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Abstract—Consistent approximate representation space is a
unified model for formal contexts, consistent formal decision
contexts and inconsistent formal decision contexts. In this
paper, notions of attribute reduction are first developed in a
consistent approximate representation space, and then the
verification methods of attribute reducts are proposed in a
consistent approximate representation space. Finally, two
methods of attribute reduction including discernibility matrix
and discernibility function are given to calculate attribute
reducts in a consistent approximate representation space.
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l. INTRODUCTION

Formal concept analysis [1,2] is an effective tool for
knowledge representation, data analysis and knowledge
reduction. As one of key problems in Formal concept
analysis, knowledge reduction has different methods
according to different purposes. In [2], Ganter et al. defined
the notions of reducible objects and attributes to reduce lines
and rows in a formal context. Zhang et al. [3-6] presented an
approach to attribute reduction in concept lattice by finding
minimal attribute sets which can keep the corresponding
hierarchy of the concept lattice. In [5,6], approaches to
attribute reduction was also investigated in a consistent
formal decision context. Then, Liu et al. studied the
approaches to attribute and object reduction in attribute and
object oriented concept lattices in [7]. In [8,9], Wang et al.
developed a different method of attribute reduction of
formal contexts, and the advantage of this approach is that it
only required to preserve all extents of meet irreducible
elements. In [10], attribute reduction in formal contexts was
studied by preserving the granular structures in concept
lattices. In [11], an efficient post-processing method was
provided for pruning redundant rules basing on the
properties of Galois connection. Mi et al. [12] gave a
Boolean approach to computing attribute reducts in a
concept lattice using discernibility function. In [13], a rule
acquisition was obtained in real decision formal contexts
and the corresponding method of reduction was formulated
using the method of discernibility matrix and associated
Boolean function. In [14], Kumar and Srinivas proposed an
appraoch to reduce the size of the concept lattices based on
the corresponding object-attribute matrix using fuzzy K-
means clustering. By preserving congruence relation classes,
approaches to attribute reduction in formal contexts and in
consistent formal decision contexts were proposed in [15].
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Wang et al. [16] studied notions and methods of attribute
reduction in an inconsistent formal decision context using
congruence relation classes.

In [17], consistent approximate representation spaces for
formal contexts were proposed to unify the formal contexts,
consistent formal decision contexts and inconsistent formal
decision contexts. In this paper, we first give the definition
of attribute reduction of consistent approximate
representation space, which is a general definition for
different formal contexts. And then two methods of attribute
reduction are developed to calculate attribute reducts.

This paper first introduces preliminaries on formal
concept analysis and consistent approximate representation
space for formal contexts in section 2. Section 3 gives a
definition of attribute reduction in a consistent approximate
representation space and also obtains the verification
methods of attribute reducts. And then approaches to
attribute reduction are proposed in a consistent approximate
representation space.

II.  PRELIMINARIES

Some notions and properties in formal concept analysis
in [2] and consistent approximate representation space for
formal contexts are introduced in [17] in this section.

A. Notions and Properties about Formal Concept Analysis

Definition 1 Let U and A be two finite sets and
I cUxA a relation. Then (U,A/l) is called a formal
context consists. Elements in U are said to be objects and
elements in A are said to be attributes.

Forany X cU andB < A, two operators are defined as
follows:

X'={ae A| forallxe X,(x,a) € I}
B'={xeU| for all aeB,(x,a)e I}

Definition 2 Suppose (U,A/1) is a formal context
and B < A. The formal context (U,B,1;) is said to be a
sub-context of (U, A1), whenl, =1 (U xB).

Let *® represent the operator in (U,B,1,) . Obviously,
X"® =X""~B and X"* = X" hold for any X cU . In the
following text, we will use symbols x" and a’ instead of
{x} and {a} forall(x,a)eUxA.

Definition 3 For any X cU and B c A, a pair (X,B)

is referred to be a formal concept of a formal context
U,Al),if X’=B and B'= X . Moreover, X is said to be



the extent and B the intent of the concept (X, B) .

The partial order of the concepts of a formal context
(U,A 1) is defined as (X,,B,)<(X,,B,) which means
X,c X, or B,cB,, where(X,,B)) and (X,,B,) are two
concepts of (U, A, 1). The set of all concepts of (U, A1)
together with the partially order is denoted by L(U,A,1).
LU, A1) is referred to be the concept lattice with respect
to the formal context (U, A, 1). The meet and join of two
concepts are given by:

(X1, B) A (X,,B,) =(X;, " X,,(B,UB,)")
(X, B) v (X;,By) = ((Xl U X,)" BN Bz) :

Let L,(U,A1)={XcU]|(X,B)eLU,AI)} be the
extent set of a formal context (U, Al) .

Definition 4 Suppose (U, A1) and (U,C,J) are two
formal contexts. (U,A,1,C,J) is referred to be a formal
decision context with | cUxA,J cUxC . A is called a

condition attribute set and C a decision attribute set
respectively, and ANC = .

B. Notions and Properties about consistent approximate
representation spaceconsistent

For completeness, we introduce notions and properties
of consistent approximate representation space for formal
contexts.

Definition 5 Let (U,A/1) be a formal context,
R={R* cP(U)xP(U)|ae A} a family of equivalence
relations on P(U), and R' an equivalence relation on P(U).
A quadruple (U,AR,R) is called an approximate
representation space of (U, A, 1).

Definition 6 Suppose S =(U,AR,R’) is a consistent
approximate representation space. For any Bc A |, we
define R® = " R*. IfR* c R’, then S is referred to be a

acB
consistent approximate representation space.
Forany B — A, we denote a binary relation by

R® ={(X,Y)e PU)xPU)|X® =Y®}.
Obviously, R® is an equivalence relation. We then
define [X]e ={Y cUI(X,Y)e R®} and

Ce(X)=AY cU|Y e[X].}.

Lemma 1 Suppose (U,A,l;) and (U,A,,I,) are two
formal contexts. Then we have that
LU, A, l)cL,(U,A,l) and R*cR™ are two
equivalent conditions.

Lemma 2 Suppose (U,A/l) is a formal context.
Then S=(U,AR,R") is the consistent
representation space of the context.

Definition 7 A formal decision context(U, A 1,C,J) is

referred to be consistent if R* = R® , otherwise, it is
referred to be inconsistent.

approximate

10

Considering Lemma 1 and Definition 7, we have
that (U, A 1,C,J) is consistent if and only if (iff for
short) L, U,C,J)c L, (U,A ). So we have the following
result directly.

Lemma 3 Let (U ,AI,C,J) be a formal decision
context. Then we have that if S=(U,ARR®) is a
consistent  approximate  representation  space  of
U,AI1,C,J) then (U,A1,C,J) is consistent, and vice
versa.

In the following text, we will construct consistent
approximate representation spaces based on an inconsistent
formal decision context.

Let (U,A1,C,J) be an inconsistent formal decision
context. And we denote U/R® ={D,,D,,..,D,}, where

D;,j=12,..,t is the decision congruence class. For any

XcU , Bc A and DjeU/RC , we
: I D; N[X]s | _
define P(DJ /[X]RB):W Hp - P(U) d [0,1]
RE

which is called a membership distribution function is
defined as follows:

#5(X) =(P(D, /[X]ze ), P(D, /[X]6)) -
It is evident that u;(X) is a conditional probability

distribution on U /R®. For any X cU , we define the
maximum decision function as

75 (X) ={Djo | P(Dy /[X]+) = max P(D, /[X],)}-

And we denote

R ={(X,Y) e PU)xPU) |, (X) = 1, (Y)},
R” ={(X,Y) e PU)xPU)[7,(X) =n,(Y)}.

Lemma 4 Let (U,A,1,C,J) be an inconsistent formal
decision context and B< A . Then S, = (U, A R,R") and
S,=U,ARR") two approximate
representation spaces of (U, A,1,C,J). S, =(U,AR,R")is
called the distribution consistent approximate representation
spaces, and S, =(U,AR,R”) the maximum decision
consistent  approximate  representation  spaces  of
U,AI1,CJ).

Remark 1 Suppose S=(U,AR,R) is a consistent
approximate representation space. According to Lemmas 2-
4, if we give R’ different meanings such asR*,R®,R* and
R” , then we obtain the corresponding formal context,

consistent formal decision context and inconsistent formal
decision context.

are consistent

IIl.  ATTRIBUTE REDUCTION IN CONSISTENT
APPROXIMATE REPRESENTATION SPACE

In this section, we first give the notion of attribute
reduction in a consistent approximate representation space
and then obtain the verification methods of attribute reducts.



Finally we propose two methods of calculating attribute
reducts.

Definition 8 Let S=(U,AR,R") be a consistent
approximate representation space. For any Bc A
ifR® = R’, then B is referred to as an attribute consistent set
of S . Further, for any be B if B—{b} is not an attribute
consistent set, then B is called an attribute reduct of S .

Theorem 1 Let S=(U,AR,R") be a consistent
approximate representation space. Then we have the
following two equivalent propositions: (1) B is an attribute
consistent  set; am 1 [XIzn[¥]g =9 , then
[X]s N[Y]s =@ foranyBc A, and X,Y cU.

Proof. By Definition 8, B is an attribute consistent set
iff R® = R holds. And R® — R’ is equivalent to the reslut
that if (X,Y)gR’ , then (X,Y)eR® holds for any
X,YcU That is, if [X].n[Y]x =9 , then

[X].e N[Y].. =< holds. Therefore, the result is concluded.

Definition 9 Let S=(U,AR,R") be a consistent
approximate representation space. For any X;, X; cU, we
denote a discernibility attribute set with respect to
[Xi].. and [X;].. by
DR,([Xi]RA.[Xj]RA)—{{aEA|(xiyxj)gRa}'[xi]R'm[Xj]R:Q

&,
And M = (Dg ([X; 10, [X ;1) | X;, X cU) s referred to
as a discernibility matrix with respect to S.
Theorem 2 Let S=(U,AR,R’) be a consistent

approximate representation space and B A. Then we
have the following two equivalent propositions: (I) B is an
attribute consistent set of S ; )

B De ([Xi]pn s [X100) 2D holds for
any Dy ([X,],.[X 1) 2.

Proof. By Theorem 1 and Definition 9, we have B is an
attribute consistent set of S iff B satisfies the condition that

[X]x N[Y]p =@ implies [X], N[Y],. =9 . And the
condition means that if [X], N[Y]z =9, then there exists
aeB such that (X, X;)¢R" Therefore,
BN Dy ([Xi1on [X100) 2D for
any D ([X;1[X100) =D .

Definition 10 Let S=(U,AR,R’) be a consistent
approximate representation space. {B, |i € z}is a family of
attribute subsets, where 7 is an index set. We denote

Co=(1B N¢=[JB-C; and K;=A-(JB . Then

1=

holds

ier 1=

Cs,N;and K, are called a core set, relatively necessary
attribute set ad absolutely unnecessary attribute set
respectively.

Theorem 3 Let S=(U,AR,R’) be a consistent

approximate representation space. For anya e A, then we

[Xile N[Xlp 29 '
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have the following three equivalent propositions: (i) a € Cq
holds; (ii) There exist X;,X;cU such that
Do ([X, 1.0, [X;1.0) ={a}; and (iii) R** & R holds.
Proof. Firstly, we will prove that if aeC; then there
exist  X;,X; cU such that D ([X;]...[X;]..)={a} .
Assume that VX;, X; cU if ae Dp([X;]..,[X;]..) . then
| Dg ([X,Jou [X 10) 22 holds,
where| Dy ([X;].+,[X;]..) | represents the cardinality of the
set Dr ([XiIga s [X1g0) Let
B ={Dx ([X]ps.[X; 1) —{&H [X,]x N[X, e =2} .Then
VDe ([Xi]a,[X10) 2D , we have
B Dy ([Xi]ae:[X]:0) # D . According to Theorem 2, we

have B is an attribute consistent set. Thus, there
exists E — B such that E is an attribute reduct of S and
ag¢ E , which contradict that aeCg . Therefore, the

assumption is false. That is a € Cy implies that there exist
X;, X; U such that Dg. ([X;]...,[X;]..) ={a}.

Secondly, we will prove that if there exist X;,X; cU
such that Dg. ([X;1...[X;]..) ={a}, then R*® & R’ holds.
Since there exist X, X;cU such that
De ([Xi1gn:[X;]:)={a} , for any be Aandb=a , the
results  [X]g n[X, 1, =0 , (X,X;)eR?
(X;,X;)eR® hold.  Hence, (X, X;)¢R
(X;, X;) e R*® which implies R* ™ « R".

Finally, we will prove that if R** ¢ R’, then a e C,
holds. Suppose R* #R’, we have that if ag B, then
B « A—{a} holds for any B — A. Thus, R® ¢ R’. Thus, if

a¢ B then B is not an attribute reduct of S. Therefore,
a eC; holds.

Theorem 4 Let S=(U,AR,R) be a consistent

approximate representation space. For any ae A and
B < A, we have the following two equivalent propositions:
0] aeK; ; () Ry(@cR*UR" , where

R (a) = fR*® |R® R}

Proof. Necessity. By Definition 10, if ae K, then a
does not exist any attribute reduts of S. SoR® < R’ implies
that R®* < R’ for any B — A. Otherwise, if R®® & R’,
then R® ¢ R’ holds for any EcB-{a}. Thus, B is an
attribute redut of S and we have the resulta e B, which
contradict that a € K . Therefore, Rj(a) « R'< (R* UR’).

Sufficiency. Suppose R;(a)c= (R*UR') . For any
BcA we have that if RPcR , then
R® ™ < (R*UR) holds.
Hence, [R® ™ ~ (R*)°] < R holds, where (R*)® represents

and
and



the  complement of the  set R® . So,
R = R® U[R®* ™ ~(R*)°] < R’ holds. That is, if B is an
attribute consistent set implies that B-{a} is also an

attribute consistent set for any B < A. Therefore, a does not
exist in any attribute reduct of S. The result is concluded.
Definition 11 Suppose S = (U, A,R,R’) is a consistent

approximate representation space, and
Mg = (Dp ([X 1o, [X100) | X, X < U) is the
discernibility attribute matrix of S.
f(Mgy)= DeMQD¢®(aZD a) is called a discernibility function.

Theorem 5 Let S=(U,AR,R") be a consistent

approximate representation space and B A. Then we
have the following two equivalent propositions: (I) B is an
attribute reduct of S ; (II) ra is a prime implicant of

f(Mg).

Proof. Necessity. For any B< A if B is an attribute
reduct of S, then for any DeM,; ( D=z )
implies BND=< by Theorem 2. Thus, there

exists De M, (D=J ) such that BAD={a} for any
aeB Otherwise, VvDeM, , if D=g , then
|[BND[>2 holds. Hence, B—{a} is also an attribute

consistent set of S by Theorem 2, which contradicts the
condition: B is an attribute reduct set. The result is
concluded..

Sufficiency. If ra is a prime implicant of f(Mg),
then for any a < B, there exists D € M, (D = @) such that
B~ D ={a}. Therefore, B is an attribute consistent set of S,

but B —{a}is not an attribute consistent set of S by Theorem
2. Thus, B is an attribute reduct of S.
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