,0, + a0y + b0y + )z = 0, (3.1)

where a, b and ¢ are m x m square matrices. This case is considered in [9]. The gauge
transformation on the differential operator L is L' = g~!'Lg, where g is a m x m diagonal
matrix which gives

h=az+ba—c,

3.2
k=b,+ab—c, (32)

where h and k are gauge covariants for the system (3.1): b’ = g~ 'hg, k' = g~ 'kg. These
covariants are sometimes called invariants in the literature [9].

3.2. Matrix covariants for L
Let us consider L as a (m1 4+ mg) X (ma 4+ m;) differential matrix operator such that
L— <01 + hi hi2 >
ha 02+ haz)’

where hi1 € Mp,my, P12 € Mimimg, P21 € Mipoymy s hoo € Mpy,m, and Mpm; 18 the set of
m; X mj matrices.

Strictly speaking we should write I,,, 01 and I,,,,0> for the differential operator entries
where I, , I, are the unit matrices of dimensions m; and mg. This should be understood
in what follows.

The “gauge” transformation g on L is " = ¢~ 'Lg for

g 0
= (4 0).
92
where g1 € My, m, and g2 € M,,,m, are both invertible square matrix functions of z, zo.
Under this action, I = g~ 'Lg, we have
=91 hiigr + 97 911,
Wiy = 9f1h1292,
hyy = g5 "ha1 g,
ho = g5 "hasga + g5 1 g2.0-

1250024-12 402
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3.3. Definitions
We call an object H of type G; x G, it H' = gl-_ngj. Therefore hio is of type G7 x G2 and
ho1 is of type G x (1. Covariants are of type G; x G;. In other words H is a covariant if
H =g; L Hg;. Invariants are given by the traces of covariants. The operators d; + hi; and
0Oy + hoo are of types G; x G7 and G9 x G5 respectively:

A1+ = g7 (01 + ha1) g,

Do + hiyy = g5 H(O2 + ha2)go.

But they are differential operator covariants. We seek matrixz covariants. The simplest
matrix covariants are highoi of type G X G1 and hoihio of type Go x G since,

hiohy = g7 ' (haohat)gr,
hihhy = g5 ' (ha1h12)gs.
Let us call (12) = hjgho; and (21) = hgihie, where (12) € My, m, and (21) € Miyym,-
Note that we use similar notation as before but now (12) # (21). Our aim is now to form
higher matrix covariants. For simplicity we call 01 + hy1 = Dy and 0o + hay = Ds. The
operators Dy and Dy are of type G1 X G1 and Go X (9 respectively. Therefore one easily
see that
ho1D1 and Dsghgp are of type Go x G,
h12D2 and D1h12 are of type G1 X GQ.

Hence

c11 = h12Dah21 D1 — DihiaDohoy s of type G x G,
Cog = h21D1h12D2 — D2h21D1h12 is of type G2 X GQ.

But these are still not matrix covariants, since they have leading differential operator
terms

C11 = —[Dl, (12)]82 + - 5
Coop = —[Dg, (21)]81 —+ e

We would like to subtract off multiples of 0o + hoo from c17 and 91 + hq1 from cos to
remove the differential operators but each operator is of the wrong type. To circumvent this
we turn cj1, coo into respectively Go X Go and Gp x G of type covariants by:

ho1ci1hia = —hgl[Dl, (12)]82}112 + - - - matrix
= —h21 [Dl, (12)]h12(82 + hgg) + - matrix, (33)
h12022h21 = —hlg [DQ, (21)]h21 (81 -+ hll) —+ - matrix. (34)

1250024-13 403
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Since each part in expression (3.3) is now of type G2 X G2 and each part in (3.4) of type
G x G1, we must have matrix covariants:

[12] = higcaohor + hia[Dsa, (21)]ho1 (01 + hi1),
[21] = hoici1hia + hoi[D1, (12)]h12(02 + haa).
Simplifying these give
[12] = (12)[D1, hao Dohor] — haaDahar [D1, (12)] - of type G1 x G, (3.5)
[21] = (21)[D3, ho1 D1hi2] — ha1 D1hi2[D2, (21)]  of type G2 x G2 (3.6)

as matrix covariants where [12] € My, m, and [21] € My,m,-

The case m1 = mo = 1:

We find a reduction of [12] and [21] in the case mj = mgy = 1. So in this case (12) = hizha;
and (21) = hgihi2 are just equal functions and (21) = (12) = (12), the earlier invariant.
By substituting D; = 01 + h11 and Dy = 02 + hgo in the covariants [12], [21] and then
by doing some differential and algebraic calculations we obtain the function covariants as
follows:

[12] = — (123, — (122012,

(3.7)
21] = —1(12)%, + (12)°[12].
One easily sees that
[12] + [21] = 5 (12)2%,, s

[21] — [12] = 2(12)?[12].
Thus relating the expressions from the new covariants to the old invariants in this case
(m1 =mg = 1).
3.4. The case where rank exceeds dimension

It is clear that in the case where the rank r is larger than the dimension n we may attempt
to repeat the arguments of Sec. 2 under the weaker hypothesis that the h; and g; are
matrices and no longer (commuting) functions. The canonical form (2.4) still suffices where
now the h;; are rectangular matrices of type m; x m;, where an m; x m; unit matrix is
taken to stand (but omitted) before each operator, 9;, and where mj +mgo + -+ +m, = r.

The case n = 2:

In this case we consider a differential matrix operator I such that
01 hiz
L= 3.9
(). (39)
where hia € My, m, and hay € My, are matrix functions of ; and z2. We have assumed
a gauge transformation to this form as before.

1250024-14 404
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The gauge transformation

L— L' =g 'Lg, (3.10)
where
g1(z2) 0 >

= ) 3.11
= ("5 Lo (3.11)

gives us
hia — hliy = g7 ' hi2go, (3.12)
hgl = h/21 = g;lhglgl, (313)

where g; and go are invertible square matrices such that g; € My, ,m, and ga € My m,. SO
the relations (3.12) and (3.13) give us

hishby = g1 ' (h12ho1)g1,
hyihis = g5 ' (ha1hi2)gs.
Thus we have
(12)" = g; ' (12)g1, (3.14)
(21)" = g5 '(21) g2, (3.15)
where (12) € My, m, and (21) € M,,,m, are matrix covariants such that

(12) = hizhar, (3.16)
(21) = ha1hia. (3.17)

By doing some algebraic calculations over (3.12) and (3.13) we obtain

(12)' (Mh,0hi1) 1 + Miahiy 5(12)') = g7 ((12) (g 2ha1) 1 + hizha12(12) )91,

)

(21)'(hby 1his) 2 + My hie 1 (21)y = g5 ((21) (ha1,1h12) 2 + ha1hi2,1(21) 5)ga.

)

Therefore we have
[12]' = g; ' [12]g1, (3.18)
[21] = g5 [21] g2, (3.19)
where we define matrix covariants [12] € M, m, and [21] € M,,m, as follows
[12] = (12)(hi2,2h21) 1 + h12h212(12) 4, (3.20)
21] = (21)(h21,1h12) 2 + ho1hi2,1(21) 5. (3.21)

Before we move to the case n = 3, we compare our covariants (12),(21), [12],[21] with
Konopelchenko’s covariants (3.2) [9]: h = a, +ba — ¢, k = by + ab — ¢, where h and k
are covariants for the hyperbolic system z,, + az, + bzy + cz = 0. This corresponds to
m1 = me in the current context. As we already know this system can be written in a
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differential operator form as Lz = (0,0, + a0y + b0y + ¢)z = 0, where the differential
operator L = 0,0, + a0, + b0y + ¢ can be written as

L=(0;+b)(0y+a)—h
= (0y+a)(0, +b) —k

Therefore, we can rewrite the above system Lz = 0 as

Au=0, (3.22)
Buv =0, (3.23)

(O +b  —h (=) (O +D -1 [z
a= ("0 o) e () e (M 50 = ()

For the system (3.22), we obtain covariant relations:

where

(12) = (21) = h,
[12] = hhxya (3.24)
[21] = hyhy,
where m1 = my = m and 01 = 0,, 02 = 0.
We can easily see that
1
[12] + [21] = §(hhy)x. (3.25)
Thus, we have
1
Tr[12] + Tr[21] = 5[%(12)(21)]@. (3.26)
Similarly, for the system (3.23), we have the following relations:
(12) = (21) = k,
[12] = kyk,, (3.27)
[21] = kkgy.
These relations give us
1
Once again, we have
1
Tr[12] 4+ Tr[21] = §[Tr(12)(21)]xy. (3.29)
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Here we consider a differential matrix operator IL such that

O hi2 hiz

L=1ha 02 hol,

hsi hsy O3

where hi; € My,m; (i,j = 1,2,3) are functions of z1, z2 and 3.
Applying the gauge transformation

L L' =g 'Ly,

where
g1(z2, x3) 0 0
g = 0 g2 (1171, LU3) 0 )
0 0 g3(x1,2)
gives us

Wiy = g7 'hi2ge, Rl = g7 'hisgs,

/ —1 / —1
91 = 95 ho191,  hog = gy hasgs,

Wy, = g3 ' ha1g1, Dby = g5 'h3ago,

(3.30)

(3.31)

(3.32)

(3.33)
(3.34)
(3.35)

where g1, g2 and g3 are invertible square matrices such that g1 € My, m,, 92 € Mp,m, and

g3 &€ Mm3m3 .

By doing some algebraic calculation over the above relations (3.33)—(3.35), we obtain

the following matrix covariants:

12) = hlghgl, (13) h 3h317

hoshsa, (21
= haihiz, (32

)=
) = ha2has,

132) = hizhsaha,
213) = harhishse,

321) = haghoihis,

= (12)(h12,2h21) 1 + hi2ho1,2(12) 4,

13
21

= (13)( (13)

= (21)(ha1,1h12) 2 + ha1h121(21) 5,
= (23)(h2s,3h32) 2 + hashs2,3(23) o,
= (31)( (31)
= (32)( (32)

)
)

31)(h31,1h13),3 + ha1hi31(31) 5,

)

(
(
(
)
hizshsi) 1 + hisha 3(13) 4,
)
)
),
),

32)(h32,2h23) 3 + hazha3 2(32) 5,

)

where (35), (ik), [i] € Mpm,m, (3,4, k € {1,2,3}).
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3.36
3.37
3.38
3.39
3.40
3.41
3.42
3.43
3.44
3.45
3.46

(
(
(
(
(
(
(
(
(
(
(
(3.47

)
)
)
)
)
)
)
)
)
)
)
)
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The question of functional relations between covariants is more subtle than for invariants.

The general case:

Let us consider the following differential operator

IO hiz -+ hiy
hot Ip,02 -+ hoy
L= . ; _ . ;
hnl hn2 e Imn an
where the h;; are functions of x1,xs,...,x, and the I,,, are unit matrices such that h;; €

Miim; and Ly, € Mp,m, where i,j € {1,2,...,n}.
The gauge transformation

L+ L' =g 'Lg, (3.48)
where
g1(z2,3,. .., Tp) 0 0
9= (:) i) . ? L (349)
0 gn(T1, 22, .., Tp—1)
gives us
hig = iy = g7 hijgj. (3.50)

where the g; are square matrices such that g; € My, m,.
The relations (3.50) gives us the following matrix covariants:

[i7] = (%) (hij jhgi) i + ijhyi;(25) ; (3.51)
(419283 + * + in) = Piyishigig -+ Diyiy (3.52)

where [ij] € My,m, and (i18283 -+ ip) € Mo, mi, -

4. Conclusions and Comments

In this paper, we have dealt with general hyperbolic systems Lz = 0. We have used a suitable
diagonal gauge matrix g, chosen so that it kills diagonal terms h;; where i =1,2,... ,n. We
have also obtained the complete set of invariants for general hyperbolic systems where rank
equals dimension by using the gauge transformation L +— L' = g~ 'Lg. Further, we have
shown the completeness of a set of simple invariants (reduced invariants). We have proved
that these invariants form a minimal complete set.

We have also considered hyperbolic systems Lz = 0 where the entries h;; are matrices.
In this case, we are interested in covariants. We have obtained matrix covariants for the
differential operator L under the gauge transformation. Here we have examined the case
where rank exceeds dimension. The canonical form of L still suffices where h;; = 0 and h;;
are rectangular matrices. The reduced covariants have been presented but it has not been
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shown that their invariant traces form a complete set. For example, in the case when n = 2,
we ask the question: Do the covariants (12), (21), [12] and [21] form a complete set? The
answer depends on the existence of g(z1,z2) so that when

(12)" = g; ' (12)g1,
(21)' = g, (21)gs. )
[12]' = g7 '[12]g1, '
[21)" = g ' [21]go
are given then g must satisfy the relation
g 'Lg=1L"

The square matrices (i5), (i5)’, [#], [#] are thus similar to (4.1) and so possess as equal
invariants the traces, say, of their powers: I, = Tr(4j)" etc. But equality of such invariants
is not sufficient for gauge equivalence of I.” and L. There are also invariants associated
with polynomials in (i) and [45] since g;(4j)[i5] = (4j)'[#5] g; etc., namely, traces of such
polynomials (cf. (3.26)).

Two questions arise for further study:

(1) What relations on the invariants of these general systems correspond to specializations
of IL such as self-adjointness?

(2) Can we establish the existence of a complete, minimal set of trace polynomial invariants
for the systems of Sec. 3?7
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