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Abstract—For independent identically distributed random 
variables, the Marcinkiewicz strong law of large numbers is 
that sppose 0nEX  , Then  1/ 0, , . .p

nn S n a s   if 

and only if  1| |pE X   . Let { , 1}nX n   be an identically 
distributed  -mixing sequence of random variables, in this 
paper , the Marcinkiewicz’s  strong law of large numbers for 
{ , 1}nX n  is discussed,  by using Wang Xiaoming’s Borell-
Cantelli Lemma  (Wang X. M.1997), we have the following  
equiverlences, 0   

1
(1)

2 2 2 1
2 ( ) 0, , . . ( ) ,n n n

nr

nn
S S n a s P A



 
     

1 1
(2)

2 2 2 1
2 ( ) 0, , . . ( ) ,n n n

nr

nn
S S n a s P A 



 
       

1

(1)
2 12 2 2

2 max | | 0, , . . ( ) ,n
n n n

nr

j nnj

S S n a s P B




  

    

1
1 1

(2)
2 2 12 2 2

2 max | | 0, , . . ( )n n
n n n

nr

j nnj

S S n a s P B
 



   

     . 

By use of Herrndorf’s maximal inequality (Herrndorf N. 1983), 
necessary conditions for Marcinkiewicz’s strong law of large 
numbers are obtained, which require low mixing speed. As a 
consequence, by use of  Shao Qiman’s result(1995), we obtain 
the Marcinkiewicz’s strong law of large numbers for  -
mixing sequence of random variables. 

Keywords-  -mixing; strong law of large numbers; 
necessary conditions; strong convergence. AMS 2000 subject 
classication: 60F15, 60G50. 

 

I. INTRODUCTION AND MAIN RESULTS 

Let { , 1}nX n   be a sequence of random variables, 
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If ( ) 0n  , ( ) 0n  , ( ) 0n  , n   

respectively, the { , 1}nX n   is called  -mixing,  -
mixing,  - mixing respectively. 

For i.i.d random variables, the Marcinkiewicz strong 
law of large numbers is that 

Theorem A . sppose 0nEX  , Then  
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if and only if      1| |pE X   .  
Lately there has been a great amount of work on 

strong law of large numbers for dependent random 
variables, such as the discussion by Wang Xiaoming(1997) 
Xue Liugen(1994) on  -mixing sequences, the 
discussion by Kuczmaszewska A.(2005), Shao 
Qiman(1995) on  -mixing sequences,  and the 
discussion by Meng Y. J., Lin Z.Y.(2010), Bryc W. , 
Smolenski W.(1993),  Peligrad M., Gut A. Yang S. C. 
(1998),  Kuczmaszewska (2008) on %-mixing sequences. 
In this paper, we obtain the necessary conditions for 
strong law of large numbers similar to that of theorem A 
for  -mixing sequences. 

Theorem 1.  Let { , 1}nX n   be an identically 
distributed  -mixing sequence of random variables, 
assume that 
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Theorem 2.  Let { , 1}nX n   be an identically 
distributed  -mixing sequence of random variables with 
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2. PROOF OF THE THEOREMS 

To prove our theorem, we need the following lemmas. 

Lemma 1. (Wang Xiaoming 1997)  Let { , 1}nX n   
be an -mixing sequence of random variables, assume 
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  Lemma 2.  Suppose that { , 1}nX n   satisfies (2), then 
for r > 0, 
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By lemma 1, we have    
(1)(7) ( , i.o.) 0 (6)nP A   . 

Now, we prove (8) (9) .  
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By lemma 1, we have    
(2)(9) ( , i.o.) 0 (8)nP A   . 

The proof of  lemma 2 is complete. 

Lemma 3. (Herrndorf N. 1983)  Let { , 1}nX n   be 
an arbitrary sequences of random variables. Suppose that 
q  is a positive integer. Then for any 0 a  , every 
positive integer 1 q s  ,and nonnegative integer m , 
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Lemma 4. Suppose that { , 1}nX n   satisfies (2), 
then for r > 0, 
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By lemma 1, we have    
(1)(11) ( , i.o.) 0 (10)nP B   . 

Now, we prove (12) (13) . 
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By lemma 1, we have    
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The proof of  lemma 3 is complete. 
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Where [x] denotes the integer part of x, 21,CC are 
constants. The proof of theorem 1 is complete. 
 

Proof of theorem 2. 
Since a  -mixing sequence is an  -mixing sequence, 

)(4/)( nn   , so the necessity of theorem 2 follows 
from that of theorem 1 immediately. 

Put  )21(1/p,  p  by lemma 5 we have 

1 1/

1
(max | | )p

j
j n

n

n P S n







   . 

It is easy to see 
1/lim 0. . .p

n
n

n S a s


  

This completes the proof of  the sufficiency of theorem 2. 
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